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INTRODUCTION. 



MY DeHgn by this IntroduShn, is to put my R«ad« 
in Mind of fbme Things in Atithmetick, which are 
not commonly taken Notice of in Books on thai Sub* 
jefl ; fix. that, 

I. There have been fome Properties attributed to Numbers, 
which are only the Refult of the Method of Notation now in 
ule : As for InJhnce, 

*Tis commonly laid and allowed for Truth in the known 
common Way of proving Multiplication and Divifion by cas- 
ing away the Nines, that 

Profofitiot. 

The Number p has that l^perty, that any Number what* 
fbever Divided by it, Ihall leave the fame Remainder, as if 
the Sum of the Figuies compoCng the laid Number were Di- 
vided by p. 

I lay, this is true in the common Method of Notation : But 
it b to the faid Method only, that this Fa£t is owing, 
as will appear from the following Demonibration of the Pro* 
poluion above recited, and the Scholium annexed, the tormcc 
ot which I had fiom the Reverend Mr. Cbinery of Middle* 
ten, near ^erkt, in the following Eapreffions. 

For the dearer Demonllratton of Uus Propolition, 1 ihall ptc* 
nifc two f«tf evident Lemma's, 
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ii INTRODUCTION, 

Lemma i. 

Tlie Local Value of any Figure is equal to the Reftangle 
of its Simple Value, aid the Denomination of its place : 
Thus 6 * = 6 X I, 60 = 6 X 10, 600 1= 6 x 100, 8f. 

Lemma 2. 

To Multiply or Divide one Number by an other, is in Con- 
clulion the iame Thing with Multiplying or Dividing refpeft- 
ively the Sum of tlie Parts of the former by the latter : 

Thus, becaufe 10 == p -(- i ; therefore 6 x 10=6 x P + 6 x I ;. 
and, becaufe 100 = PP + i ; therefore 6 x ico=6 x 99-^6 x i ; 

8r. Andfo-^;^-|-+-^, and.-^ = ^+.-^, 

Thefe Lemmi's premised, I proceed to the Demonftratlon of 
the Proposed Propofition. ' ' . 

hemonftration. 

^7x1 'J 

Let the given Number be 2467 =r< , ^ ^^ > per i!>««- 

C -+-'5^ X* 1600 J 

ma I* = S J ^ !! nn i . ^ T r I'^'^ Z>w»»^ 2. 5 and 

^ f • 3 X ppp 4" 3 ^ ' ^ 

r ,1 34^7 6 V 9 4- 4^ 99 4- 3 X ppp 

cpnfequently '^-^^•' = — :^-^- ^^^ — ^ — ^^^^ — ^^-^ + 

7y I -W 6x I -^ 4>< I ^" 3 X I / y . r , 

^ ! -^ 2 (per Lumma 2.); but 6xP, 

4 X pp, 3 X 999 being Multiples of p, their Sum muft alfo be 
a Multiple thereof, and confequently Divided by it will leave 
iio Remainder ; therefore the Remainder of 3467 Divided by 
p will be equal to the Remainder of 7x1, + 6x1 -f-4xi 
4-3x1 Divided by 9 \ i. e. equal to the 'Remainder of 74- 6 
4- 4 ^ 3 Divided by p. The like Demonftratlon may 

evidently be apply ed as well to any other Number as to 2467. 
Q. E. b. 



* Set' ihe foUowhg Notaiion. 
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INTRODUCTION, iii. 

From the foregoing Dcmoiiftration it is evident diat any Num*. 
ber de/jgn'd by any Method of Notation after the common one, 
being Divided by : lo — ■ i : Ihall leave the (ame Remainder 
with that which wou'd remain if the Sum of the Figures com<* 
pofing that Number were Ukewife Divided by : lo — i : 

Thus, luppofing the Method of Notation, I wou d ufe de- 
jignable by only the five firft Figures of them which are com- 
monly us*d- viz. that o, i, 2, 3, 4 Ihall defign, as ufual, no- 
thing, one, two, three, four; but 10, 11, 12, 15, 14 Ihall de- 
fign five, fix, feven, eight, nine ; and 20, 21, 22, 23 ; 8r. Ihall 
defign ten, eleven, twelve, thirteen; &c. 

And Suppofe 242 (or uwidc twenty five more four times 
five more two, viz. feventy two) be proposed to be Divided 
by : 10 — I : which, according to this Method gf Notation, 
is =4: 

Then 4) 24-2 (33 :^ three times five more three :=: eighteen 
22 ' 

o Remainder. 
is the Quotient ; But the Remainder is o : And 2+4 + 2 
(or eight) 3= 13 being Divided by 4 is =: 2 exa£lly without 
any Remainder ; Or 422 (or one hundred and twelve) -^ 4 
=:r 105 or twenty eight juft. &c* 

II. in fome Operations in Multiplication and Divifion, it will 
be requifite to take Notice of the following Definitions ; viz* 

That every Multiplication is a Proportion in which j (or 
Unity) is to the Multiplicator, as the Multiplicand is to the 
Produa fought. 

Likewife that every Divifion is a Proportion in which the 
Divifor is to the Dividend* as i is to the Quotient fought : 

So ; if it were required to Multiply 4^. 6rf. by 4 j. 6^/. \ 

Firil, Reducing it to a Proportion, i .. 4^. 6d* :: ^s» 6d* 
•• the fourth Number fought. 

Now, it being uncertain what Name ^ the firft Term i is off 
(p/2. whether it be a Pound, Shilling, or a Penny) 'tis ther^ 
fore uncertain what the Produft or fourth Number fought is : 
Thus, if the firft Term i be i /. then the Prodofl is i.|^ </. 
= 1 2 Y Jl d- If the laid Term i be i j. then the Produft is 
-^|c/. = 243^. == 20}: J. And, if the faid Term be i d, then 
the Produd, or fourth Number fought, in the foregoing Pro- 
portion, is 29x6 d. ;= 243 J. = 12/. 3 J. 00 d. 

The like is to be underftood of Divifion. 
> I a 2 3 Th(3 



iv INTRODUCTION. 

m, Tho* the Rule of Double Pofition will not extend to 
Queftions producing Quadratick or Superior Elquations, nor even 
to fome fimpk ones ; vet, in Cafes of Approximations^ it may 
ht us'd to good Purpofe in fome Abftrufe Queitions. By way 
of Example take the following Queftion and Solution. 

Two Men D and E made a Stock of 165 /• D's Monqf 
tvas in Company for 3 Months, and E's was in for 2 Months. 
When, they ihar'd Stock and Gain, D receivd £br his Share 
40?. and E 15;/^ I demand Ds Stock? 
' By the Theorem in Quejiian 3. Chap. 2. Part XL of the 
ifl Book of this Treatife, you 11 find D's Stock =4^48165^ 
— 187 z=: 32 .,47437208 + /. 

But my preient Defign is to fliew how to approach to this 
Stock of D's by the Help of Double Pofition. Thus, 

Firft 40 4. 153 := 193, and 1^3 — 165 tr: 28/. = their 
whole Gahi. 

Next, Suppofing firft D's Stock =: 20 7. I find it by much too 
little ; again, Suppofing it = 30 7. I find it ftill too little ; but 
fuppofing it =r 33/. I find it fomewhat too much ; therefore I 
iuppofe it = 32/. then E's Stock will be 133 7. 

3 2 



96 266 
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362 

362 .. 28 i : : p5 7 . 4254 + 7. 

32 



40 — 3P .4254 = . 5745 Errfir. 
Sofgo& D's Stock to be 32. 5 /. then Es Stock will be 132.$^ 



97.$ 265.0 

■ 97'5 

36? -5 



'36a. 5" 28/.:j?7.5 .. 7* 53*°+^ 

32.5 

p ■ — 

40.03X0 

40 
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And ip.6«52$-j-.&J5^ =32.47447. = 52/. p?x. 5-J/, 
4- := D's Stock Anfwer. 

But if this Aofwet be not thon^ neai enou^ the Trud^' 
&ippcfe, agdn D's Stock =^2.4744!. and, then find the 
Enot oj the foregoing Method, and it will be found to cordiA in 
Excels : And, far a ie^A Suppofition, put D's Stock=32 . 4745/, 
and proceed, in the forcgoii^ Manner, in finding the Error, 
Which wiD be f<»ind to confiit in DefeO. Thenp; thefe ?<>. 
fitions and Errors (ibe Errors being puifued to a good* ma" 
oy places in Decimals) the Anfwer will be found very oen 
fhe Tnltb, only purfuing this one Operation by Doutje Fo- 
fitioQ, 



BR RATA. 



X > 



E (II <^}^ T A. ' 

IN tic running Title in Pages 2, a and 6, read OF SXmx^^ 
tfficf ,- as alfb in f, 3 and 5. r. Cnap. I. i^ocation> and in 
P. 8, r. Of whole lHuanrltlejf. 

page 6, Line i, for 6, r. p. ^. 32, /. 12, after place • , 

and inflead of t put T. f. 49, X. the laft, for -I-, r. j4-. />. 82, 
/•the laft, for Single, r. Simple, p. 117, /. 22, for of Notice, r.' 
Notice of. /^. I3S> ^- ^'ic laft t)^t ten, for joih,r. join*d. ^. ia6, 
laft /.but three, for 11, r. 12. f. 153, /• the kft but three, for 
fought, r. fought, p. 155, /. 26 and 27, for abded, r. added./?, 

lS9y /. 12, r. —; 

Page I7p. /. the laft but four, for — 216 rf, n— • 216, d^. 
Note^ Dele the i ith aiid 12th /, {viz. the A^: B^) in />. 180 : And, 
i>flead of the 7 laft /. in ^. ipi, and all in f. 192, r. 
. I. If the 'Terms of the Equation be not in the leaft In- 
tegers, or, if any of them be Frad^ions, Reduce them to the 
leaft Integers, by Multiplication, or Divifion. 
. .2* Next, reduce all the Terms of this Equation to one Side 
^hereof/ and the other Side will be o. 

- q^ Then, find all the Divifors' of the ablblute Number in 
this Equation ; as alfo all the Divifors of the Co-eflicient of- the 
greateft Power of the Root fought therein (by the foregoing 
Leiyima) ; and try whether any ot the former; Divifors, coniiedl- 
ed by — or -l- to any of the latter Multiplyed by the un- 
known Root dy will Divide the total Sum of the laft mention'd 
Equation, without leaving a Remainder. For, when fuch Di- 
vifion fucceeds, either the known Part of the Refidual or Bi- 
nomial Divifor, with a contrary Sign, Divided by the Cc-efB- 
cient of ^ therein, is the defir'd Value of iz, or, at leaft, the 
Quotients give an Equation which hath fewer Dimenfions by 
. one than the Equation Divided : And if this Equation contains 
three or more Dimenfions, let it be examined by Divifion, as 
before ; and fo on. By which Divifiops the Roots of the pro- 
posed Equation may fometimes he. made known, or the Equa- 
tion be reduc'd to a QuadraticTc one ; and then the fought Root 
will be found by the Canons given for Solving Adfedled Qua- 
draticks. 
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Examples, 

1. If ^3 ^:^aa 4- i<2 r=^ ; Quere the Values, or Value 
ola/^ • , .^ . * ^ 

In order to reduce this Equation to the leaft Integer Terras, 
I Multiply it by 6, and t;he Produds are 6a^ -^aa^^ I2n -2^. 2 : 
And, by tranfpofing 2, we have 6a^ — ^a -f- 12 a — 2 = 3- 

The Divifors ctthe abfolute Number 2 arc i and 2 ; and 
the Divifors of 6, the Co-^cicmt of the greateft Power cf the 
. Root in the Equation, are i, 2, 3 ai>d 6 : .Wheretorfe I try 
whether rt— i or /i-f- r, /i — 2 or ^ -f- 2 ; ,2^ — i or 2/«+i ; 
^a — 1 or 3/2 + 1, 3^ — 2 or3/z + 2 will Divide the t- 
quation without leaving a Remainder (for, feeing 4 — i or iS -f- x 
will not fucceed, I can't expefl: that any t)f its Multiples iviflj 
and therefore I pa& by2/t — 2, 2^2+2; 3^ — 3 ^nd 3/1 -f- 3) ; 
but, finding neither of them will do, I try next with 6 a — i, 
which will exadfly do ; and therefore a is :=i i -^ 6 := -^^ And 
the Quotients being aa^- 2z=z o, the other two Roots or Va- 
lues of a arc Imaginary ; wherefore the oiJy real Value of a 
in the above Equation is i. 

This Method being only T^tative, andj in fomi^ Cafes^ ex^ 
eeeding Tedious ^ I will therefore only add one Example more^ 
in which a convenient ContraSlion is tisd 5 from which E^ i 
Sir Ilaac Newton's Method of finding compound rational 
Divifors of one Dime?rfion^ &c. may be deduc'^d and De^ 
tnonftrnted. 

2- Let it be required to find the Roots of this Equation 
«5 — 36/2/1 4-2/2 — 72 =0. 

The abfolute Number 72 can be exaSly Divided by i, 2, 
3, 4, 6, 8, p, 12, 18, 24, 36 and 7^ : And i. being the Co- 
efficient cf die greateft Power of a m the Equation, its Di- 
vifor is only i ; wherefore the proposed liquation is to be Di- 
vided by /2 — and -f i, a — and 4- 1, 8r. to find fuch of 
them as will e^^dly do it ,* but, fince here are a great many 
Divifors, and that (by the Compofition of Equations) there can 
be, at moft, but d^ipec fuch Divifors, which exaSly Divide the 
proposed Equation J ' . 

Page 221, /. 1$, for =, r, equal, p. 234, put . 5 in 7. 10, 
as alfo 1.5 in /. 11, two Places ot Figures further to the 
Right-hand, ibid h the laft but feven, dele -f-. p. 148, /. 4. r. 
sKfl- ibid. /. 23, dele ^.f. 225, /. the laft but ten, br i, r. i. 

ft 
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Id the laa Fig. in V. 539, for D, f. L. f. 555, /. 21, r: 
Eiain0e.^.356, Adielaft, tot iVo, '■•■s VjO'?- 386, ;.4,r. 
*li£i±^: .^.401, /.22, a%:ir«:. add: .iiW/. th« ha 
bit one, for prodoc'd, r. produce, p. 407, /. it, for *.• 3 xx •■ c-^ 
^, V 5 ««»^ •»*•/• the laft but three, for +«r« "*«», »•. ^ 
]Bjr*"'4. p. 41?, 7. 7, for infinite, r. finite, ;. 423, lafl /. but 
auee, f. , ^^ In ^. 42^,/. lie Uft, after j*') 

^12, place (.f.430, die very 1^?- r. jxT-f. 458, /.20, 
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I H E Name Algehra, Dr. Pf^dEis acquaints as, 
is derived from the fcll Word of AtgUhr fVal- 
I mokfitdU, which Words, in the ^r4iic)!:. Tongue, 
J fignifie die Art of Bfjiitutian and Camp*- 
'H rifin, 01 the Art of Xc/ilutign and E^udtion. 
W It is a Science by which the moft difficult and 
abftnife Qgcftions, in Arithmetick. and Geometry, .aie Refolved 
aiid Demonllraced ; that ia, it equally interferes with them both, 
and therefore it is promifcuoully Nam'd, being fometimes call'd 
SfeciouM Anthmetickj as by Vieta, Harriot, Dr. fVaBii, &c. and 
Ibmedmes Modern Geimetry, as by Dr. UaSey. 

This great Art may be Defined, or rather Dcfcribcd to be an 
'Analytical Way of Demanjlration, where, affuining the Quantity 
or Quantities unknown, as if it, or they were known, we pro- 
ved by Confeijuenccs, in coinpaiing it or thenij and known, or 
B given 



i^otation* 



Book I. 




iqual , 

Coi^eqi^ence, made known. 



CHAP. I. 

Oncerning the S^tt^l> of il^oting down ^mntititt ; 

and JCmctng their ^fep0, &e. 

Se3. 1, il^otftttom 

TH E Quantity fought is called the Root, which being un- 
known, cannot be really exprcfs'd ;' but may be defign d by 
any Symbol, or Charafter at Pleafure. I commonly (with many 
others) ufe Vowels for unknown, and Confonants for known or gi-, 
ven Quantities. But Des Cartes and his Followers, and moft Fo- 
reign Writers, ufe the laft Letters of the Alphabet, x, 7, ;{, for 
unknown Quantities 5 and the firft Letters, 4, ^, c, £?c. for known 
ones. 

The Advantage of thus exprefling known Quantities is, that the 
Numbers with their feveral Operations, which in Vulgar Arith- 
metick would be loft or fwallow^ up, in Algebraic Arithmetick 
are fo ordered and managed, as to be preferved Diftindl and in 
View ; and at laft to produce a Canon or a Rule for Refdving, 
not only the particular Queftion propos'd, but in General, any 
other of the like Nature. 

Befides thefe Letters, there are certain Signs ufed, which arc 
asfoUoweth. 



+ 



An Explanatitn of the Signs ufed in Algebra. 
More, or added to. 

Lefs, or fubtra£led from, 

Multiplyed by. 

8 .Divided by. 

f §j7 Equal to. 

Continual Geometrical Proportion, 

Disjunfl Geometrical Proportion. 

Continual Arithmetical Progreflion. 



Greater 



Chap. L 



^ot&tUm of jBmnUtUa* 

'Greater than, 
Leis than. 



V 



b — c 

41. 

bxc ot b 
0*>*-T-cor — 



CO 

CO 



rThe Difference of two Quantities, when 
ytis not known, which of them is the 
(Greater. 



■.»>i 



1 



b=zc 
a»b»C.drrr 

a •• b ::c "d 



Involution. 

Evolution^, or Extrafling of Roots. 

Irrationality, or the Sign of a Surd^Root. 

• ♦ 

^Therefore* 

fb More c, or c added to L 
b Lefi Cy or e fubtrafted from b» 
b Multiplyed by c. 

b Divided by c. 



b Equal to c* 

j As 4 is to by fo is btocj fo is c to d. 
•• «r , i cr " « . J ' As 4 is to i, fo is c to d* 
^.b*c.d¥-^ ^y^y h ^9 dy have equal Difierences. 



btrc 
b^c 

b Xo 

b& 
b 



b Is Greater than c. 

b Is Lefs than c. 

t The Difference between b and e, when 
^it is not known which of them is tha 
^ Greater. 

b Is to be Involved, or raifed to forae Power 

c i Is to be Evolved, or fome Root to be 
^^Extrafted out of it. 



V*, (or Vi), ^ by ^by &c. Signifie the Square-Root of 
by the Cube-Root of by the Biquadrat-Root of by (^e^ refpea? 
ively, 



33 



8</7<^i 



CO 

' GO 

• *^ 

CO 



* 



4 Rotation of jlitiamitiejS. Book i. 

JBiJides the /•regoing Signs, vpbich are commonly ufed, J make 
ufe ef ethers which are not Common, and are as foBow, 

' rSome Quantity indefinitely Lefs than the Terra 
i that next precedes it, is to be added. 

rSomc Quantity indefinitely Lefs than the Term 
X which next precedes it, is to be fubtrafted. 

r Either -9 or 8-, when it matters not which 
\o£ them it is. 

There are other Signs which are to he ufed in the Geometrical 
Part of Algebra, and which will be explain d in Book IL 

All the Quantities concerned in any Queftion or Problem may 
fiand in any Order at Plcafurc, Vi:{. The moft convenient for O- 
peration : As 4 -f- i — </, may ftand thus, ^ — J -f- 4, or thus, 
4 — </ + ^, or thus, — </ -|- 4 -f- ^, £?c. thefc ftill being the 
fame, tho' differently plac d. 

That Quantity which hath no Sign before it (as generally the 
leading Quantity hath not) is always underftood to have the Sign 
J^ before it, as 4 is -f- 4, or t ~ </ is -}- ^ — ^5 £^^ ; for the 
Sign + is an Affirmative Sign, and therefore all leading, or 
pofitive Quantities are underftood to have it, as well as thofe 
that are to be added. 

But the Sign — being a Negative Sign, or Sign of Defe6l5 there 
is a Neceffity of prefixing it to that Quantity to which it belongs, 
wherever the Quantity (lands. ^ .^ 

When any Quantity is taken more than once, you muft prefix 
its Number to it, as 34 ftands for three times 4, and yi ftands for 
fcven times i, f3c. 

All Numbers thus prefixt to any Quantities, are calVd Co-effi- 
cients, or Fellow-favors, becaufe they Multiply the Quantity ; 
and if any Quantity be without a Co-efficient, it is always fuppo- 
fed or underftood to have an Unit prefixt to it ; as 4 is 14, or 
ic is I hcy C^c. 

All Quantities that are exprefs'd in Numbers only (as in Vulgar 
Arithmetick) are called abfolute Numbers. 

Like Quantities are thofe which are exprefs'd by the fame Let- 
ters under the fame Power ; as h and b, a a and a a, cdb and 
6 c d by £^c. 

Unlike Quantities are fuch as are cxprefs*d by different Let- 
ters, or by the fame Letters under different Powers 5 as 4 and 
by cdf, and c J^ /''and b^y ©V. 

Tliofc 
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Thofe Quantities that are reprefented by fingle Letters, as m^ 
hj Cj dy (3c. or by feveral Lettens that are immediately joined to- 
gether, as 4 i, cd, ox :/ b dy (3c. are called Simpk, or fingle 
Quantities^ 

But when different Letters, or unlike Quantities are con- 
neiJed together by the Signs -f- or — , as 4 f i, or 4 — i, or 
ab-^ dcy 01 A \- aa, &c. they are called Compound Quan- 
tities. 

When a Compound of divers Quantities is jointly confidered 
as one, it is exprefs'd, either by putting them between two Co- 
Ions, or by drawing a Line over them ; As ^: a a -i- b a : ot 

^ aa -{-bT-, fignifies the Square-Root of 4 4 + i 4, confider'd 
as one Quantity ; And : c ^ d \- e : y. /, or c {-^d ^ c x /, 
fignifies that the whole Compound Quantity c -f- ^ + ^^ i* 
Multiplyed by /. 

Algebraic^ Integers are fuch Quantities as are not cxprefs'd 
Fraaion-wife : As 4, 4 + b, (3c. 

But when Quantities are exprefs'd, or fet down like Vulgar 

Fra£lions, thus -^, or 4 -J- i, or b) 4, or ^T , or ^ ^ — % 
(3c. They are called Fraftional or broken Quantities. 

&S. 2 Of the lEracinS the f^ttp$ ufed in bringing 

^nantittci to an equation. 

The Method of tracing the Steps ufed in bringing the Quan- 
tities concern'din any Queftion to an Equation, is beft perfbrra'd 
by Regiftring the feveral Operations with Figures and Si^ns 
plac'd in the Margin of the Work, according as the feveral O- 
perations require, being very ufeful in loiig and tedious Opera* 
tions. 

For Inftance, If it ,be requir'd to fet down and Regifler the 
Sum of the two Quantities 4 and b, the Work will ftand 

Thus, I 4 FirA fet down the propos'd Quantities 4 and 

b by ov^r-againft the Figures i and 2, in the 

, ; fmall Column (which are called Stcps^ and a- 



1 + 2 



I 

2 

3 



^__ gainft 3 (the third Step) fet down the Sum, 

vi:^. 4 + A ; then againft the third Step, fet down i '-f- 2, in the 
Margin, which denotes that the Quantities againft the firft and 
fecond Steps are added together, and that thofe in the third Step 
are their Sum. 

To illuftrate this in Numbers, Suppofe 4 =9, and * = 5, then 
it will be 

Thus 



6 ^otatton of ^vimtititt. Book i. 

Thus,|i!4 = d 



1 + 2 



2 l* = 5 



I* -w I ah 



5|4 + ^ = p-f 6=15 



Again, if it were required to fet down the Difference of the 
iame two Quantities, it will be 

Thus, I U = p 

2 4 = 6 . 



1—2 



3 U — * = p — 6 = 3 



Or if it were required to fee down their Produft, then it will be 



Thus, 



1^2 



I 

2 



4 = p 

i = 6 



4x4 or44=p>c6=:54 



Na/e, Letters fet, or join'd immediately together, (like a 
Word) fignifie the Re£langle, or Produft of thofe Quantities 
diey reprefent ; as in the laft Example, wherein 4 4 ==: 54 is 
the Produft of 4 = p, and 4 = 6. 

1. If equal Quantities be added to equal Quantities, the Sums 
of thofe Quantities will be equaL 

2. If equal Quantities be taken from equal Quantities, the 
Quantities remaining will be equal 

3. If equal Quantities be Multiplyed by equal Quantities, the 
Products will be equal. 

4. If equal Quantities be Divided by equal Quantities, the 
Quotients will be equal. 

5* Thofe Quantities that are equal to one and the lame thing, 
are equal to one another. 

6. Every Whole is equal to all its Parts taken together. 



PART 
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Of whole 0uantitte0* 
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CHAP. 11. 

jSotiition of whole ^anfitte0« 

ADdition in Algebra may be ^^dilyileam'd, by obferving the 
following particular Utiles or Cafes. ' 
I(uie I. When Simple and like Quantities haying like Signs 
are to be added. 

Add the Co-efficients, or prefixt Numbers together, and to 
their Sum adjoin the Letters common to each, or ineitherof 
the faid Quantities. Laftly, to this Sum prefix the commoii 
Sign, and you*ll have the Sum required. 

N.B. Ex. figniSes Example. 





I 

2 

3 


Ex. I. 


Ex. 2. 

— a 

— a 


Ex. 3. 

20b ca 

3 4^C4 


Ex. 4. 

— 5 2be 

— 2pic 


l4- 2 


4-2* 


— 24 


^£^b c a 


— 81 be 




I 

2 

3 

4 

5 


Ex K. 

6 % ^ah od 

^%2abc d 

21 a b c d 

^/\.9 abc d 


h 

— 9 

— 2 

— I 
-5 


:x.6. 


If 2- 


f: 


t+4 


l:\,0 6 ab c d 


—18 



The Reafpn of thefe Additions is evident from the Work, «/ 
common Arithmetics^; for fufpofe b to tefrefent I Crown, to 
Vfhich if I add I Crown^ the Sum mS be 2 Crowns, or 2 h (or 
+ 2b) i« in Ex. I. Or if we fuppofe — a /a reprefent the 
Want, or Debt of I Qrown, to which if an other fVant or Debt 
•/ I Crown be added, the Sum muft needs be the Want or Debt 
•/ 2 Crowns^ or — 2 a, as in Ex. 2. And fo for aU the reft. 

^jile 2. When Simple and like Quantities having unlike Signs 
ttc to be added. 

^ Add all^ the Affirmative Ones into one Sum, and all the Nega- 
bvc Ones into another (by i{ulc i.)^ thej) prefix the Difference of 

the 



1 
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the Co-efficients of thefe two Sums, with the Sign of the greater 
Sum, to the Letters common to each of the faid Quantities j and 
you'll have the Sum required. 



1 + 2 



Ex. 7. ] Ex* 8. 



21—34 



?I4- 



24 



— 2 4 



Ex. p. 

+ be 



+ o i c, or 



Ex. 10. 
-^ 9 a b d 
+ 7abd 

— 24 t J 



Ex. II. 



I 

2 



3 I— 12bcdx\ , Q f J ^ 

4 — 6 b cdxf 



4 
5 



— 2 b C d X 



1+2+3+4 

The Reafon of this Huh is this, 

^// Quantities having Negative Signs, are in Nature direBly 
contrary to fuch an have Afirmative Signs ; and therefore will al' 
ways dejiroy one another : Thus, Jf a Man have 1500I. in Cafh, 
and run in Debt 5CCI. that is, if to his Cajh he add — 500 1. 
(vfhich is the proper joay to exprefs a Debt) there mil remain 
but logol. for the Debt or — 500 1. will dejiroy 500 /. of the 
Cnjh. So alfo if a Man owe 100 1. and hath nothing to pay it, 
then he hath — lool. or is 100 1. worfe than nothing ; and if 
any one give him lOO 1, or add + 100 1. to his — lOOl. the Sum 
will be nothing ; but notwithftanding the Man (tho* worth nothing} 
will be 100 1. better than he was before. 

Utile 3. -When unlike Quantities are to be added, 

Set them down without altering their Signs ; and hence will a- 
rife Compound Quantities : For unlike Quantities cannot be other- 
wife added but by their Signs : 

Ex. 1 2. 1 Ex. 1 3- 



Thus, 



1 + 2 



I 

2 



? 



— 745^^^ 
\ —93^cd 

34-h2i| — 745 cdd^9:i^cd\ 



3^ 

2b 



Ex. 14. 

20 b 
— 30c 



20i — 30c 



1+2 + 3 + 4 



I 

2 

3 

4 

5 



Ex. 15 

— 2ob c 

+ 40t 

— 30c 

— 59bd 



— 20 b c + 40^— '30C — 5 9^^ 

' J{uh 
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Rule 4. When Compound Quantities are to be added. 

Find the Sums of the like Quantities, by the firfl and fecond ^jiles^ 

and then add thefe Sums and the unlike Quantities together, by (be 

third ^ky and yQu'U have the Sum required* 

Bx. 16. 

X — 2 /I 4 — 9 ic4 -f-8i tf 

3 +944— i5ici— ^4tf-f ^i: 

4 +744-|-2oici — g 



14-2-4-3 ^+-4 



5 



4 174 4 



-^ne-^gg^g 



■MS 



CHAP. III. 



^uhtnation of whole ^nmtities* 

Subtraction of whole Quandties is perfoim'd by one genera] 
Ulile. 

J 

fktitle. 

Change all the Signs of the Subtrahend, vi:^. of thofe Quan* 
tities which are to be Subtracted, orfuppofethem tobechang'dj 
then add all the Quantities together, as before in Addition,* and 
their Sum will be the Remainder required. 

Thaf to add — is the fame thing m to fubtraS -f- boi been 
frovd in Addition : But this general Rule ofSubtraSionfuffofe^ 
that to fubtraEt ^-^ is aB one as to add +9 which Sufpojition may 
he thus explain d and frovd. 

If a Man owe 10 1. more than he is worthy then his Subjlance 
majf, by what has been faid in Addition^ he refrefented by — lol, 
But if any one witt pay that 10 1. for him, or, whidyis at one^ 
take away the Debt of lO 1. or fubtraS the — lol. he doth him 
a much Service, m if he added io\* to his Subjiance 3 /f r^ in <f * 
ther C^fip be will be worth jujl nothing. 



I — 2 



Bx. I. } Ex. 1. 

l| 24 I — 14 



Ex. 3. 

8b 
- 6b 

+ 14 i 



Ex. 4t 

— 15 ic 

+ 8be 

■ ■■ ■< 

— %3bc 



Sx.S'i 



lO 



I 

11 



I — ^ 



Of whole iitmntitit^* Part I. 

Ex. 6. 
44.^—54 
— 3^ — 75— i<r4-// 



Ex. 5. 
— 64he — jacd 



fydbc 



-7^g + P 



1 -^1 



£jir.8. 

2 [4 — b 



I 
I 



+ 2* 



ybc^- ibd-i- 4 
— be -- 9b d 



8bc + 7bd'f-^ 



Ex. lo. 



24 — 4^ 



— .24 -f- 4^ 



I 

2 
I — 2'3 



Ex. II. 

4 4- 20 — P7 c 

45+ ^ 



Ex. 12. 

76 

4 — ^— 5ii4-7(? 



4 — 25 — 97 c-~</l76 — 4-f ^ + 5^ -7c 



£jir. 13. 



— c 



b-^ 



That to fubtraBt — is all one, a$ to add *f« may be thus 
frovd : 

If _ c be fubtrafted from + ^,1 fay the Remainder r is i H- c. 

DemonJIration. 

Take any Quantity d greater than c,' And 



Suppofc 
b—i 

2 + y 

chat is 
-t-4 

5 



i\d — C==4 

2 1 i — J — - c=:i — 4, by the Nature of SubtraSion. 
i— -(? = i+4f — 4^ by what hath been faid in 
r = i 4- ^ •*" ^ (Addition. 

r-V 4 = ^-i- J 

7 r — c = ^ 

8\r = b + c. Q. E. D. 



4 
5 



7 + c 

T&^ Tri/r& <?/ all Operations in SubtraSion, where any Doubt 
arifes^ may be f roved by adding the Subtrahend to the Remainder 5 
as in common Arithmetic!^. 

Examples, 

1 ^4( ol— 9 b c 

2 — 24 5 b\ — 6 da 

— ^ b^ — 9 b c -]- 6 d a 



1 — 2 

2 + 3 







f 54 



Subtrahend, 



I 



-- 9 b c 



Remainder, 

Proof, 



* Note, I, 5 figntjies from the firSl and fifth Stf^f, 
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Chap. IV. iB^uUipUcstUm* 
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CHAP. IV. 
^lti{dtcattoit of whole ^aantittejr^ 

Vl^if4ic4ii§n »/ whole Huantiths admits of three Cafes* 
Cafe I. When two fiin|Je Quantities, whether like or un^ 
like, but having like Signs, are to be MukipUed together. 

Firft, Multiply the Co-efficients one into another, and then to 
the Produa annex die Letters of both Quantities ; fo Ihall this 
new Quantity (the Sign •+* being underAood as prefixt before it) 
be the true Piodud* 



U 



E9C. I. 



n 



i ab,<yc dbjOT ha; for a b h = 1 4, by the 16. 7. 

ofliie^ Father of the Mathematickis Elements. "^Euclid. 



I xi 



I 



Ex. 1. 

— 4 

- b 



Ex. 3. 
— abed 
-fgb 



I H- 4 t I ah cd fgh 



Ex.^ 
3* 



£x. 5. 

— 6d 

— T be 



i^ db \ ^^ dbo 



Cafe X. When the Quantities to be Multiplied are Simple and 

and have unlike Signs. ^ ^ . , 

Join them and the Produft oi their Co-cffiaeats together as 
before, but prefix the Sign — before them. 



I 

1 



I 



Ex. 6. 

4 
— ^ 



Ex. 7. 
— 6d 

+ 7* 



— ah l^s^idb 



Ex.% 
6T<)l6plcd 
-^ 100 d J 



— 6791600 f I c d d q 



^x^n 

rhat in Algebraick. Multiflication Kk? Signs muft give a 
Pofitive or an Affirmative ProduS, and unlikf Signs a Negative 

me, may be thus frev'd: ..,,,,,. , 

Multiplication being a Compendious Method of adding together 
(or into one Sum) the MuUifUcaftd fo often repeated as there 
are Vnits in the Multif Heater, or Multiflyer ; therefore, , 

iVhen the MuUiflieand is Affirmative, aecordtng as the Mul- 
tiplicator is great or fmatt, the ProduS mil be frofomonaby 
mat or fmall j and when the Multif licator is o (or nothing) the 
FroduS will he o too j confequently when the Multtfhcator ts 
T.LJT-''. -'" ■ ~ - ' C2 greater 
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greater or lefs than o, to wit^ Affirmative^ or Negative^ the Pro^ 
duEi tnujl be frofortUnahlj greater or lefs than o, viz. Affirmative^ 
or Negative ; wherefore^ 

-f- Multiflyed by \ muji produce + > viz. -f- b x +c = 4" ^ c> 
cr ^- c b. Alfo -|- Multiplied by — muJl produce — ; viz. 
p-J- b X — c = — be, or — c b. 

H^hen the Multiplicand is Negative, according as the MultipU^ 
tator is greaty or Jmall, the Produ8 will be froportionably jmally 
cr great (thus — X X 2, or the Sum of ^ x and — i, or — 4, 
is twice as fmall as — 2 V i or •** 2) ; And when the Multi^ 
flicator is o, the ProduB will be o too ; confetjuently when the 
Multiplitator is greater ^ or lefs then o - to wity Affirmative or Ne* 
'gativcy the ProduB muJi be proportionally lefsj or greater than JNo* 
ibing ; viz. Negative or Affirmative : ff^herefore, 

— Multiplied by -f- mufl produce — ^ viz. — by-f-c=— be, 
or — - c b. And -•- Multiplyed by — mufl produce ^- 5 viz. 
*— b X — e = -f- be, or c b^ 

Cafe 3. If the Multiplyer and Multiplicand, or either of them 
be compound Quantities. 

Then every Term of the Multiplyer muft be Multiplyed into 
all the Terms of the Multiplicai?.d 5 and the Sum of thofe par- 
ticular Produ£h, will be the Produft required, by Ax. 6. As in 
common Arithmetick. 



Cp) 



l^a 

IX—b 

3+4 



114 + ^ ^ 



Examples. 





4 

5 



44-4-4^ — ad 

— ab -^bb-^-bd 



a a 



^ad-^ bb+ bd 



(10) I 



I y « 

5 -'-4 



3 
4 



344 — y b a 
a -\-Sb 

:}aaa^7 b aa 

2^b a a — '^6 b ba 

^ a a a -i-ij b a a -^ %6 b b a 



1 will add the following Numetical Examples, in order to ntakf 
it the more plain to Beginnerfy that Hkf Signs produce -f-, and 
unlikf Signs produce ^ , 



(") 



> M 



Chap. IV 



I X2'^ 



9-5=4 

6 =6 



o I 



54- 30=24 



(12) (13) 

9 — 9\ — P== — P 
<^-3=3 l 4-6-3 = 3 

54-27=271—54+ 27=:-27 



1 — c|2 

2 X *l3 



Tbdt a Pofitive Quantity Multiflyei by a Negative, or 4 Ne- 
gative Quantity Muhiflyed by s Pofitive, froduces a Negative 
one, may be thus provd. 

' IJE* 4- & be Muldplyed by — c, I fay the Produ£t / is =s 
— be* 

Demenjiratien, 

b + e—a 
b=ia — e 

bb^=iba-j-b^ — c^ by the Nature of Multiplicatioa. 
that isl4 bb^^ba-^f 

l^b ^ b b^^bczs=:ba 
5 — be 6 bb-sszba — be 
4 = 6 7 ba-^f=:ba — be; tiatisfzs: — be. fi^B^D. 

That a Negative Multiplied by a Negative fljiantity, frodttees 
a Pofitive one, may be frovd thus. 
If — i be Mdtiplycd by — c, I fay the Produft ^ is =a: 

Demenfiration. 
Put I 4 =: fc + c 

2x — c 3 — C4-I ^^ — c=—cc> by the above Dcmonflra- 

diatis 4I — c44-/= — cc (cioik 

J Y, — c 5 ^ ea^=^'^cb — ec 

5-|-ci 6 — c44-ci= — cc 
4=;6 7— C4-{-/ = — ca + cb'^ f:=:cb. Q. B* D. 

Note, that fometimes Ptodufls are cxprefi'd oidy by the QuatH 
titles to be Multiplyed with the Sign x between them, and each 
Compound FaSor being connexed oy Colons, or a Line over it: 
Thus the Produfl of a and i, is 4 x ^, and the Produft of aA'X. 

and ^ -^ ;{, is : 4 -t- a* : x : ^ '— ;{ : or a -^x^^e ^ s[. 



X / 
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CHAP. V. 



SDtbiaort o£ whole Siumtitits^ 

Dlvifion in Species is the Converfe, or direH contrary to that 
of Muitiflic4tion, and confequentiy ptfotfnd by converfo O^ 
ftratitms (as in common ArithmetickS) 

The general Rule of Divifion is this ; i>/j{. 

Place the Fiivifor under the Dividend, with a Line between 
them, and this Fra£lion is the Quotient (as in common Arith- 
metick.) 

Or place the Sign -r between the Dividend and Divifor, 
and let the latter be to the Right-hand of it ,• 

Or place the Sign) between the Dividend and Divifor, and 
let the latter be to the Left-hand of it ; 

Thus a being Divided by by will give -^, or ^ -f- 1, or b) 
a for a Quotient : And lb eg ~\' dg Divided hy 6gf — 3^4, 
^ " ^^V/^^f/^ '^ or=;:2ic^+rf^:-^:6^/*-3^4;, 

&c. 

But if any Quantity be found to be a common Multiplycr in 
both the. Dividend and Divifor ; Place the Quantity which, being 
Multiplycd by that common Multiply er,' will produce the Divi- 
dend over that Quantity which, being Multiplycd by the com- 
mon Multiplyer will produce the Divifor, with a Line between 

them* 

Examples. 

(5; 



- 


I 

2 

3 


(?) 
cfe 

cb 


(4) 
abd 

4 b 


I-r2 


fe 
b 


I 



75 c J 

- 5c 



a b -^ c db 

a-]- c d 



(7) 

III ^ab -i- i^ be — 11 bd 
I-,! 3^ 



i-^zUl— 4 — 



5 c -f- 7 J 



^otei 



Chap. V. BMixon, 1$ 

liote^ Whtn the Quantities in the Divifor and Dividend are 

aU the fame J and have the fame Signs^ the Quotient will be an 

XJnit or 1 1 becaufe every thing contains it felf once : 

M—b 
So i -r i = I ; alfo la-^bi -^la 4- ^ : = i, and =!• 

N.B. In DivJfion of Quantities one thing mt^Ji be carefully ob^ 
fervedy viz. That lil^e ^igns give -4-, and unlike Signs give — ^ 
which holds here as well as in Multiplication^ as may he frovd thus* 
Every Dividend being a Produ^ made by Multiplying the Quo^ 
tient into the Divifor^ the Sign of each Fa&or mufi be fuch^ at 
according to the former Rules of Multiplycation, can produce tbe^ 
Dividend : Wherefore if the Dividend be fo/itive^ the Divifor 
and Quotient mufi have like Signs ; that is^ if the Divifor be 
tiegative^ the Quotient mufi be fo too ; and of confequence a 
fofitive Dividend divided by a negative Divifor^ gives a negative. 
Quotient. And if the Dividend be Negative^ the Divifor and 
Quotient mufi have unlikp Signs (as has been Demonflrated in 
Multiplication) ; and confequently a negative Dividend divided 
by a pofitive Divifor^ gives a negative Quotient ^ but a nega- 
tive Dividend divided by a negative Divifor, gives an affirmative^ 
or fojitive Qjiotient^ 

In Divifion of Compound Quantities, the Terms of, as well 
the Dividend as Divilbr, mufi be plac d in order, according to the 
Dimenfions of (bme Letter in both of them, tvhich will be judged 
the moft Commodious for the Purpofe ; that is to fty, the firft, 
fecond, third, Sfc. Terms of the Dividend, and of the Divifor, 
muft be thofe which contain the greateft, greateft but one, grcat-s 
eft but two, S?c. power of the faid Letter refpec^ively. 

Then feek fuch a Quantity, as being Mukiplyed by the firft 
Term of the Divifor, Ihall produce the firft Term of the Divi-^ 
dend, which Quantity, when found, place in the Quotient, and 
then Multiply it into the whole Divifor, xh^. Produft fubtraft 
from the refpe6tive Terms of the Dividend ; and to the Remain- 
der adjoin, with their proper Signs, as many more of the next 
following Terms of the Dividend as are rcquifite, and call this Sum 
your Dividual. Again, feek another Term of the Quotient, vis^* 
Such as being Mukiplyed by the firft Term of the Divifor, 
will produce the firft Term of your Dividual, which Term, when 
found, place in the Quotient j then Multiply, and Subtradl as 
afordaid ,• and fo proceed. 

Thus, If44 4-f.^44e + 34eff + f^e^ be given to be 
Divided by 4 + ^, I place them in this Manner, 
a a a j-^aae-^^aee-^-eee 
a -{■' e 

Then 
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Then I leek fuch a Quantity as, being Mulciplyed by a (the 
firft Terra of the Divifor) wiU produce 444 (the firft Term 
6f the Dividend) and finding it to be 4 4, I place 4 4 in the 
Quotient, then I Multiply 4 H~ ^ by 44^ and the Produa aaa 
H-4 ae I fubtraft from 44 a •^-^4 4 6 (the refpeftive Terms 
of the Dividend) and the Remainder is 2 4 4 e '; to which I 
adjoin the next Term of the Dividend, W;{. + 3 <* tf r, and the 
Sum 2 4 4 ^ *f- 3 4 f ^ is my Dividual. 

A^in I fcek a Quantity, which, being Multiplyed by 4 (the 
firft Term of the Divifor) will produce 2 4 4 ^ (the firft Term 
of my Dividual) and find it to be + 2 4 f, which -4-24^1 
place in the Quotient , then I Multiply it by (or into) 4 -f- f , 
and the Produ£l 2.4 4 e -^ 2 4 e e, Ifubtra6l&om 244e4'B^^^9 
and the Remainder is 4 ee; to which I adjoin the next and laft 
Term of the Dividend, v/jj . '^ e e e, and the Sum 4ee'^eee 
is ray Dividual. • 

Then I leek a Quantity which, being Multiplyed by 4, will 
produce 4e e (or ask how oft 4 is contained in 4ec) and 
finding it to be ee, I place -i- e f in the Quotient, and Multi* 
ply 4 ~h e by it, and the Produft 4 er '4- eee I Subtra£l from 
my laft Dividual, and the Remainder is nothing. See the fol- 
lowing Operation. 

Bx4mfle ir. 



2%4 4 

444 -f 344ff — 3 

4-^3 4 ftf 
2X2 4 e 
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2%ee 
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Quotient 

444 \- 344e 4- 34ee -f- eee (44 -j- 24^H- c e 
4 -f- ^ 

4 4 4^446 



O -f- 2 4 4 tf 

244e-f" 3 *^ff ' 
2 4 4^-f- 24 ee 



o -^ 4 e e 
4e e -}- e e e 
4ee -^ e e e 
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Or Divifion of compound Quantities may be better performed 
thus. 



Ex. I2» 
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Ex. 12. 

^a mm 6) Saaad — p5 (2aaa H' ^ 4- 8a -^ |5 
6aaaa — iiaaa 

O + I2/Z/M 

iiaaa — T^ad 



-}- 24/2^ 

24A2 — 484 



-^ 48^ — p6 
48/1 — p6 



mmmmmi^mm»mt 



Suppole it were required to divide iuia -^ /^raa -4- daa -{- 4r& 
H- dia •+- ^^W by <« + ^. 

'If daa be made the firft Term oi the Dividend, + ^aa 
<4- ^jtf, + 4re£2 + dda, -^-ddi muft be the fecond, third, and 
fourth Terms of it,refpe£lively ; and a^ + ^the firft and fecond 
Terms of die Divifor cefpe£Uvely : And then the Divifion will 
(land thus, 

aaa 4- daa ■. 






+ ddd + ddd 
ddaJ^ddd 



J^.B. The foregoing Dividend may be writ thus^ 



Here the Members of the fecond Term, as alio tfaoie of the 
third are united by adding in each Term die Fa3ors of die Pow« 
crs of the Letter a^ in reipeft of which the Terms of the Di« 
vidctid woe plac'd* 

R Jut 
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But if ddd be made the firft Term of the Dividend, then 
the Divifion will fbuid thus, 

ddd+M U 

o 

If the Divifor be not an Aliquot Part of the Dividend, the 
Quotient may, in feme Cales, be continued to an Infinite Series : 
But if^ after you have plac d as many Terms in the Quotient 
as you think proper^ you, have a Mind to have the exa£t Quo- 
tient, place the laft Remainder over ]rour Divifor, with a Line 
between them, which Fra£tion with its proper Sign + or — . 
aimexed to die be&re found Quotient^ will exhibit the exa£i 
Qitotient required. 

Examples. 
"^ I Or 1 + ;r + ^^ + ^^^ + r^x 



1 — 


X 




o-f- 


X 

X ' 


— XX 




% 


-jrxx 

XX — . 



-^XXX 

XXX — xxxx 

-f- xxxx 



dk ^ ee 
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P A R T II. 

Of jFtactionai or Jbmttt ^mntitits^ 



C H A P, I. 

jl^otation of fractional iStuantitit^, 

FRnSlionat Qua^^tities are exprcfi'd, or ict down, like Vulgar 
FraSiions in common Arithmetick,^ ^ 

Tfi ^ ^ "^^ ""' ^^ 2^r Num&aiors* 
^"7"' 4^-|-7^ ' ^'"S Denominators. 

How they came to be fi), may be fcen by the General Rule in 
the Beginning of Divifion. 

Thtk^ Fraclianal Quantities arc managed in -4/^^ Jr^, as broken 
Numbers in Aritbmetick. 



CHAP. II. 
Hetiutfioti of if rational ^ttantittes; 

^SeS. I. To reduce ifratfton0 having di£Ferent jBDeitd/ 
minato;0, to iftatftms of the fame ValQe^ that fliall 
have a common SDenomtttato^ 

Multiply all the Denominators together,* and refervc their 
Produd for a new and common Denominator j then Mul- 
tiply any of the Numerators, and all the Denominators, but its 
own^ together, and their Produfl: put for a Numerator over the 
common Denominator; fo this Pp£lion is equal to that whole 
Numerator you Mulciplyed. Do to with the reft of the Nume- 
ratorsj and you'll have the Fr^^lions required. 

-^ ^amfles 
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Chap. n. iReUttctioti* *i 

Examples^ 

I. Let it be required to bring -|- and —to one Denomination: 
Firft Jxc = *f, is the common Denominator. 
Secondly, <i X f = « f ; ttfct^fore -j^ is == -j-' 

Thirdly, Jx</=^«^J therefore -j^ =— . 

Confcqacntly -J^ and -J^ are the two Fraaions required. 

2. Let -£^, -^ and -^^^4^ be, all of them, brought to 
e ' fa c — a 

a common Denominator. ^ • , 

¥ixft,,e%fd%:c'—di — efdc^efd(l >s the commop 

Denominator. 

Secondly, c df % fd % ic --- di'ssccddff — cdddffi 

ahY.e%ic^di—ahic~ ahed; and:fl + rf:x^y/rf = 

^ ^/^ 4- dd^f, are the Num«rators ; 
^ ' ec ddff^cddd ff alec-nled 

Th^'^efo^ - efdc^ejdd —' efdc - ^yV-^ ' 

and Jlg/^+^544> are the Fraaions required. 
^•^ ^/»r — ^/ »» 

2^ j£^lj:tJL and ^""^ be brought to one Denomination, 

theywinbe j^^^bh-da-db ^"^ bd^bh^ da^df 
rdpefliyely. 

&a 2. To reduce a whole fiittanfitp into an Equiva- 
lent JPrattion of a given JDcnomination* 

Multiply the whole Quantity by the given Denominator, and 
undft the produa place the faid Denominator with a Line be- 
tW|Bcn tti^m J and you will have the FtaSlion required. 

Exam* 
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Examples. 

1. Let it be required to bring a-^h into a Fra6tion, whofc 
Penominator fhall be i^ — ^z. 

Firft :/i-f-*:y id-^aizzzda -{' db —' aa^^ ia^ # 

Then — — t — aa .^ ^^ Fra£tion required. 

2. h being reduc'd to a Fraflion^ whole Denominator will be 

. J<7 — Jr 
a — r IS = — * . 

Note, ^i&^« whole Quantities are to le fet down FraElio?u 

mfe ; fubfcribe an Unit for the Denominator ; thus ah i& z=z 

ah J 7 , h -4— aa 
, and h-^aazn ^— ^. 

Lemma to SeEl. 3. 

How to find the greatefl common 9tt)tfo^ (or great- 
eft commoa 9ft&vicz) of twx> pj!opos'd whole i^toan^ 

Divide the greater proposed Quantity by the lefler, and, if 
any thing remains, Divide your Divifor thereby, and, if any 
thing yet remains, Divide your laft Divifor thereby ; and thus 
proceed 'till nothing remains, provided the firft Term of each 
Remainder meafures the firft Term of the next foregoing Di- 
vifor; and the laft Divilbr is the greateft common one requi- 
red. But here, Note^ that when Ae firft Term of any Divi- 
{qx (or Remainder) does not meafure the firft Term of its re- 
fpeaive Dividend (or next foregoing Divifor), Then find a Mea- 
fure of fuch DivijR)ry which Meamre you are to confider three 
waysj viz. 

I. As being not Prime to the Dividend; or^4*s as being 

Prime to the Dividend, and that, upon Dividing the Divilbr 

by it, the firft Term of the Quotient Ihafl ^^^ ^}r a Mea^, 

furc of the firft Term ot the Dividend. 

In Cafe 1. Firft find (by Li(pe£lion, or by what is iaidhere} 
the greateft common Meafure of the Divifbr's faid Meafure and of 
the Dividend : Then Divide the Dividend by the (aid greateft 
common Meafure^ and the Divifor by its laid Meafure^ ^md 

thfr 
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tbe two Qaotients will be your next Dividend and Divifor, 
which are in ld& Terms than the former, and wilh which pro- 
ceed further after die £une Manner, until yop arrivp at fuch a 
Divifor as will Divide its refp^6live Dividend without leaving 
^ Remainder ; which laft Divifor Multiplyed continually into 
all the greateft common Meafures, found as aforefaid^ will pro- 
duce the greateft common Divifor required. 

In Cafe 2. Divide the Divi£>r by its laid Meafure, and, with 
the Quotient, as a Divilbr, and the laid Dividend, proceed as here- 
in direSed Note, the Meafure^ in this id Caje^ is of no great Value. 

In Cafe 3. Divide the Divilbr by its laid Meafurc ; then, by 
the Quotient Divide the laid Dividend ; and, if there be a Re- 
mainder it ivill be your next Divifor, and the lafi Quotient your 
next Dividend, with both of which proceed as herein diredled. 
And, if there be no greateft common Meafure, fuch as is men* 
tion d in Cafe i. the laft Divifor, thus found, is the greateft cofflr 
mon one required. 

The Demonftration ^f this T^d Cafe is inferted in th^ fir ft 
Edition of this Treniifiy which may he eaftlj extended to the 
ift and 2d Cafes* 

SeB. s. To Abbreviate, or bring a if raittional ^uaitttti; 

into its loweft ]B^en9minatton» 

Divide the Numerator and Denominator feverally by thdr 

F:eateft common Divifor, and the refpedive Quotients, plac'd 
ra£don-*wife, is the Fradion required. 

Examfles. 

1. Let it be required to reduce ^ y" to its leaft Terms; 

Firft, in order to find the greateft common Divifor of <^6ohc 
and i8p^, I proceed according as the Rule in the foregoing 
Limma direfts : Thus, zi/z. I Divide the greater of the tmo 
proposed Quantities, to wit 560 fer by the leflfer 189*; and 
(the Quotient being 2f) the Remainder is 182 ^r, which is to 
be my next Divifor, and 189* (the former Divifor) my next Di- 
vidend. But 182 he does not meafure 189^; wherefore, find- 
ing 7 Jr to be a Meafure of 182 ^f, as alfo jh to 'be the 
riteft common Meafure oiyhc and 189*, I EKvide 189 J. 
jhy and 182 ^f by yhc^ and the Quotients are 27 aqd 

26 : 
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26 ; which arc ray next Dividend and Divifbr. Bu(t, thcffe be- 
ing Pritnd to on6 another, the laft Divifor will be i : Confe- 
quently the above found grcateft common Mcafure, tiz. fh Mul- 
tiplyed by t ==: 7 ^ is the greateft common Divifor required. 
Then 1 proceed by the above Rule ; thus 

h\ R h f — -which is the FraSion required. 

Note, The greaieji common Divifor of Simple Quantities may 
te more eafly got hy finding the greateft common Meafureofibe 
Letters in both Quantities (which is done hy InfpeRion only); 
as alfo that of the Numbers : And then thefe greateft common 
Mehfuresy Multiplyed together^ will produce that which 24 
required. 



2. Let it be required to reduce to its loweft Terms 
an 
dd 



C y^cC-^aadd 



2^3 -^2 ace — :\,adc -\^ j^aad* 

The Terms of this Fraftion are difpOs'd according to the Di- 
menfions of the Letter c. And finding the firft Term c£ the 
Dendminator (which I fuppofe to be the lefler Quantity) is not 
a Meafure ot the firft Term of the Numerator 5 I may Divide 
the Denominator by 2 a Meafure thereof which will give the 
firft Term of the Quotient a Meafure of the firft Term of the 
Numerator ; and then proceed : Or rather (in order to abridge 
the Operation), finding 2 r — 2 a to be a Meafure of the E)e- 
nominator, as alfo c — ^ to be the greateft common Meaiure 
of the Denominator's faid Meafure and of the Numerator, I 
Divide the Numerator by the faid greateft common Meafure, 
and the Denominator by its iaid Meafure, and the Quo> 
tients are r 5 ^- ace — ddc — add andrr — indj which are 
my next Dividend and Divifor relpeSively ; with %vhich pro- 
ceeding, by our Rule, they will be found to be Prime to 
one another ^ atTd confequently the laft C^i^r will be i : 
Wherefore :r — a: ^ i :=^c — a is the greateft common 
Meafure by which the proposed Fraflion will be reduc d to 
r' + ^^c ~ ddc - ajji^^ ^ g^^^ ^ ^^ ^^^^^^^ 



2CC — ^ad 

luired to reduce 

ccc — I 



e e I T 

3, Let it be required to reduce to its lowefi 



Terras, 

Firft 
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Firft I divide the gteater of the two proposed Quantities^ vi {• 
ccc — I by the lefler ce -^ i } tbus^ 
cc -^ i) ccc — I (c 



c— I 



Now fince the firft Terra of the Divifor has a greater Pow- 
er of c in it than the firft Term of c — f, this therefore is ^ 
Remainder; wherefore I divide the. Divifor by it; thusj 



C — 1} CC — I (c + I 

€C C 



+ c— t 
c — I 



And the Remainder is o 

WheiKe c -^ I is the greateft coi&mon Meafure (b^ht, by 
which the proposed Fra£lion will be reduc d to its loweft Terms j 
thuSy 

€ — i) CC — I (c + I rifir new Numirdiw* 

CC "^e 

■ ■"""■'•■■"^ 

-J-c — 1 

c — I 



tf -— i) ccc-^ 1 (cc + c + I fie new Dendmindt^ 

ccc-^cc 



-f" CC 

CC — c 



c — i 
c— I 



c + i 



Conftquendy > >/ . ■ is the Fra^n required; 
CO its lowtft Teans. 



ruft 
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Firft I Divide the greater of the two proposed Quantities, vir. 
that which has the greateft Power of a in t (in refped of which 
Letter the Terms were plac d) by the Leffer j thus, 

Mas^^aab^^abb^bbb) aada-^bbbbCd-^ 3* 

daa4U-^^aaab'{-^aMbb — sbbb 



-^^ansb-^'^adbb *f- abbb-^ bbbb 
^aaab-^^aabb -f- ^abbb — ^bbbb 



'±6aabb^6dbbb'^ ibbbb 

Now fince the firft Term of the Divifor has a gf eater Pow- 
er of d in it than the firft Term of 6ddbb — %dbbb 4 ibbbbj 
this therefore is a Remainder ; but the firft Term thereof, vi:^* 
6ddbb does not Meafure ddd the firft Term of the Divi« 
lor ; wherefore I divide the faid Remainder by 6dbb — 2bbb a 
Meafure thereof, which is Prime to the Diviior, and wiD give 
the firft Term of the Quotient a Meagre of the firft Term of 
the Divifor ; thus, 

6dhb _ 2bbb) 6ddhb — 8dibb + tbbbb (4—* 

6ddl^b — Idbbb 

— 6dbhb + THbT \, '■ 
^6dbbb^lbbbb 



O 

And the Quotient is 4 -- ^ ,* by which I Divide the faid Di- 
fUbi; dxus, 

4 — b) ddd — ^aab -f- ^^abb — Wi (44 — 14J 4- bb 
add — ddb 



— 244^ 4" ^dbb 

— 244^' -f" 2dbb 



abb ^ bbb 
dbb^bbb 



And the Remainder is o 

Whence 4 — it is the greateft common Meafure fought, by which 
Ihe propos"d Fraflion will be reduced to ^^^ J[f ^ \ lT — 
fcy this &fl. 

5. In 
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S. In like Manner ^ nr will be rcduc'd to ics hw 

^ XXXXX — XXXPP 

eft Terms ; thus, 

xxxx — hhblf) xxxxx — xxxib (x 

xxxkx — xblhb 



— xxxhh 4" xibhh Remainder* 

m^bh) — xxxbb + xbbbb (xxx — xbb) xxxx — bbbb (x 
— xxxbb xxxx — xxbb 

O -|- xbbbb ^xxUf'-^Htl^^aaBLUk^ 

^ xbbbb (dcr. 

o 
ib) xxbb ^ bbbb (XX ^ lb) xxx — xbb (x 
xxbb " xxx ^- xbb 

_ bbbb \. Q Remaiodeiv 

— WW 



• o Hence xx — bb 

is the greateft common Divifor of xxxx — > bbbb and xxxxx — 

9xxbb. by which /^^^^ will be reduc'd to ^^ ■ 

', xxA^xx ^ xxxbb xxx 

by this Sf Sf. 

If by proceeding in the foregoing Manner, you find the great* 
eft common Meaiure to be i ; then the Fra£lion is in its leaft 
Terms already* 

Note, Some FraSional Quantities are reduced te their leaji 
Terms by Dividing the Numerator and Denominator feveraUy 
ky the greateji common Meafiire of their Jeveral Members ; thut^ 

dipg the profos d Numerator and Denominator feveraty by 1^ 
the greateji common Divifor of their feveral Members* 

^St. f To reduce a Corapoun4 Sfta^^m to a Simple 
one of the fame Value 

Multiply the Numerators together for a new Numeatory and 
d)p Denopfiinators together for a new Deaominator; fo this 
4iew Fra£Uon is t!bgX required. 

£ 9 M^^^fl^^ 
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Ex4mfles. 

%. Let it be required to reduce -j- of — ^^ "4* ^ * fimple 

Frafiion of the fame Value. 
Firfi ^ X I X « = 34 the new Numerator. 
Seconaly b%c%d^=^bcd the new Denominator. 

Confequently -^ --r- is the new FraSion required* 

2. Let it be required to reduce -i-? — of u ■ ■ . of-- of — ^ 

^ f^ G fd f r 

to a fingle FraSion of the fame Value. 

:-4-i-^:xixixf = <f + ^f the Numerator. 

/x : c -J- J : x^ X r =^fcp r -J- fdf r the Denominator. 

Confequently - ^ ^^ y* — is the fimple Fraftion required. 



C H A P. in, and IV. 
0SDttion and ^ubtratfton of ifratfional fluantitirt. 

T^A Haf bdtb been done by the ^les in the foregoing Cbdf* 

ter, i chiefly to fit and prefare FraElions of different 

Denominations for Addition^ or Subtradion as Occajton requires i 

1. If the FraSions to be Added, or Subtrafted, be Compound 
ones, they muft be reduc'd to fimple or pure Fra£lions (by Se8. 
4. of the foregoing Chap.) 

2. If they have not a common Denominator, they muft be 
reduc d to r raftions of the ferae Value that will have a com- 
mon Denominator (by Se^. i. Chap. 2.) 

That being done. Addition and Subtradion are thus per- 
formed. 

Add or Subtra£t their Numerators, as Occafion requires ; and 
lincler their Sum or Remainder fubfcribe the common Denomi- 
nator^ with a Line between thco. 
** • Examples 



Chap. m. IV. aHjBlitiQtl and fbvMmiim* %ti 

Jixamfles in Addhiwu 



l+2|? 



«+* 


20-\-h 


4 




d 


d-\-e 


M -\- h-^tlM 


» -\^h 


d 


d -{-e 



d-\- * 

7+ ^ 



i^ Suppofe it was required to add t -{- -4-,/ f- and 

0-4.~ into one Sum. 

Firft, the Fraaional Parts are —^ 1 and ^^ — } 

Secondly, dY.fyi,f=^dpf is the common Denpminatoi; 

Thirdly, cx^x/> = c>^; — f^xrfxf «: ~ jj^; and. 

c X rf X ^ == c fl^ are the Numerators ; 

Wherefore i2£.=^^t±i^ == itzi^il^ (by j,ft- 
3- Chap« 2.) is the Sum of the Fraaional Nrts ; cOQiequeafr- 
ly the Sum required, is h +/+£ + itZlfLLfSL^ 

d 
5. Again, Let it be required to add -i- of— to-ji:ZLjL •' 

Firft i%d = d; Secondly b^f^^bfi therefore— of ~ 

b p 

is (by Se9* 4- Chap. 2-) == "tt : Cojifcqucntlj ^ ^ - ii 



the Sum required. 



*/ 



Exam fits in SuhrMSlian* 



i^z 



a + h-j^ MM 




4 f ^ 



*<i 



i-|-«! d+M 
2J>— 4 4-\'k^d 



d-he 



J-b* 



24 — A 4— ^+'' 



.1 



«/ + ff| d4-* 



^Ut 
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4. Let it be required to take a-^ -i- from f "^^., 
Firft, « + -^is (by 5*S. 2. Chap. 2.) =s i^Jl^. 
Secondly, *^"r and -y^^ «re (by J»5, 1. Chap 2.) e- 

mainder required. 



I i. ^ ^ i 



5. Again, Let it be required to take -i- of -2- of 

? 44 



fiom — 



"J- of -^-^ 7- is (by j'tfff , 4. Chap. 2.) =5 -|^| 
And ± is = iL ; therefore ^^tfL2L = 4*-isthcIic. 



mainder fought. 

Note, The Vniverfal Method of Adding 4nd SubtrdRing eithet 
vpbeie or frdfied Qitantities is fy -f- 4nd — refpeSivefy. 



-> ' .- 



CHAP. V. 



9aUi{Aicattim of ifvatfional ^mniiiiti* 

FM prepare mix'd Quantities (if there be any to be Mulr 
tiplyed) by reducing them to FraAions of thq fame Deno« 
mination (by Se&. 1. Chap. 2.), and whole Quantities hj, $ub« 
Iciibing an Unit under them i th^n, 

Multiply the Numerators together for a new Nomerator, and 
the Denominators together for a new Deqominator 5 then this 
new JFra£lion is the Produ£t required. 

Exgn^les. 



Chap. V. 



iS^ttlttplUatiatt* 



3» 





1 


1 '^ 


ExamfUi. 
34 — 2b 




k 


e 
d 


id-^e 
44 + 2* 




3 


f 


d 




abd 
cf 


1244 — 24^ — 4^^ 


l>c2 


2<U-f </c 



5. Sappofe it was required to Mukiply id-^r 7 »S 1^ 

Thcfc prepared for the Work, as above diicaed, will (land 
14C + i — 25c 



*a 



XIMMM^ 



ixxh 




6i4c H- 3W — 75tc -+- 84Ctf H- 4*^ — lOOcc 



N.B. -4«; F^daion is Muttiptyedhy its Denominate h^^i 
ing off^ or taking avfay the Denominate. 

Thus — X 4 is == * J for •— X -^ = -7- = *• 

4 4 14 

b ^ 

4. Again, Let it be required to Multiply — of ~ 

by/. 

Firft,ix:4 4-t 

Sec. c><ib -^ c 
the Pcodua required. 



: X f=:h af-hthf, the Numerator, -> ^j. 
: j< J =; c/r + (?c, the DenomiD. X 



OK 



CHAPt 






3» 



Of ftBtHami Oitmnmtg* Part h. 



■•■ 



CHAP. VI. 



)aDJti<Con of ifractional ilnahttttts* 

TH E Fraftional Quandties being piepat'd, as dire6led in the 
laft Chapter ; then, 

iSliiTtiply the Nuihcrator of the DividcncI, by the Denomi- 
nator of the Divifor, for a new Numerator ; and Multiply the; 
Denominator of the Dividend by the Numerator of the Divi- 
for, for a new Denominator ; To this new Fr&aion is the Quo- 
tient required, 

Exdfttfles* 
Let -—■ be divided by -^Ac Wc*fi; ftiay Hand 

*"''-4)-^-(^=T ^ ^'»- 3. Chap, x.) 



Or-ffiBs 



\ iU 



I. .f 

2 



1^2 



cf 



abcf 
d + b 



'» . 



• 



»-^2 3 



na H- db 



ddd — bbb 



d-^b 
ffd — b4 H- ^^ 



■•■iifcii* 



dddc — bbbc 



dc — db I ddd -)- Hb 



Suppoit 



Chap. vr. ©ttwCon. Is 

Suppofc it were required to divid: a* -\ t— T '^Y <-+-*. 

The Work (when prepac'd as before direflcd) wiU iland thus, 

A"d ^,^^,^^^ ' ^ "> = "TRT' ^y S'«. 3. Chap. X. 

When Fraaions are of one Denomination, rejefl the Deno 
minators, and divide one Numerator by the other. 

Thus, If — were to be divided by — it will be H) ahU ( 

4* the Quotient requited. 



F„JL^ ^ C-^ = A 



« 4- 2-1& +- J* 

— T^ri — • 

Rgefling c — d in both, it will be 
(bj S>a. 3. Chap. 2.) 



PART 



34 



Partni. 



fts»s»«»«»«»tt»«»»«»»««e«(«(«»e»e»@«»@»» 



PART m. 



CHAP. I. 

^ntolixtion of whole 0ttantitteis* 

INvolutim is the Raifing or Producing of Powers, from any 
propos'd Rool^ and is performed by MultjpUcadoii. 



1^2 

-I ®-4 
i©-5 



I 

2 

3 

4 
5 



l-« 



Examples. 

I the Upoty eir Jingle Power, 



aa I -^aa \ S^uare^ tnr fecond Power* 

- *— — It — 

444 I m^Mna I Cubey or third Power, 



4444 I --f-4444 | BtjudJrAtf or i^th Power. 
aaaaa\ ---aaaa4\ Surfolidy or %tb Power. &c. 



Notoy The Figures plac'd in the Martin after the Sij^n (Q^) 
of Involution, Ihew to what Height the Root is Involved ; and 
are call'd Indices of the Power ; and are ufually plac'd over the 
Involved Quantities, in order to contra£t the Work, efjpecially 
when the Powers are of high Dimeniions. 



Thus, 



4* 


MM. 


4 


4* 


=; 


aa 


4) 


= 


aaa 


44 


=; 


aaaa 



and« 



as=iaaaaa 

4^ = aaaaaa 

aS h^ ^=^ aaaaahhhhhh 

,4* J' ^ =5 aadddhhhb 



If^c Quantities have Co-efficients, the Co-efficients muft be 
Involved along with the Quantities. As in thefe^ 



Thus 



Chap. !• 

Thus! I 

I©-2l2 

i©-4 4 
i©-5 5 



24 

iaaa 
i6aaad 
^idaaaa 



Of whole iSiuanutttg^ 

25WCC 
i25W*c^c 



3J 



— 27444 
4- 814444 

— 243444^4 






Involution of Compound Quantities is performed in the lame 
Manner, due Regard being had to their Signs and Cc^cffidcnts. 

As for Liftance, Suppofe a+h were given to be Involved to 
the 5th Power. ^ 



Thus 

1X4 

4x4 

4x* 

5 + 6 

7X4 

7x* 
% + 9 



1 
3 



5 

6 



4 -\-h called a Binwnidl Ro^t* 

4+> 

44 + 24J + W th«; yjMre of 4 -t" *« 



iV 



IOX4 
^1+12 



9 

10 



444 + 244> -4- 4>* 

44^ 4- 24l> * -At 

ddd 4- 344* + 34W + W* di« Ctf^e of 44-^ 
4 + » ^_^ • 

4- 444*+344*4 + 34*W+W^* 

4444-H4444 J ^6Mbh-\-^hh^Hhb 



II 4» + 44** + 64»J* 4- 4<«4«'» •+■ 4^* 

IZ 4*^ f 44'W + 644l'' + 44**-l-*' - 

13 ^ S4«H- 104' W + I044J5 4- ^4h*^-ht the 
Surfolid, or the ^th Power of 4 + J required. 

Agsdn, Let 4 — t a Refidual Root he given to be InvolveA 



Then 



1X4 

tx — J 

lQ-2 



3 



-l 



44 —- »b 



44 —i*b -j- bb 
a^b 



Fa 



4x« 



5<5 



fntoliittoff* 
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4x4f 
4x— ^ 


5 
6 


x©-3 


7 


7^^ 


8 


l®-4 


10 


10y<» 


II 


10 K — ^ 


12 


1®- 5 


13 






nU 



— atJf 4" *^^* — ^^^ 



54/1^' -f- 34 J^ — W^ 



~ h 



— 4'* -h 344^^ — -iob^^l^ 



44— 443^ -f- 6442^^ — 44^3 ^ ^4 
4— <» 

4^ — 44*^ + 643^^ — 444^3 \. 4^4 , 

— 4^** 4- 44'^ — 644^3 -h 44^* — ^f 



^% 



4J — 54*^-|- \oif}hh — loaah^ +54** — J* 
the «}th Povper of 4 — ^. fi^c. 

By comparing thefe two Examples together, you may make 
the following Obfervations. 

1. That the Powers rais'd from a Refidual Root? (vi:(. the 
Difierence of two Qaantities) are the (arac with their like Pow- 
ers raifed from a Binomial Root (or the Sum of two Quanti- 
ties) lave only in their Signs 5 vis[» the Binomial Powera have 
the .Sign ^ to every Term ; but the Refidual Powers hare the 
Signs t- ^^id — interchangeably to every other Term. 

2. The Indices of the Powers of the leading Quantity (4) 
continually decreaft in Arithmetical Progrcffion ; vi:(. in the 
vSqiare it is 4*, 4* ; In the Cube 4^, 4^, 4' ; In the JBiquadrat 

a^, 4*, 4' ; fife. 

3. The Indices of the other Quantity h, do contiriually in- 
creafe in Arithmetical Progrelfion, vi:(. in the Squaw: iris h\ 
b^ \ In the Cube b^ ^*, b^ ; In the Biquadrat f, i?% ^', b^ ; ^c. 

4. The firft and laft Terms are always pure Powers of the An- 
gle Quantities, and are both of the fame Height. 

•5;. The Sinn of the Indices of any two Letters jcin'd topeflier 
i.i tnc iniermediate Terms, are always equal to the Lidex of the 
Jugheft Power, vJ:{. of the firft or lift Terni. • 

Thcfe Obfervations being duly confider'd, it will be eafy to 
c nceivc how the Terms of any proposed Power rais'd from a 
i;inomiil or Refidual Root, muft ftand wifhout their X^ncite^ or 
NiMncral Figures, or Co-'efficients. 

'For Inllance, Suppofe it were required to raife the Binomial 
Root a -h b to the ych Power ; then the Terms of that Pow- 
er will ftand without tlieir Vncia in this Order; 

\ iz. r.7 -I- c^b -h n^l^-\-a''b^ -f- ^' ^^ -^ -•* bs^db^^\- b\ 

And 
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And bccaufc the Vncia (not only of any Single Letter, but alfo) 
of every lingle Power, how high focver it be, is an Unit or i 
(which neither Multiplies nor Divides) and all the Powers of any 
Binomial or Refidual are naturally rais'd by Multiplying of the 
precedent Power into its original Root, which is done by only 
joining each Letter in the Root to the precedent Power with ic$ 
XJuciaj and then removing the faid Power, when it is fo join*d, 
to the fecond Letter, one place forwards (either to the Left or 
Right-hand) it rauft needs foDow, 

That the Vnclie of the fecond Term (in any fuch Power) will 
always be the Sum of fo many Units added together more one, 
as there hath been Multiplications of the firft Root, which will 
always be determined by the Index of the firft Term in the! 
Power. 

And, becaufc the Vncia of all the interme&ite Terms are 
only remov'd along with their Letters, it alfo follows, that if 
they are added together, their refpeftive Sums will produce the 
true Vncia of the intermediate Terms in the new lais'd Pow« 
er ; As doth plainly appear from the following Numbers fo re- 
moved without their Letters ; which both fliews and Demonftrates 
an eafy Way of producing the Vnct<e of any ordinary Power 
(vii. of one not very high) raifed from either a Binomial, or 
Reudual Root. 



the Vncia of the Root, 



Thus 

* «j f I . 2 . I the Vncia of the Square, 
t I . 2 . I 

A J J f I • 3 • 3 • I the Vncics of the Cube. 
Add^ 



3 . 3_ 

I . 4 .. ^ . 4 . I the VncU of the 4th Power. 
I • ^ • 6 • 4'*^ 



p^^ f I . 5 .10 .10 . 5 . I the Vnci4C of the 5th Power. 
•^ I I . S .10 .10 . 5 . i 

Aj^ r I 4 6 .15 .20 .15 . 6 . I t\it VncU of the dth Power. 
\ I . 6 a5 .ao •15 .6.1 

I . 7 .21 .35 .35 .21 . 7 . I the Vncia of the 7th 
Power. 

And fo on in this Manner ni infinitum^ 

Now 
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Now if thcfe Numbers arc prefix? to the aforefeid Letters, 
aU the Terms wUl be compleated with their refpcflive Vnda, swd 
will fiand thus^ 

#•»+ 74^* i- 2i#JJ»+ 354*JJ +- 35*'**+ 2id*i^f + 74*«+R 

But that the Bufinefe of finding thefe VncUj may be rendered 
yet more eafy for Praftice, it wilfbe convenient to confider what 
Series, or ProgrclSion the VncU of each Term do make, from 
the a£bre(aid Additions, 



1^ 


Si 

•5,S 
I 


^^ 

I 

T 

6 


II 
I 




^1? 

5i *-: 


5^ 

.5 2 


1^« 

; ^ VncU df the fingle Sj/iantities. 




2 

3 

4 






Vnda of the Square, 
VncU efthe Cube, 


"4" I 






Vnc'i^ of the ^h Fower^ 


— 


5 
6 


10 


lb 


5 


I 




VttcU of the ^tb Tower., 


IS 


20 
35 1 


,'5 
35 


6 I 


VncU of the 6th Power. 


7 


21 


21 


7 


I VncU of the jth Tower. &c. 



The VncU of the firft Terms, is only a Series of Units, whole 
Sum b €very where the Vncia of the fecond Term. 

The Vncia of the fecond Term, is a Series cf Numbers ia 

Arithmetick Progreffion ; whofe Sum is every where the Vfu 

eta of the neat fuperior Power in the third Term, and may 

be found by the Third Step. Chap, i. Part 8. 

6 4-1 
That is in the fcventh Power it will be — — x 6 ==: 21 the 

2 

Vncia of the third Term. 

The reft, of the Vncia are a Compounded Series, whofe relpeS- 

ive Sums may be obtained from the Vneia of their preceding 

Terms. 

Thus aLfi=:= 35, thenii^= ?s, again ^ = 2r; 
34 5 



21 x2 



7)«i 



= I. 



From hence may be .deduc'd (Ms general JffiU;, 



HtHe 



Chap. L Of whole jflDuantittejJ. 3^ 

If the Index of the firft Letter of any Terra be Multiplyed 
into its own Vncta, and that Prodod be Divided by the Number 
of Terms to that place ; the Quotient will be the Vnei^ ot 
the next {ucx:eeding Term forward : 

That is, by the help of thofe Indices that belong to the leve« 
ral Powers oi the firft or leading Letter only (as a) the true Vn^ 
eU ot every Term may be eafily found. 

Example. 

Let it be required to compleac all the Terms of the afore* 

6id feveral Powers ; vi;{. 4'4-«*^+«^**+^^*'+*'**+4*** 
ii^-+- J^, with their proper Vncia. 

1. The Index ot 4^ the firft Term will be the Vnciit of the 
iecondTerm. Thus 4^+74^*. 

2. Then half the fecond Term's Index into its VncUj vi{. 

^ ^ =; 21 will be die third Term's t^iic#>« 

Thus a^ 4- 74^i+ 2i4«i* will be dicthree firft Terms. 
5. Again 2iJil = 35 is the Vnciit of the fourth Term. 
Then it will be 4^+74** + 2I4JJ»+3S4**5. 
4. And ?5ji4 = 35 will be the VncU of the fifth Term. 

Then a1 \- 74** + 2X45 J» + 3 5-»**' + 3 5-<'K &C* Until all 
the Terms are complcated with their rc^icSivc VwU ; And 
then they will fland 

Thus, 4^ + 74**+ 214^**+ 35«**'+35*'**+2i4»**+74J« 

+ *'• 

Now here it may be further obferved, that the VncU do on- 
ly increafe until the Indices of the two Letters become equal, 
or change places ; and then the reft of the Vncia will return 
or decreafe in the fame Order : That is, wherever the Indices 
of the Letter^ are alike, there the VncU will be alike. 

And therefore it is not necel&ry to find the Vncia (as before) 
beyond half the Number of Terms in aoy Power. 

CdrolUrji* 

If m be equal to any whole Number; then the i»t2?Powef 
gm . « .« ? * *— I m T i»«»a 

!dt«»X — r—X — r — ^ *% ^<?- 



, 1 ^ 



; f > 



40 S^nmutiOth Part IIP: 

N.jB. The Sign + denotes + or — , and ip denotes -^ or +. 

Compound Quantities confifling of three or more Tenns may 
be Involved to any Power required by Multiplication : But ought 
to be done here rather, by the Help of the fame Power ot a 
Binomial, in order to know the Nature and Compofition of 
Powers, and thence the Method of Evolving them. 

Thus; Suppofe it was required to Involve ^-|- A*—; to the 
third Power. 

The third Power of the Binomial 4 + ^ is 41 -^ 34<jt-4- 34^^ 
•+•^5, Yvhich is your Cadon for Involving. 

Then ^ = 4 (i. e. ift. 4) 

A =3 ^ (i. €. jjl. I) 









I _j - II ••• — r I - II 

r3 



Ut =^5 C 



<* >in 



5 + 3^^ 4-3iA -f /bJ 
* — 3» A& *-«*«j^ -3iW Is thc-Cube of jr-f ;& _,•, 

+3»i'^ -f'3W» whidiwas requirM. 



— <i« 



CHAP. II. 

ini)oltttion of ^umtierff. 

ANY abfolflte Number being firft reduced, into its feveral 
Members (which are the feveral Significant Figures in the 
given abfolute Nunaber, with their dac Number of Cyphers after 
tach of them, and before foch of thefn as are Decimals, along 
with the Point or Decimal C\xmB.tt) may be Involved to aiy 
required Power, by the help ,of the lame Power" of a Binomial 
(as in the foregoing Example in Species, which ihews and dc- 
monfirates the manner of doing it) • always obferving to begin 
with the grcatcft Members of that Number, 



chp. It Of 0miam. 41 

1. Let k be required to find the Square of 5709. 
Firft, The Square of the Bioomial 4-j-^ is aa'^2ah-^thy 
which is yqur Canon for Involving. 
Secondly, 5709 =5 5000 + 700 + 9* 



Qferdficn* 



5000 =^4 (i. €. ift. a) 
700 =*= ^ (i. c. jj?. t) 



(5000x5600=) 15000000==: aa 

(i X 5000 X 700=) 700®<?CK> « 2^ A 

C700X 700=) 490000= ^ 



(5700 X 57Po=) 5MPOooo= €0 

(2x5700x 9 

(9^9 



==) 52490000 = «4i r Here « (I. e. id a) 

=) 102600=024^ < =570Q. And^{i€, 
=) 81=*=^ LU.^)^9^ 

32592681 is dhe Square required. 

2. What is the Cube of ^63 ? 

The Cube ot the Binomial a -{-bis 4' + 3«^i+3<J*i-H- 
Canon. 
' 465=5=40O + *O+3« 

Oferafion* 



• . > 



400 = 4 
60=* 



iS^pooobo =s <i* 

28800000 =5 34*4 

4520000 = 34*^ 
216000 =: k* 



97336000 =;s n^ 

1904400 =: 344^ f Here 4 « 460 

12420 =: 34** I And ir =; 3. 
27== b^ 



99252847 the Cube of 463 Anfwer, 



ScbMum* 



'• Ik 



4* 



^nboittttom 
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The Square, Cube, (Se. of any Integer Member vwll contain 
twice, thrice, &c. relpcdively fo many Cyphers to the Right- 
hand as the faid Member doth ; wherefore in Involving, out 
more in Evolving Numbers, the following Table wiQ be aflifling.' 

Tahle. 



The Keot, 


— 


7 

4 


J 

9 
27 
81 

V4^ 


-4 
16 
6a 


5 

25 
»25 


6 

2\6 
1296 
7776 


7 


8 

^4 
512 


9 


49 


• i 


Cube. 




U^ 


729 


tyi^Uitdrat. 


I 1 92 


2^6^ 62^ 
1024 1 9125 


2401 
16S07 


409^1 656t 


*<ih t§wer. 


^27<8l 59049 _ 




X 


. 




rm 


^. 








tore. 



5. What is the Square of i . 21 ? 

I . 21 is =5 1 + • 2 + . 01 



/ 



I = Ma 

. 4 = 24h 
. O 4 = it 



Here 4 = 1,, 



1.44= 44 

.024= 24^ 
.0 l=ibb 



J Here 4 = 
land £ = . 2. 

r H€r^4 = l 
(and tc:s.oi 






1.4641 Aiifwer. 

Take one Example of mixt Involution oF NuQibers, the Con# 
verfe of which is called the Numeral Ejcegefis* 

^. If ^=5 123, what is the Value of ^'-f-^? 
Suppofe 4 -l- i=7. 
Then 4' H- 344^ -+- ^ahb + i' =;'. 
And 4 H- ^ =5 7. 

Therefore 4' -4- 34't ^^ 34^* H- 1» f Is the Canon for Invofc 
+ 4 4- * !iving. 

And 123 = 100+20+3 . 






operation* 

100 = 4 ' 
20=: t 






1000000 =4» 
100=4 

6docoo:=; ^aab 
20 =i 

120000 = !}4t^ 

8oo0 = t' 



• r 



r72t 
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43 



J7^8jwo = 




I2flB0 = 



? 



3240 

27 



4» + « 

3440 



Here 4 a;;; 120 
And ^ = 3« 



«■ 



1860990 r=:^5 +;? Anfwcr. 



' Note, That iV is not u/ual to mal^e ufe ef pbe foregoing Cjh 
fhers ; Hovever^ vpben they are not writteny they are to be itna^ 
Jerjiood as written* 



j» r. 



CHAP. iir. 



!|itt)oltttt0ti of ifyatfioiu. 

THE Hfile for Involving Fra£lional Quantities or Numbers, 
is this 3 vis[9 

Involve the Numerator into it felf for a new Numerator, and 
tlie Denominator into it felf for a new Denominator, each fo 
ofien as the Power requires^ 



Thus 

ie-2 

J0-3 

A|;ain 

IQ-Z 



2 

3 


f ^ 

a 
bb 

aa 

bbb 


3*<? 


24d 
pbbcc 


j{aadd 
Tjb^c^ 


M44I 


845^3 



bT+xhd + di 

44 — 14U -|- CC 

t3 -\. ^b*d + :ibJ* + J* 
4' — 34*c-t-'i4e*rT-f' 



I 

2 


> 

463 


214^69 



68 



570? 



dt^ 



3^!j9,268]t ■ 



If » be cqpl to r-^- ; then 2x;i;4- 34: v^ be e(;[ua} ^a 



. 4^0848 



Q z 
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PART. IV. 



dMMiAi 



i&lia^*MMtaMk*«l 



CHAP- I. 

$t)0ltttt01l of whole i^mvM^^f 

Evolution is the Extriaing.of Roots from any given Power ; 
that is, it is the convcrfc Work to that of Involution ; and 
in finglc Quantities it is cafy, if the given Power have fuch a 
Root as is required, which ma^ be thus knowri. 

If the given Power have no Numbers prefixt to it, and its In- 
dex can be Divided by the Number Denominating the Root re- 
quired, the Quotient \Vill be the Index of the Root fought. 

Thus, If the Cube-Root of a4aaaa, w:{. 4* were required : 
The Number that Denominates the Cube-Root is 3 ; then 3) 6 (2; 
that is V -•* = *• the Root required. And fuch Operations are 
ufually fet dowa 



Thus 


I 

2 

4 


4* 

4» 
4» 
4 


a'h* 


M'b'e* 


luJi2 


aH3 


43*3C5 


llUJ^ 


• 4»^» 


4*t*C* 


^tw2 


ab 


abc 



Note, The Figures flacd in ihe Margin aftt)t ihe Sign (w/) 
of Evolution, denote the Number Denominating the R(ot to be 

Ex traced. 

If the given Powers have Co-efficients (vi:(. Numbers prcfix*d 
to them) then you muft ExtraS their refpcftivc Roots. 



Thus 
luju2 
I1U/4 



I 
2 

3 



2ujjl\4 



81a* 


1 29(>aH^ 


lo7^6a^hG^ 


pa* 


^6a^b* 


i444*iV 


3a 


6a*b* 

1 


I2abe 


3^ 


6aabb 


I2abc 



But 




PM 



45 



Chap- 1 Of 

Bat if the Root: re^ird cuiriOt be tiidy EsttraCKd out of 
hd&i Coefficieitcs and indicet of die g^eti Powdr, then it it 
a Sord, and muft hsve thie Sign of the Root repaired pfe&a 
to it (or its Index Superior to it. See Part V.) 



Thus 

Ju»2 

low? 



I 

2 



494 



V4' 



JAi 



V4P«»=tV«» 






2l7hd^ 



I*.*. IflfH 



V2I7*M3 



Evolution of Cofflpoond Qoinflfies lAay ^fe f)^f ofni'd by the 
Allowing 

Firft Involve any Binonual^ as * + ;', to fuch a Power as 
the Root to be Extrafted requires ; that is, to the fecond Power, 
if it be the Square-Root ; to the third Power, if it be the Cube- 
Root ; (Sc. that is to be Ejctra£ted. And th^ Power thus pro- 
duced is your Canon fot £volvidg, which i$ to be ufed in the 
following Manner, W;{. 

Firft find the Root ot the firft, or greateft Term of the gi- 
ven Compound Quantity, and call it Xy then Siibcrad that Term 
from the faid Compound Quantity j the Remainder call your 
Relblvend ; and the Value of the Co-effi&eiit of jr in the fe- 
cond Term of your Canon, call yout Divifof ; By this Divide 
the Refolvend, and the firft Terra df the Qtfotiettt is = y. Bui 
here Noie, that in the Continuance, of the Opejratioii, you may 
make more of the firft Terms of the Quotient =y. Then find 
the Sum of the Values of* all the Terms df your Canon but 
the firft ; and call it your Abktivum, which Subtra£t from your 
Refolvend ; and oall the Remainder, if ther^ be any, ybur (fe- 
cond) Re(blvend. The Sum of ihe Values of the next forego- 
ing jc and 7 thus found, call x (i. e. your nelt x) ; and proceed 
^vith this Value of jr, in order to find that oi the next y as be* 
fore is taught ; and fb on. 

u Su^poft it was r^uired to E^^rafl ti^ie Square-Roet of 

ift. *.x^y: y :x 4-7- = ^x -J- ax/ 'f;^;', is your Canon for 
Extrading the Square-Root. 



iJh. 



n6 ^titmitm: Partiv. 

2dly. The Square-Root of as (the firft Term of the given 
Compound Quantity) is 4 ; and therefore a =ix (i. e. iji. x) ; and 
:«*=;4i*% which taken from the Compound Quantity, leaves 

T" 2^ ^ — ^H f<^' * Refolvend. The Co-efEdent of 7 in 

the fecond Term of the Canon is 2*, and its value 24 is your 
Divifor J by which the Refolvend being Divided, the firft Term 

jof the Quotient "T Z; wherefore 2xy + ^^ = T/ a — ^«< 

is the Ablativum, which taken &om the laid Refolvend, leaves 
o : Confcquently ^ T ^^ is the Root fought. 

Oferatim. 






4 T.^Z ROO^ 



44 :=^ XX 



~ 6n "^9"* 
i_ ^^ /2— 6«? Refolvend- 



DMfor 24 = 2x 



f 



o Remaindpr* 

Or the fame Root may b« Extra£ted in an eafier, but more 
tedious Manner ; thus, 
4* — San 4* 9nn -+- 2d^ — 6n^ + 1? (^ ~ 3^ + ? Root, 

I i-rnr—»-i¥i i - - i - ini - i - - - - ~ i 

— 6411 Hh p«» ,+ 24X -7 6»;{ H- :{^ JRefolvenii* 

_ -^_ .^^^^ — - .^ ^^^ . . . . . _^ ^ - - - T *# 



■*• 



Pivifor 24 i=: 2^ 
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4- 2M7^ — 6»^ 4- ;{;{ Kffilvend. 

o Hfmdifukr. 

But iF the ixropos'd Compound Quantity Hath not fuch a Root 
as is requirecl, the Evolution may 1)e continued to an endlefi 
Series; tfaos^ 

2. Let it be required to Extcafi die Square-Root of it + » 
nearly. . — ^ 

OferatioH* 



± KKlr± J^^^±£^^^ &c: Sine Ffne. 



rr 



Div. 2r = IX 

■I —— — K 



4rr 



DtvifoT 2r I ^ - = 2* 



■>^ 



Here*=r 






«« • 2« 



. Dh4fir 



4S CMWom F^IV, 



2r 



W^Ata^ .. Hew ^=4-^ 



" ' ■ I ■ 'I N i l ■ I P IPI , 1 ^ J J 

DiViVir 2r ± ~ --^ + -^^ix. 
'* — r 4r5 -^ 8r' 

Now, if by tfajs T^wlb^ yqfi Jnili4e t|)e jisext foregoing Re* 

ri J »ll i: J Sit* , 72*^ 2I2"» , 3^2»* 

fdvend, you'll find - j^, + _Zg_____ ^ ^^ 

for the Value of the next y, which added to r + — — -^ 

2^ ♦ 

"4- --—- , the Value ot the n^ f qre^ding 4P, is .nearb ;= the 



Squarc^Root of rr + 22. 



C^rotUiry* 



Here ypp may fee that the Vnfiidi of the Squarc4loot oif 
a Binomial or Rcfidual are equal -to i, t> r ^ ■^~ — j t ^ 

2^ % * ' ; C?c. that is^ putting n = Index of the Square- 

Root, or = ^, the Unci^ of the Square-Root of a Binomi^ or 

Refidualarc equal to i, », w x—=—^x-—r- ^ --7— > » x — — • 

2 .2 ^ 2 

X — -— X ■ "^'^ ^ €?^. In infinitum* 

3 4 

3. Let it be required to Extrafl the Cube-Root of r^ ±,zt 
nearly. 

non. 

OfetAtion. 



Chapi L 



Of ^vhole iStmntiHt^, 



4? 



OperMtioHi 






r5 

r3 =x» 



29 ^folvend* 



Div. ^rr=s^xx 



'-+- zf =3 jjcjipr 



AbUtivum,< 



1 2i« — ^ 



Herc>==;3t: 






Z9 



i 



27r' 



=;-» 



— *» 



— ^ H- -^ I^efohend. 



Divifpr 3rr ± -~|j; }- - ==r 34^0? „_^ __ . jt3 



Here a: =5 r -»- 



^ 



Z^ 2*9 



,11 



3rr 






— "t;:;:^ =3-^^7 



^M 



31^3 ^ 9r^ 27r» 






Here y =; — ^- 



9rJ 



,oriC 



27r9 



Sir' 



I 



729r'^ ^ 



may be s- — 
5x9 



5^;. 



8ir« 



5Z9 ;^ — z»J . z«8 



ijr 



8l?^+^55P7 ^'/^^^'^^ 



725?r 



DivifoT ^rr 



22' 






3r* 



Pr- 



In this h& Divifor x is =;r 



z3 



-, by tirhicM 



— 3rr pr^ 

Divifor, if you Divide its refpcflivp Refolvcnd, you'll have ±1 

5*9 lOZ'* 22Z'J *"* 



tiifiteCare tbe Cube^Eloot of rt 4 

H 



3rr 



«? 



so tMviHm. Part. IV. 

Here you may fee that the Vnci^e of the Cube-Root of a 
Binomial or Refidual are i, j, ix ^^^ 9\'<'^ — — '^^ — > 

2r 2 3 

efc. Jw infimfum ; that is, putting n = Index of the Cube- 
Root = y, the Vncia oi the Cube-Root of a Binomial or Re. 

/•ji 1^^ w — I >*— iii-2 n — I 

HQuai are equal to Imm x ^, n x x « » x 

Z 2 3 ' 2 

» — 2 ft— '3 -^ ^. -,. 
X X i &c. Stne Fme. 

3 4 

Scholium. 

In like Manner you may find that putting n = }j the t/«- 

cU of the Biquadrat-Rootof a Binomial or Refidual are equal to 

«— I n — I « — 2 n I n — 2 w— 3 

I, », » X — - — , n X — - — X — - — , n X — - — x — — x , 

2' 2 3' 2 3 4 

C?c. J» infinitum : And fo on for fupcriour Roots, 

From what has been faid in Chap. i. Part 3. and in the pre- 
cedent Corollaries and Scholiunij we have good Reafon to be- 
lieve that UniverfiUy the Vnci^s of any Binomial or .Refidual, 

whofe Index is n^are equal to i,fi,« x" '~ , n x ^ "^ x ^^^^ — , 

n ^ ^ ^ X ^"^ X ^ "^ , €?c : But for a further Confirma- 

2 3 4 

tion of this, I referr you to Part XV. Chap. i. 



CHAR II, III. 
c^telution) and mixt dDtioIutton o£ #amber0. 

NOte, TVhat I call mixt Evolution, is the Method of Ex^ 
traSing the B^ots of adfeHed Equations. 

Kttle. 

When you are to Extr^ any unmixt Root ; vi:(. the Square- 
Root, Cube-Root, fi^ff. of a given Number ; Involve any Bino- 

mialy 
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« 

mial, as jr -j- 7 "^^^ *^ ^^^ according to the Number Denomina- 
ting the Root to be Extrafted ; and the Power thus produced is 
your Canon for Evolving. But when you arc to Extraft any 
of the Roots of an AdfeSed Equation, fuppofc the Binomial 
jc -j- 7 = the Root you feek ; then inftead of the laid Root 
Cor unknown Letter) and its Powers in the Equation, fubftitutc 
their refpe£live Values, viz. x -j-^, and the relpcftive Powers 
thereof; and the Sum of the Terras wherein either x or ^ 
occurs in the Equation thus had is your Canon for Evolving tha 
abfolute Number in this (or in the proposed) Equation. 

Having thus fram'd a Canon for Evolving, the Operation is to 
be performed in the following Manner* 

iji. Find the firft or greateft Member (viz. the firft fignificant 
Figure, with its due Number of Cyphers) of the Root fought ; 
and call it k ; then having found the Value of the firft Term, 
or of the Sum of the firft Terms of your Canon, /. e. of all 
thofc Terms wherein x and its Powers only occur, Subtract it from 
the abfolute Number ; the Remainder call your Refolvend : And 
the Value of the Co-efficient, or of ^hc Sum of the Co-efficients 
of 7 in the fecond Term or Terms of your Canon, call your 
Divilbr. Now by Dividing the Re(blvend by this Divifor the 
Value of ^, or die fecond Member of the Root is found in 
Ibme Cafes, but not in all ; wherefore, in the Beginning of your 
^ Operation^ you muft take Care that ^ be =: the greateft Mem- 
ber, and that the Sum ot the Values of all the 1 crms of your 
Canon wherein y occurs, may not exceed the faid Refolvend. 
Having thus found the Value of ^, as alfb the Sum of the 
Values of all the Terms of your Canon wherein ^ occurs ,• place 
the former along with the before found Value of ^ in the Root, 
/ and call the latter your Ablativum, which Subtra6t from the faid 
Refolvend ,* and, if there be a Remainder, call it your next 
Refolvend. The Sum of the Values of the foregoing x a;id jr 
call Xy (i, e. a 2d. x nearer the Truth.) And proceed with this 
Value of Af, in order to find that of the next y as before is taught. 
And thus proceed "till the Ablativum taken from its Refolvend 
leaves o; or 'till you have as many Decimal Figures as you 
think fufficient. 

Note, Tbo* hy the firft Divifion^ you may not find the next 
Member of the Upot fought ; yet in continuing the Optrationy 
ene Divifion may ferve to find feveral of the next following 
Memberty or the Value ofy to many Places of Figures^ as 
wil affear in fhe latt^nr end of this Part IV. 

H 2 Examplesr 



» ' 



si €l)OllfttOm Part IV. 

Examples, 

I. Suppofe it was required to Extraft the Square-Root of 

4624. 

i/j. :x'^y:^:x^y:zssxx'^2xy'j^yyis your Canoiifor 
Extra6ling the Square-Root, 

2^/r Ihe ^ greateft Member of the Square- ^ ^ 

Root of 4624 IS 60 (for 70 X 70 = 4900) ; ^«^«^ »«^ '•^••^ 
therefore x = 60; and ;vAr= :{6oo, which ta^ *^ ^^^^ ^ 
ken from 4624, leaves 1024 for a Refolvend; and the Co-effi- 
cient of y in the fecond Term of your Canon is 2x = i;i9 
for your Divifor ; by which Dividing the Refolvend, viz. 1024, 
the Quotient is 8 z=zy j therefore xxy -^yy == 1024 ^^ ^ ^^ 
lativum, which taken from the Refolvei^J, leaves q. Whence 
|he Square-Root of 4624 is 60 -j- 8 := 68. 

Oferaticn* 

4624 (60 + 8 =: 68 the Root required* 

5600 -= XX 

1024 Refolvend* 

t>iv. 1 20 = 2« 



96o:=z2xy ^Hcre^^S 



1024 Ablativum. 



2. Let it be required to Extraa the Cube-Root of 99252847. 
Canon. 

^9252847 (400 + 60 + 3 = 463 the Root required. 
64OQOOOO ^ x^ _ See ibe Tabu 

35252847 il^M -l«w*-400. i„F^^e42- 



fJo/vA 
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^ DM fir 480000 = ^KX 

— rr — » HeTiy$u may fee that 

218800000 ~ ^SXy hyD'tv^Al- ' *k' Pffofvend 

216000 ^ y^ ^ L. 7^ .^^1^ ^y; ^yi^ 

33336000^/4^ ^jtcf^rf jfc Rr/i/««rfj 
1916847 ife/i/. 



i)m> 634800^3^^ Here ;tf = 460. 

1904400 = ^xxy 

12420 r-: ycyj Hcie jf = 3. 

27 - J\ 



1916847 AhUu 



O Xemainder. 

3. Suppofe it was required to Extrafl the Biquadrat-Root of 

66i2iii74785398776i, 

:x-hj:^:x'^y:Y.:xA-yiyf^*^+y'^^^'hA^^y + 6xxj/ 

+ 4*;^'+;'*. Canon. 

Oferaiion, 

66i2iii7478'i398776i (50000 + 700 + 9 = 50709 the 
6250000000000000000 = xxxx (Root required; 



3621 I 1747853987761 EefoL 
Div. 500000000000000 = 4«' 



350ooooooooo«ooooo -=i^^y 
7350000000000000 = 6xxjfy Here y rz.yoo* 
68600000000000 = 4J9 ^ 
240100000000 ^=yyTf 



357418840100OOOOOO AhUu 



469290775^987761 /te/^/' 

D^'^ 521295372000000=4^3 Here x = 50700: 

4691658348000000 :=: d^^y 

1 249258140000 -~ 6if^jr| Here ;f =9# 
I4784i200:=:4xji3 
6561 = ^* 

4692907753987761 AhUu 

o I(fm4in4ffl 



If 






jr4 «t»Oltttiom Part.IV- 

If the given Power hath not fuch a Root as is required, you 
may notwithftanding find a Root nearer the truth, than any 
alligned in the following manner. 

Suppoie it was required to find the Square-Root oi 2 nearly. 

Operation* 

2 (i + .44-«oi +.004 -f- . 0001 + €?(?• =c 
(l . 4 1 42 -{^ is the Square-Root of 2 nearly. 

I SSLKX 



Divifor 2:=z^x) I ^fol. 



.8 ==1^:7 Here jr rr . 4, 

. 16— yy 



• 96 Ablat. 



Div. 2^ . 8 = 2*) .04 I(efo 



. 028 ~~ 29cy Here ;v = i . 4. 
• 0001 5= J7 And /= . ei. 



. 0281 AhUt. 



Div. 2 • 82 ss 2A') • 01 19 RefoL 



. GIT 28 = 2xp Hejre ;tf-= i •41. 

. 000016 = yy And > = . 004. 



• 0iI2p6 Ablat. 



Div* 2 . 828 := 2^) - 000604 Hefol. 



. 6005656 zr: 2^0' Here xz=: i . 414. 

. 00000004 r=: yy Andy :=z ,0002. 
. 00056564 Ablat. 



• 00003836 Iffmaindtr. 

The common Method of Extraaing the Square-Root, Cube- 
Root, &c. of Numbers, is only an Abridgement of the fore- 
going Method, and is thus performed, viz. 

Place the firft Point always over the Figure which is in the 
Place of the Units, Place alfo a Point over every other Fi- 
gure, denoted by the Denominator of the Index of the Root 
to be Extraded ; that is, if it be the Square-Root, Cube-Root, 
C?c. that is to be Extra£ted, point over every id. 3A tf c. Fi- 
p;ures refpe£UveIy to the LeEt-hand, and if there be any Decimals 
in the given Number, to ihc B-igh&hand of the Figure, which 

is 
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is in the Place of Units. And as nuurf Points is there are 
over the Places of whole Numbers, fb many Places of whole 
Numbers muft be in the Root ; and the reft are Decimals* 

Again, any Binomial, as x -+- ;', being Involved according to 
the Denomuiator (i being ^he Numerator) of the Index of the 
Root to be Extraded, produces your Canon for Evolving. 

Then, 

ifi. By the Table of Powers in Page 42, or otherwife, find 
the greateft Power that is contained in the firft Period towards 
the Left-hand; viz. the greateft Square, if it be the Square- 
Root ; the greateft Cube, if it be the Cube-Root ; C^c. that is 
to be Extrafted ; then having plac'd the Root -r ;<? in the place 
afligned for it, which is likewife calFd the Root ; Subtrad the 
faid Power ftom the faid Period. 

After the Remainder place the Figures in the next Period, 
and call that Number your Refolvend ; call' aUb the Value of 
the Co-efficient of jf in the fecond Term of your Canon your 
Divifor. Then ask how oft the Divifor is contained in the 
RefblvenS, omitting all the Figures in the laft mention d Pe- 
riod but the firft ; the Anfwer or Number -=z y let in the Root 
next after the Value of x. Then find the Ablativum thus : Place 
the Figures which are the Value of the fecond Term, of your 
Canon, (b as the laft of them may be under the firft of the 
laft mention d Period, and the Values of the :^d^ ^tbj ^tb, 
t£c. Terms one, two, three, fijc. Places refpe£livcly, more to 
the Right-hand, than thofe of the 2d. Term i and the Sum 
of the 2^, 3^, J^th^ 5thj (Sc Terms, plac'd as aforeiaid^ is the 
Ablativum, which take from the Refolvend. 

But here • Note^ that if the Ablativum thus found ihould be 
greater than the Refolvend, then the Value of > is tOQ great, 
and muft be made lefs. 

After the Remainder place the Figures in the next Period, 
and call that Number your Refolvend, and call the Figures 
plac'd in the Root x ; by which find the Value of the next 
7, in like manner, as before direSed; and fb proceed 'till you 
have done with all your Periods : And if afterwards there is 
a Remainder, place Cyphers after it, in order to find as ma*, 
ny Decimal Fig^ires as yon pleafe. 



nearly. 



Example. 
ExtraQ t 



Oferatien* 
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• m 



696S (8?>4745 
Divijbr 16 = 2x ) 56a I^ folvend. 

48 =7 2Jcr 



48s? AbUtivuml 



Di^4 l66zsi2K) 79.00 ^ef4fivend. 

16 = .7/ 



^ » 



665^ Abtarivum* 



Div. x668 = ax) 1 24400 Hefihend. 

II6S0P AbUt. :=: 2Xy -\- yy. 



1669^^) 75910.0* * Hw Ifo on with ihe Ofe- 
667776 rtitim^ as it cugif^ n be 

I66P48:5)PI324PT ''''^"''* 

784P75 lB(fmninder. 

The other Figures o£ the Root to the 1 2/ A tnsybe fend 
hf Diviiibn ; thus, 

i66p^9p) 784P75.0 (47018 
11717? 
031$ 
14S 

15 



Whence the Square-Root of 6968 i» nearly = 8$ . 47454701& 



CHAP. 
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CHAP. III. 

d^DoIcttiotl 9ilA of ^nmber0f or the Method of" Ex* 
trading the Roots of 0Ofetfeb eqaattoni ; which 
Method is generally call'd the iptnmeral i^mtfig. 

I. T ET it be reqnired to find one of the Affirmative Values 
-^ of ^ in tbb Equation, viz. a^-^iji^piaa ►[- 7^05 . 6a 

=r 71460. 
Suppofe x-\-y:=a; then, 

aaa^ xxx -i- ?Jf«y+3*J!y +J^' f 

— i7i.9iiM= — I7l.9iji:x— 343-82x7 — i7i.pijyF <sz 
-f 7P05 . 6tf =: 7905. 6x H- 7905. 67 t 
71460. 

Firft, I fuppofe a z=z 20; then <«' — 171 . piaa -J- 7905 . 6^ 
(rrSooo — 68764 -f- 1 58 112) = 97348, which is more than 
71460 ; therefdxe 4 "3 20. 

Again, I fuppofe 4 = 10 ; then 4' — 171. 91411 -j- 7905. 64 z= 
^2865 which is left than 714605 therefore 4crio: 

That is, a is^ 20, and CT 10 ; confequcncly 10 is the firft 
Member of one of the Values of a ; that is xo =; x. 

Operations 

71460 (io+i+-^ + *Oi = ii.9i =4 

1000 = jr5 C 

— 17191 = — 171 .91 jTJC^Here jp = 10 
-f- 79056 = -f- 7905 . 6x C 



»mmt^ 



62865 -zz X^ — 171 . 91 JIfJC +7905 • 6* 



8595 Refoheni. 



300 = 31^^? 
— 3458.2=— 343. 82* 
+ 7905.6= 7905.6 



4767.4 nivifir. 



—m 



300 



58 dPftoltiftom PattlV. 

— 3438.2=— 343. 82jf; 

^ 7P05 .6= 7905 . 6;p Here y^i 

— i7i.pi = — lyi-pijiy 



46 26 • 49 ^ hlativum. 



3P68 . 5 1 Refolvend. 



363 = 3^Ar 
— 3782^.02= — 343 • 82 X u 
+ 7P05.6 = 7905 . 6 "^"^^ *=* "• 



4486.58 Divifor. 



326.7 :i=3jf*jF 

*- 3403 . 818 = — 343 . 82:vjr Here jf=;.^ 

4-7115.04 = 7905. 6y 

+ 26.73 —^xyy 

— 139.2471 — —171. py^ 

.729 = jyy 



^926 .1339 Ahlativum. 
42 . 3 76 1 Refolvend. 



424.83 r= 3Jf;c 
— 4091.458:= — 343. 82jf „ ^__ 
-h7PO'5.6 = 7905.6 were ^ — 11.9 



4238.972 Divifor. 



+ 4.2483 — 3ArxjP tt™ ^_ ^, 

_ 40.91458= — 343. S2Ary «eJ^«J^-OI 

^ 7P-056 = 7905. 6y 

+ -00357= 3^^^ 

— . 017191= — 171 .9iyy 

~f- .OOOOOIrz: yyj- 



42 . 376 1 Ablativum. 



RemaiTider^ 

\ 

\ 

Whence ^-=1: 11. 91. 

This Equation hath two Roots more, vit* 60 and 100* 



2. If 
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2. If d^'\^M be equal to i86oppO, 'tis required to find one 
oi the Values of 4. 
Suppofe X + jf ssay then 

Oferation. 
1860990 (100 + 20 + 3 = 123 = ii 

lOOOOOO = x^ 
100 =* 



loooioo == jt» 4* jtf 

860^0 Refolveni. 



30000 =r: 3jr;v 
1 = 1 



30001 Divifor, 



600000 s=: 3;cxy 

20= jr Hercjpr=20 

120000 = ^9tyy 
8000 = jf» 



728020 Ahhtivum* 



1 3 2870 Refolvend. 
43200 =6 3A^;r 

I =51 



432OX Divifor. 



Here ^=: ioo-f*20= 120. 



i2pdoo :=; 5**jp Andt=3. 

3= J' "^ ^ 

3240x5 3«jrjr 

27= JiXy 



132879 Ahlativuml 
Remainder* 

Confequcndy loo ^[- ?o -f- 3 = 123 = « i that is, = one oE 
t!he Values cf a. 
^ ' I 2 If 
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If any more of the Roots or ValCies of a^ in the propos'd 
Equation be required ; and that you can find^ the firft Member 
( zr. ly?. x) of any fuch Root, then you may proceed to Extraft that 
Root by the firae Canon : But if you can't readily find any fuch 
firft Member, 

Reduce all the Terms of the Equation to one Side, making them 
equal to o ; next divide each part of this Equation, by « — . 
tlie known Root ; afterwards tranfpofe the Abfolute Num- 
ber in the Quotients ; and then frame a Canon for this laft 
Equation as hath been already taught, in order to Evolve the Abfo- 
lute Number therein by that Canon. 

But I find that d^-^-a — 1860990 ^=: o, Divided by ii — 123 
yields in the Quotients, ^4 -f- 125^ + 1 5130 =05 the Abfo- 
lute Number in which bemg Tran(pos'd, will rive this Qua- 
dratick Equation, aa 4-1234:= — 15^50, wnich Equation 
hath no Root, either Affirmative or Negative 5 wherefore no 0- 
ther Root of, or in the proposed Equation can be found by 
this Method but 1235 notwithftanding the above Quadratick, 
and confequently the propos'd Equation hath two Imaginary 
Roots, that is to fay, Impoflible Roots, which are found by 

Part X. to be -X2^-V-4S^9r ^„^ -12 ^4- V-4-)39i 

2 2 ' 

which along with 123 are the three Roots or Values of a in' 

the propos'd Cubick Equation, 
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C H A P. IV. 

(2Bt)oluttoti of ifratfion04 

Firft prepare the Fraftions propos'd to be Evolved,, viz. by 
reducing Compound Fradions to iimple ones, as alfo Mixt 
Fradions to Fradlions of the fame Denomination, and by re- 
ducing them to their leaft Terms, hy SeSi* Atb^ i /?, and 2d, Chap* 
11. lift. U Then 

If the Numerator and Denominator have each of them fuch 
a Root as is required, Evolve them, and tiieir refpeftive Roots 
will be the Numerator and Denominator of the new Fradlion 
required. 



£v- 



Chap. IV. Of f racttonjJ; ^i 

Examfles. -^ 

I. Thus the Square-Root of— of ^$- ^^ "^ ^"^ ^^ "^ 
,. Airo the C«b..Ro« of . + ,,J^C;^it_t, = 

iL+Jf^-tifgi*! ^ be found to b. "-±4- - 

3. The Cubc-Root of -^, that is of ^i^ is -1. 

Sometimes it fo falls out, that the Numerator may have llidi 
a Rooc as is required, when the Denominator hath not, or the 
D enotfiinator may have fuch a Root, when the Numerator hath 
not. In fuch Cafes the Roots may be let down as follow | viz^ 

The Square-Root of ^^ is = -2^? 5 and the Cubc-Root of 

4^^ is =. -^, 

But when neither the Numerator, nor the Denominator (being in' 
tfaeir leaft Terms) have jufl fuch a Root as is required j prefix the Ra- 
dical Sign of the Root to the FraSionj thus the Square-Root of-~- 

is ^ 4- • And the Cube-Root of -^ is V ~- 

Again, If the Fraftional Numbers given can be reduc d to 
Decimals of the lame Value^ you may reduce them to fuch, 
and then Evolve. 

Examflcs. 

!• Thus the Cube-Root of ^^ is found to be i . 2, by 

750 ^ 

Reducing -^ to a Decimal of the fame Value (which is done 

by Dividing the Numerator, with a fufficient Number of De- 
cimal Cyphers plac'd after it by the Denominator 'till nothing 
remains), and then Extracting die Cube-Root of that Decima^ 
FraSion, that is of i . 728. 

2. Alfo if 5jf3 — 2yy + 1447 = 71^ that is = rO SVs 5 
then one of the Values of ^ is . 5, 

3. Again 



6z 



^txAtsUon* 



Part It, 



3. Again, j£af+*ai=: 51574, 'tis required to find one of 
die Values or <i. 

Firft reduce the Frnflions iti this Equation to Decimals of 
the fime Vahie, and the" &id Equation will become at -t-.-rsa* 
=i 5157. 625. '^ 

Secondly, Suppofe x-i- y=sa', then, 

*»=^+5**J' f io*5jr»+iox»^'+5Ary f j)f 1 

+-75*'=-f •75*'+2.25*»jp^-2.25*y'+.75v' f ^ 

5157.625. 

Oferation. 

•5^57.625 (5 +..5=55. 5tt=/i A^fwer. 

\ Here x ziz %l 






5218.75 = Af» ^- .75;t3 



IP38 . 875 Refoluend. 



3125 = 5Af* 

56 . 25 = 2 . 25;^;^ 



3181.25 'Divifor. 



1562.5 z= 5Ar^ 

28.125= 2.25;if*^ 
312.5 riziox'^yy 

2.0125.= 2.2<ixyy 
31 .25 = 10 xxy^ 
.0^375= .75j5 
1 . 5625= 5;ty* 
.03125= ys J 



^ Hcrejfrr.j. 



1958 . 875 Ahlativum. 



a%d I I 



o Remainder. 

But if the FraSions in the propos'd >Equation cannot be 
J-cduc'd to Decimals of the fame Vilue (you ta^ notwithftand- 
ing reduce them neat the Truth, and then pttcfccd to Extraflion ; 

C^r^ Reduce fne r-nTtttinn fr» 9 rojnivinrt rVnfn»v»iri9fAi» ««^^ tf>1<i»r« 



Or) Reduce the Equation to a ccniwion Denominator, and then 
^ply each Part of that Equation ' by the common Dcnomina- 



Mulrip^ 
tor, gr.' thus', 



I. If 
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^3 



t If A3 — 5 ^2L 4 = 2 i^ J tis required to find one of 

the Values of a*. 

The foregoing Equation being reduc d to a common Dcno- 

qunatoris T^ ^^ =^147"' 

And, by Multiplying each part by 144, we have 1444^ — 

97:54 = i?i9. , 

Now fuppofc asix 4- Jf 5 then 

1444* = 144^' + 432^^J^:f432^J!y + H4?' V = ^19 
— 07^4=— 073^ — 97ar -> 



Operation* 
319 (2 + -7 + ^05 = i.75 = ^ ^»/wr. 



1152= 144*' 
— 1946 = — 973^ 



— 79 4= 144^^— P73^ 
1 1 13 Refolvend. 



1728 — 432XA: 
-— 97 3 = — ^7 3^ 
755 Divifor. 



1209.6 = 43^^^7 
— 681. 1 =—973;^ 
423-36 = 43 ^^J^ 
49 . 392 = 1447' 



Here you may ohferve that Ij 
Supfofing a = 2, 14435— 973a 
is:=r a Negative Number i and 
eonfequently the ^folvend is 
greater than the Abfolutt Numr 
per 3 19; But if you bad fupposd 

z:=::^^then x^2fl'^fj':^^ii9oud 

be C" faid Abfolute Number ; 

jind tbertforex mufi not bt 

fuppos'd = 3. 

Here j:^. 7, 



lOOi . 252 AbUt. 



1 1 1. 748 Refol. 



'mm 



5149.28 — 432** 
— 973 



•mmif* 



— -97? 



2176 . 28 Divifor. 



157.464= 432AfAyr 

48.65 ^^rjzj 

2.916= 432Afj!y 
.018= ' i44)i» 



Here *= 2.7 
Here jr — • c5 



III •748 Ail At. 

o Remainder. 



24 And, 



^4 ^fUOntim Part IVJ 

2. And, If 4* + « =^ 126 l^y then 8i«*+8i4 = 10270 5 
and one of the Values of « is 3 . 3333 -L. _. 2 .. 

N.B. TM IBMveftot hitherto in this Part IV. ia 6ivi. 
img Mny Refolvend U tUreheaive l^ivifor.jurfued fucb 
Dtvtftonheyond ptdm^ the Jrft Significant I^gJe 0/ the 
quouent, or of the V3ue of y; yet, Jfter the ^ivifd orJe 
takes fUce, tt my he continued to as many, or almfi as 
many Figures, as the next preceding x hathofthefirfi Fi. 
gyres of the Root fought ; as i» the following ExamfUs, 

Example i. 

If «» = 251 ; Quere a proxime. 

Suppofe * -f J = «; then 

(4' -)xi 4- ^xxy + ^xyy -f jrJ =231. 

231 (6 
216 — xi 



«■*■ 



1 5 Refolvend. 
Hivifor ic8 = 3XA? 

14 . 04 = ^9cxy 

. 3©42 zzr :^X) 

• 002197 z=:y^ 



. 04 = ^xxy J 

. CX)2ip7s=:y3 3 



14 . 3463P7 Ahlativum, 
• 653603 Refolvend. 



Dtvifor 112. 7307 = 3*Af 

; Here x — 6.1:1. 

. 652710753 T= ^xxy y ' 

6165082 - = 3*)fy CAnd y = . 00579* 
.6533274553+ AMat. 



. Q002755447 - ifefol. 

Divifor 112 .9437 + =: 3**. Here * = 6 . 13579, and the 

„,. - . , Cnext jf = . 00000243966 J 

Wherefore a is nearly ~ ^ . 13579243966. 



Example 



Cfiap. IV. Of ^WttiJeWf. ^J 

EMmfle 2. 
It 44 _ ica 5=3 10000 ; Qycre a froxime. 

(— iotfs=)— io«— lojr -> 



OferMtfoth 



10000 (10 

ioooo5=jr» 
*^ 100 =s= ^- I0;r 



ppoo =: jc^ — lOX 



100 Kgfolveni* 



4000 == 4*' 
_ 10=5—10 



3P90 Divifor, 



100 5=3 4/f3jf 

. 575 = 6;tf;ifjfy S^ Here jf = • 02$ 
.... 625 = 4xy' 
39-*-— J^* 



100. 1^562539 + AbUtivum. 
.12562539 + Refolvend. 



•3 



^^4030^075 _._j^ Here ^ =3 10 . 02$ ; And 

4020.075 + nivifrr- the next j^ =;— ,00003124$^ 
. Therefore 4 is nearly =55 10 • 0x4968750. 

ScMium* 

The Method usM in thefc two laft Examples is more cxpe- 
iKtioiis than that i^. the former Examples : But from this a 
better Method (w\.':h is the feme with Mr. RaPhfons, and by 
\am c'ffd the Converdng Series) may be deduced; thus in 

"^ Extraflmg 



66 €t>OlUtion* Part. IV* 

Extrafling the Cube-Root of 251, t*«, • .l _ a ». 

in Ex. if) You may readily fee that ^" "J^!^'fi^**»- 

eachDivifor is =9**, eak Refol- '^."l^jf '"H^t' 

vend = 2^1 - *3/and confequent- ^ sTbtin^fcrExnaa- 

ly, from t6e Time the Divifor^takcs 'IS *^ ^"^ '^ ^'^' 

place, or fervcs to dilcover the firft '^"'* 

Figure of the true Value of j, each y = ^ "" nearly • 

and therefore the Theorem for Extra£ling the Cube-Root of 

any Number 1= A is j =5 — -r— .... In like Manner,in 

Ex. 2. viz. a^ ^^— lOa = ioooo,each Divifor is = ^^ — 10, 
each Refolvend = loooo — ** +^0;'^ » -^"^j S^o™ ^ Time 

the Divifor takes place, each y =; ^ — '^ * near- 

ly ; And therefore the Theorem for finding tlie Value of 4 in 

this Equation, viz. a^ — /> /i =: j, is J = ' '^^ "T lHi, , , . . 

And in this, or the like Manner, Theorems may be rais d for Ex- 
tracting any, or all the Affirmative, « ^ # /i ^ 
o. « ^6gatiVi Root, ot Root, of ani , *'.'*' 'f *'• "f 

• ■ 

Wherefore in ExtraSing any Root . of any Ecjuation, whe- 
ther Simple or Adfcdl^ed, Let x be taken r= the Value of 
the firft Figure, or jji, and id Figures of the Root fought ; 
then, by its refpe<Elive Theorem, find the Value of the ifi J 
to fo many Figures as you think to be the true ones ; the Sum 
of which and that of *, call x (i. e. your next x\ with which 
proceed, by its refpeftive Theorem;, to find the value of the 
next J ; and ^q on. 

Thus; if the Cube-Root of 231 is to beExtrai9ed by this Me- 

A — x' 

thod ; Let ij?. x be taken = 6 \ then ly?. J ( ==- 



. . • 



= — ^ g • ..) =.15 jdierefore 6 +.13 = 6.13 (« \ft. x 

.0057P ; therefore 6.. 15579 (= 2/. at + 2d.y) == ^d.x. 

^6; therefore 6.13579243966 (= ^d.x + ^dy) is nearly = tht 
Cube-Root of 231. 

You 



Chap. IV. Of 0timber0. 'e-i 

You may fit hy this Example, «nd hf as maay more as 
you are fleas'4 to try, that, from the Time the Divifor takes 
fUce, each Jifvewiu douhUs intirely, or almofi the tme fi- 
gures i« the Uft X ; Aftd, of confeqaeme, a few Renewals 
oftenKorit viill ferve to ExtracI any Surd-f^t reared ft 
very tnfsy fJactf of Figtres. 



Ki PART 



<58 Rut. V: 

. . ... • , ♦ 

PAR T. V. 

Of the 3lnmee0> or ewi^tamt^ of 

IP an Unit be Multiplyed by any Quantity a^ and die Produd 
a by Ay and that ProduS aa by a, and that Produd ^z^ 
by 4, @r ; the leveral Produ3s are the i/7y 2/, 34if, 4^^^, &r. 
Powers of 4. 

Formerly the Manner of Writing the Root and the feve- 
ral Powers of a was as follows. 

Root or \ft. Power^ Square or id. Power, Cube or 3^. Power. 

Thus C il , Ad J AAA , 

Or thus L a 9 H ^ ^ J 

Biquadrat or ^ib Power ^ 

I 

AOAA J> Qc. dk A, 

I 
Aqq J 

But, of late, the Powers of a are more ufually defigned in the 
following Manner, viz. 

Root, Square, Cube, ^tb Power, Qc. of 4. 

4 or 4' , ^* i ^' > ^* > ®^* 

The Figures i, 2, ?, J., 6r. writ Superior to 4, and Clew- 
ing its Powers, are callca Indices or Exponents. 
- Itk evident that the Powers, of a in (or the Terms of) the 
feregoing- Series, are in a C(:)ptiiinal Geometrical Troportion, 
ivhofe Ratio is the iji. Power or Root 4, and the Indices of 
thofe Powers in a continued Arithmetical l^roportion, whofe com- 
icon Exccfs is I, by the Definitions of both Proportions. 

Now, 



I 



Of tMOitCH* ^ 

Now, fincc the Exponent of each Power of the foregoing 
Scries is^ by the dotpmon Excefi of the Indices, to wit by i, 
more than the Index of the next foregoing Power, it mull fol- 
low of Cdurfe, if the Series be contmucd backward, that the 
feveral Terms of it will be found (by Subtracting from the 
Index I <f the Root 4' the common Exccfa of the Indices, to 
wit I, and from the Remainder o the faid common Exctfi, 
and bom this Remainder — i, the faid conmion Excels, and 
from this Remainder — 2 the faid common Excefs, fSc.) :^ 
8c. tf-^S ar-\ i2— % ^^ d\ a\ tf', 4% Sf. 

And, fince each Power of the faid fore«)ing Series is the 
Ptoduft 6t the next foregoing Power and oT tw common Ra- 
tio ; of Coniequence, if that Series be continued backward, the 
feveral Termi of it will be found (by Dividing the Root a 
by the Ratio 4, and the Quotient 1 by the £ud Ratio, a^d- diis 

Quodent -i*. by tht laid Ratio, and this Quotient ^ by tfat 

laid Ratio, &c.) = 8f. — , -^, —, i, tf, a\ a^y m\ Qc. 

From the two kft Paragraphs, it is mantfeft that 4«is^=i^ 

alio /I—' zr — , alfo 4—* = -^t-j sJfo 4— * c=r —5-, &c. And 

tlut the Series being continded backward and forward, may be 
writ 
Thus, Qc. 4— S4— Vtfr-i,^— %^r-%A%rt', a\M\ a% aS Qc. 

Orthu8^@r*-i-, *i, ~, -p, -J-,!,^! ^,*S^% 4f,8r. 

From what hath beeil faid, may be deduced and demonitrated 
the two Fiindamentad Rules for all Operations relating to the 
Exponedts of Pbwers. 

The tft. of wiiith i^, thftt the Exponent of the Prodiifl of 
any two Termt of a Series in 4f (viz. of fiich a Series as the 
lift but one) is CffxA to the Sum of the Ejq^nents of ±6fe 
tiro Tirtlif. 

• And the 7d. ii», that the Exponent of the Quotient of any 
two Terms in a Series in ^ is had by Subtracting die Expo- 
detit of the Divifbr &om the Dividend's Exponent. 

The firft Rule may be prov'd by Algebraical Multiplication, 

h<f the hel^ of what hm been already &id in this Part V« So 

the ' Exponent of the Fcodufi of a^ and /z* is prov*d to be 

64"4='^o, by Multiplying 4* by 4*5 for 4^x4* is =r^«» 

z=za^'\'\ In like manner the Exponent of the Produdl of /i— 4 

,and a^ may be proved to be =;^4-J-3==— i^ thus 4— ♦ 

is 
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is (by what is abovc&id) = -^, and -^ x 4» =5 ~ = ^j- 
•i- 4 ss= ^ ; but — is =/r-' ; confequcntly — i is the Ex- 



ponent ot a — ♦ X /»'• 

And the fecond Rule muft follow of couric from the Firft, 
or may be proved by Algebraical Divilion; fo the Ebcponent 
of 4« -7- 4* is prov d to be 6 — 4 = 2, by Dividing ^« by <♦ j 

for tf « -1- tf ♦ = —I- = 4*. Alfo the Exponent of the Quotient 
of 4' Divided by 4* is prov d to be 3 — 5 = — 2j thus— p 
z=: -^ 4- 4*= -V = ^""* C^y what has been proved in this 

4' * 4 

Part V.) In like manner the Elxponent of the Quotient of 
Divided by 4—* is prov d tobc n: — 44-3== — 15 



thus 4—-^ (by what has been faid in thi? Fart) is r= --^, and 

V • 4* 

jr^ . , ^^ JL • — — -fL .i. — ^ 

4» ' 4* • 4» 4* *"* 4i • 4 * 



i 



that is = 4— ». 8r. 

The Method of Railing any Quantity to any required Power, 
or Extracting any Root out of it, is eafily deduc'd from the 
two foregoing Rules; thus the Square of 4f =s 4} x 4^ is = 4S+« 
= 4^, and 6 = 3x2; that is, the Exponent of the Square is 
double the Exponent of the Root ; or if you fuppoie 4^ to be 
the Root, then 43 will be the Square-Root, wherefore fince 
-r- 6 = t) you may conclude that the Exponent of the Square- 
oot is hatf the Index of the Root. Alfo the Cube of jf» = 
yi xj» xjr» =rjy3 4f f» r= j9, and 9=2x3, which ihews that 
the Exponent' of the Cube is treble the Exponent of d^e Root ; 
or that the Exponent of the Cube-Root is one third Part of 
the Exponent of the Roet Alfo^— ■ x y— * x Jf— » is rr 
j^— I— ."-.x —y^$^ And Univetfilly the Exponent of tfas 
i»- Power is tn times the iExponent ot the Root ^ and the 

Exponent of the w-Root (or — ^ -Power) is •—Times 

the Exponent of the Root. 

Hence the m Power of the m Root is = the Root ; that 
is the Square of the Square-Root, or the Cube of the Cube* 

Root, i^c. is equal to the Root. 



Of ^otueriK* J I 

By the laft Paxagraph but oae, it is evident that %/ay \ja^ \j4h 

I J. JL 

©r. are equal to 4^, /i', 4"*, ©r. rc(jpe6tively ; for a^ beins the 
Root, ha]f its Index, to wit, the half of i muA be the Index 
of the Square-Root ; alfo f of the Index of the Root oiufi be 
the Index of the Cube-Root \ @r. 

\$^ The Index of the Square-Root, Cube-Root, @r. may be 
Othtrwiie diicovered, thus \ 

Let it be required to find the Square-Root a\ 
Suppole it (to wit the Square-Root ot ii») = /i«. 
Then «« x ^^ = 4' ; that b the Square ot the Square-Root 
is equal to die Root 5 wherefore (by the firfi Rule) 2^ -|- * = 3> 

and « = I ; confequcntly n^ is the Squarc-RoW of n'. 

Again let it be required to find the Cube-Root of 4— ». 

Suppofe it ss aP\ then /i* x ^•^ x 4"^ = (X»^ (by the i/? Rdfe) 
is :=^— » J wherefore 3W 3= — 2, and wz= — * j confequcnt- 
ly iT^ is the Cube-Root of ii— *. 8r. 

So that this Remark is only a Confirmation of the above 
mentioned Paragraph. 

The Sum of what hath been (aid in relation to the Indices 
or Exponents of Powers is, putting a^ and /z« equal \o any two 
Quantities, that 

21^. /lW-7-«» = il«-» 

3is?.^» rais'd to the «f* Power = *'«» 

m 

/^fb. The « -Root d£^—A^ 

Here follow more Varieties, which, in reality, are Include^ 
in the four laft Articles, fince m and « are Univerfal, amd con- 
ftquently may be equal to any Quantities Whole or Fra^;^ 
Affirmative or Negative. 

^ -f X a+p = M-^+P X /J -f rais'd to p Power == ir-tf 

the r- Root of a-^ Uzra r 

PART 



■ ■ f • .<•■■, 

■■>. ■ ' _ ■ ," . 

2 .^ 



72 Part VL 



P A R T Vt 



CH A p. I. 
jBDetmtiotHk 

t»\1\7 Hen any Number or Quantity hath its Root proposed t6 

^^^ be Extiadedy and yet is not a true figurate Number of 

that Kind ; that U, if its Souare-RjDot being demanded, it ielf is 

not a true Square ; if its Cube^Root being required, it IHf be 

not a true Cube ; Qc» that Root is called a Surd-Root, becauie 

it can never be exadly Extrafied; and fiich Roots are ufually de- 

fign'd with their Indices, or Radical Signs: So the Square-Root 

I 

of 2 is writ thus 2^, or thus y/2 ; for 'tis evident that the Square- 
Root of 2 is not a whcje Number ; neither is it a FraSion, 
becaufe the Square of any Fraftion is alfo a FraSion (by 16. 
8. End El) 5 and confequently it is not expreffible by any Ra- 

tional Number. Alfo the Cube-Root of ^* ia writ thus b*i ^ 

(zr*^), or thus V*% 8^- 

2. But, altho' thefe Surd-Roots (when truly fuch) are inex- 
preffible by Rational Numbers, they are notwithfianding capa- 
ble of Algebraical Operations. 

3. Surds are either Simple, whic^ are exprefi'd by one fingk 

— T 
Term as h* j\/c j hd\ , ©r. or Compound, which are fbrm'd 

by the Addition and Subtraflion of Simple Surds, as V5 + V 2, 

5^^ 2Sy^+*^ — f^; 8r..or eHc Univcrfid as7-|-2'l^ 
which fignifies the Cubick-Rpot of that I^jumber, whicH ^ the 
Refult of adding 7 to the Sguare-Root of 2 ; 8f. 
A. Surds are i£o Commenfurablc ot Incbmmenfurable;' ' 
Commenfurable Surd- Roots ai^ ftch, vAifX^ Rado or Fro^ 
pntion to one another, may be ^j^ds'd by Rational Numbers 
or Quantities : 

And fuch Surd-Roors whofe B^tdo icanhot be exprefs'^ b^ Rad« 
onal Numbers or Quaiuldes are <^lrd kcofximleniunible. 

-'^- CHAP. 
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C H A p. n. 

Xemutton of fsmiflt famti* 

Profofiiion i. 

TO reduce Simple Heterogeneal Surds, that is, fuch as are uii« 
dec different ludices, to the lead Homogeneals, or to fuch 
as ihall have the leafl common Index. 

Reduce the Indices of the Surds to a common Denomina- 
tor I next place the |;reateft common Meafure of the Numera« 
tors as a Numerator over the common Denominator, which 
Fradion^ when reduc'd to its loweft Terms, is the common L> 
dex fought : Then divide each of the faid Indices by the com* 
mon Index ; and then Involve each proposed Number or Quan- 
tity widiout its Index, according to the Index denoted by iti 
rcfpefiive Quotient, and Superior to each Power, thus produced, 
place the &id common Index, and you will have the Surds re- 
quired* 

Examples. 

1. Reduce I2|*and 7| to two other Surds of the lame 
Value that wiU have a common Index. 

^ and j. reduc'd to a common Denominator, are equal to 
•/f and ^^. The greateil common Meafure of the Numerators 
6 and 4 is 2 r Wherefore /^f , when reduc'd to- its laft Terms^ 
is t't the common Index fought ; by which the ift. ( ^ } and 
2d. (^) Indices being Divided, the Quotients are 9 and 2 
.relpc6Hvely. 

The firft of the proposed Numbers without its Index, viz. 12 
Involved according to the Index ( 3 ) denoted by the firft Quo- 
tient, is 12'= 1728. 

AlfQ the fecond proposed Number without its Index, to wit 
/ 7 Involved according to the Index ( 2 ) denoted by the &cond 
Quotient, i« 7* = 49, 

Confequentlj i7*8f * suid "491* * are the Surd$ required re- 
fpeaively. 

L 2. Re- 



v* 



.■f 



>*?* 
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2. Reduce J^ and dc\ to two other Surds of the fame Va- 
lue that Ihall have a common Index. 

Y and J reduced to a common Denominator are equal to \j 
and rr refpeflively. 

The greateft common Meafure of the Numerators is 6^ 

Wherefore ^ (= 4i) is the common Index fought, 

By which the i/f. (|) and 211?. (|) Indices being divided^ the 
Quotients will be 3 and i relpe£lively. 

The firft Quantity without its Index, to wit i Involved accord- 
ing to the Index ( :? ) denoted by the firft Quotient is ^3 . 

Alfo the fecond Quantity without its Index, that is ic Invol- 
ved according to the Index ( i ) denoted by the fecond Quo- 
tient is cd. 






Wherefore i^\ and riTj are tkc Surds required. 

3#, Let it be rcqmrfed to reduce #1 « and e\ m to two other 
Surds of the fame Value that ihall have a common Index. 

V and isr reduc'd to a common Denominator are equal to 

;sr and "wT refpeflively ; and the greateft (Tcnown) common Mea- 
fure of the Numerators mi and ^f* is 1 j wherefore (by our Rule) 

;;^ is the comwion IndexTought 5 By which the i^. \T}2j[A 2i/. 

"^/Indices being divided, the ly? and 2/ Quotients ar|3«rf 
and nt relpe£lively. The \fl. propos'xl Quantity without it} In. 
dex, that is^, Involved according to the Index \mi) denoted by 



mi 



the \ft. Quotient is « :' And the id. proposed Quantity 'trithout 
its Index, vit* e^ Involved according to the Index {ni) d^^ted 



.1 



by the 2d. Quotient' is e 5 vjrherefore (by oiir Rule) cT* | /"'^fwd 



X 



^ Ml jinn are the Surds required. 

Here you have three Examples nt^ff of our IiMle;ibe 
UJi of v^hicby heing IJniverfdy mn;^,^rve to, temonjttate it. 

For <i"'|'»" is ssfl"", which is maijifefflj ss*"^. 

i^ ^"'1«« is =; if '^^ which is manifeflly ss:^'"^ . 

CcroBary. 

Hence Rational Quantities maybe r^duc'd 10 thtroim of Surds^ 
which flwll have any ajfigned In^es. Thus, 



.V 



Chap. 11. Mtnmion: . , .ffs 

Thus ; If it was required to reduce a to .the Form of a Surd, 
whofe Index may be "J. . ; 

Firft Divide the Index of 4, to wit i, by ^, apd the Quoti- 
ent is »: Then^ Involved according to the Index » gives rt" 5 

Confequently /] is the Quantity requited, which manifefUy is 



a, 



Prop. 2. 
' To reduce Surd-Roots to their moft fimplc Terms. 

Firft find the greateft Power, whidi, being afFefted with the 
Index ^r Radical Sign) of the proposed Surd, fliall have a Ra- 
tional Root, and will alfo meafure 'the proposed Number or 
Quantity without its Index : By which Power Divide the faid 
Number or Quantity without its Index; and to the Quotient 
adfe£ted with the feid Index, prefix the Rational Root with the 
Sign X : So you will have a new Surd equal to the proposed 
one, and in more Simple Terms, 

XS* But when fuch a Power, by which the Divifion ncceffary 
to luch Contra6lion is to be performed, cannot be readily difcern d ; 
fearcb out all the Numbers or Quantities (by Lemma to Chap^ 
V. Part Xn.) which will Divide the proposed Number or Quan- 
tity, omitting its Index or Radical Sign, without a Remainder ; 
and the greateft of thofe Divifors, which, being adfe£led with 
the Index of the proposed Surd, hath a Rational Root, is the 
greateft Power by which the Divifion, in the Manner aforefaid, 
is to be pprform'd. 

Examfhs* 

1. So inft^ad of V^3, you may write 3^7 • for p is the 
greateft Square that can be had in 63 which will divide it with* 
out a Remainder : And 63 -^ 9 == ^; wherefore (by our Rule) 

^63, in its fimpleft Terms, is 3 x 7P = 3V7. 

2. Alfo, if it was required to reduce A^b'\- aahh\^ toitsfim-* 
pleft Terms, it may be done thus ; viz, 

A* is the greateft Power, which being adfefled with the Index ^ 
will have a Rational Root, and will alfo meafure a^h^ a*i\ 

And : d^lfJ^d^i*: ^a^zszah-^-hbi confe-juently a^b-^a^b^\^^ 

initsfiipfleftTermSjis a^ab-^-bb^^ •=^ay/ Mb-^bb; 

L 2 3. And 
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5. And Univcrfally Wp reduc'd to its fimpleft Terms is 

For a is the grcatcft Power which, being adfefled with the 

Index » , will have a Rational Root, and by which a^h being 
alfo Divided, will leave no Remainder : And ^ » ^ -7; /i» =; ^ 5 

wherefore (by our Rule)^^"^'!", being reducd to its moft fimple 
Terms, is ^ x ^'^ = ^ V ^* 

This laji Example is an Univerfsl onCy hy which the fore^ 
going Rule may he demonftrated thus. 



^ 



a>\n is =;^« and 4"^J» =: a^\^ % * |« : Wherefore /z»i|n s=: 

And that ^zx ^ I" is the leafl Term to which ««^|« can be 
reduc'd is certain, if 4 be the greateft n Power which can be 
had in a'k Q. E. D. 

Prop. 3. 

To find whether two Surd-Roots propos'd are commenfurable 
or not. 

Knit. 

If they have different Indices, reduce them to their Icaft com- 
mon Index (by the jji. Rule :) And then, if they are Fraftions, 
reduce them to a common Denominator (by SeSl. 2. Chap. II. 
Part II.) Then 

Divide (or Multiply) them feverally by fuch a Number or Quan- 
tity as will give one Quotient (or Produft) Rational; then if 
the other Quotient (or Produft) be Rational too, the Surda 
are commenfurable, and in Proportion to each other as the Quo- 
tients or Products ; but, if the orher Quotient (or Produft) be 
not Rational, the Surds are Incommenfurable. 

N.B, Th:^' Divifor commonly usd in this Cdfe^ is th^ greatefl 
common one^ which wiU give Rational QuoiientSyif the Surds he 

Commsp/furahle. 

Ex* 



Chap. II. 



iSeDuction 
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Examples, 

I. If it be required to find whether V 12 and Vg tre com- 
mendurable, and in what Proportion to one another^ it may be 
dene thus ; 

The greateft common Meafure of ^12 and ^5 is V5, by 
which Jii and:^3 being Divided, the relpe6live Quotients arc 
V4 and ^i, that is 2 and i, wherefore ^12 and \/^ arc 
(by our Rule) commenfiirable, and the former is in Proportion 
to the latter as 2 to 1 3 viz. v^i2 •• ^3 :: 2 .. i. 



2. Let it be required to find whether — I and -r- arc 
Commenfurable,and in what Proportion they are to one another. 



tf^±- 



being reduc'd to their leaft common Index are —I 



and 



*5 



; and thefe reduc'd to a common Denominator, arc 



equal to 






TTi 



"^7^ 



, which being Divided by their great- 



I. » 



eft common Divifor -v-l , the Quotients are Rational, and e- 
qual to^* and f *. 

Confequently the two Surds are Commenfurable to one ano^ 



» c 

•m — — 



«• 



ther, and in the Ratio of h* to c* 5 that is — 

c 

li :: cc. 

This may U demonftrMed iy Equating tbf PrQ^uSl of t^e 
Extreams to that of the Metins j thusj 



fX 



c 

treams. 



xr^nr—- 



h 
c 



X r*i' = *f»l* is equal the Produa of the Ex- 



And 
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And^ 



CCC\i -r— a 



* X W z= ttA % **t = r'* I is equal to thcProduft 



bbb 



of the Means : 

And the former Produd is equal to the latter, which proves^ in 
fbme Meafure, our Rule. 

5. To find whether t" and?F|" be commenfurablc, as alio 
their Mutual Proportion. 

The grcateft common Divifor of *»"andr"*|"is i%bf which both 

of thembein^Dividedythe Quotients are i" and f"|", which areRa* 
tional Quantities, and equal to 1 and c rcfpedlively ; conlequem- 

-4. 2, 

ly the proposed Surds are Conunenfurable, and i' •• c'l^l" :: 
I •• f. 



CHAP. IIL 

q^ulttplUatten of f^imple ^tttML 

IF the Surds be not of the fame kind ; that is, if thejr hare 
different Indices ; reduce them to one and the leaft kind ; 
viz. to their leaft common Index (by Prop, i • of the laft Chap.) 
then, it the Surds be not Imaginaiy, M\iltiply them by one a- 
nother without their Indices ^ and laftly, annex th« leaft com- 
mon Index to the Produ6l. So this new Root fliall be tte 
Produa fought. But i£ the proposed Surds be Liaginary; See 
the following Remark. 

Examples 

SoV2xV3=i/6. Alfoi* X f*is= W AndUni. 
verfilly a' % z.' z=i nz\\ 

Again 2* x 3 ' is (by Prop, u of the laA Chap.) =: 8' x 
9^=72'. 

Alfo a^ ^ i^ is (bj Prop. i. of the laft Chaj>Jr=i«*i^^ ic 

And 



And Univerfilly x" ^ jf» is (by Frop. of the laft Chap.) ss 

< 
Scholia, 

1. When a Surd is t# be Multiplyed by a Rational QuaiH 
ticy, it will be fometimes convenient to connex thtm with die 

Sign x; ib the Produ3 of 4 and^* may be writ thus a%t' 
or thus ay K 

2. When two Rational Quantities are joined with the Sign x 
to two Surds of the fame kind. Multiply the Rational Part 
by the Rational, and the Surd Part by the Surd ; and the two 
ProduSs join*d together with the Sign x is tho Produd requi* 
zed. 

So a% tl" into cud" is z=: dc% *</)": For 4 x ^ " is =r 

^'^l^^andrx^" is = rVl"jbut ii"*!" x r^nfj " = ^r"Wj " wdiich 

|s manifefUy -=: n r x ^^| "• 

2. When any Surd is to be rais'd to any given Power ; Mid- 
tiply the Index of the Surd by the Quantity that denotes that 
Power: 

•^ -x« * 

Thus a rais a to the »^*-Power is ::z s zaz^ z=:0u 

Alio a raised to the 1^^ Power is = 4 z=ia\ 

* Hrr^ Noiethat the Square of :±^^ — a f^ -- a j and 
Vniverfallyy that V — a rat id to the n^h^Fower is = — a, 




Alfo y — la>A.^^^ca'=:zfJTfY.4f'^a%^fJe%^'^az=i 
Likewife — V — *tf x — ^/ — t a^—^l y^^-^a^ ^ y^ 



IVof/ 
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C H A P. IV. 

^ J^iMon of Simple ^mnsi. 

IF the Surds be not of the (kmc kind, firft reduce them to 
the fame kind (by Prop. i. Chap. 11.) Then, if neither of 
the Surds be Imaginary, IJivide the Dividend by the Divifor, 
without their Indices, and Superior to the Quotient place the 
Common Index ; and this new Surd is the Quotient fought : 
But if either of the Surds be Imaginary, fee the Remarks in 
the laft and in this Chap. 

So y'ao Divided by ,^5, gives ^^ for a Quotient. 



J, * 

:4 ? 



Alfo ak \ JL.cai — ^ 

c 



2, 



And Univerfally z' ^ y' = (by Prof. i. Chap. 11.) ^n'' 



.J -y 



7 



H 



\ When the Dividend and Divifor are two Rational Quantities 

prefixt to two Surds of the feme kind ; Divide the Rationrf 

\ Part of the Dividend by the Rational Part of the Divifor, as 

I alio the Surd Part of the Dividend by the Surd Part of the 
Divifor; and the two Quotients connexed together with (0$ 
fometimes without) the Sign x is^ the Quotient defired. 

t 

i u 



■*"W 



Chap. IV. mMm Iff; 

So ahycd'^hd'l^/c is ss^J-^rfl 

Alfo ^>xr7/*-^>x f^|«is=^x i|^ = ^; 

— a is = — -\/ — a z 

Ukewifez-^jJ^z is =— ^— a: ^//ba-J — y— aii=:V'— a: 
>d^4i^r i^rif-f- i^ — az:; — c^ — a« 

^^__^^ ^ 

CHAP. r. and VI. 

Sl^hition and fsiMaakn of ^m|de |&ttrw« 

Divide the proposed Surds by their greatcft comiQon Divifor, 
and if the Quotients be Rati6iaF(that is to fey, If the 
proposed Surds be ([^oinmenfiirable) Mukiply the Sum of the Quo* 
tients by llie &id greateft common Divilbr, and the Produft 
ihall be the Sum of the Surds proposed : Or Multiply the Dif- 
ference of the Rational Quotients by the faid gteateil common 
Divifor, and the Produft fhall be the Dificrence of the two 
Surds propos'd* 

' ExamfUi. 

I. Let it be required to add V8 to ^^2l 

Their greateA common Divifor is ^8, by which each of the 
proposed Surds being Divided, the Quotients are 4/1 and v4> 
which are Rational Numbers, and equal to i and 2 ; the Sum 
of which is :}, which being Mukiplyed by the greateil common 
Divifor (^^8) produces ^tji (=5 ^px V8=V 72) which is 



2. 1 demand the Sum of — | and -^ 



7 
> 



-—I and-rl reduced to a common Index are equal to — and 



o' 



a 



: And^ tfaele redqq'd to a common Denominator^ are equal 

U to 



\ 






Of ^um* 



and 



•4 



f^3 



Part VI. 

r 



, whbfe greateft common Divifork -w 



by 



which each of them being Divided, the Quotients will be h^\T 

and c^ F which are Rational Quantities, and equal to ?* and c* : 
The Sum of which Quotients is *»-|- ^S which, being Mulciplyecl 

by the greateft common Divifor, wiH give "^ ** + ^* • ^ "^3 

which is =1 — 

c 



9 



' + 4 



3 



. I demand the Sunt of hd'\ ' and *f"f* ? 

Their greateft common Pivifojf is ^% by which each of them 

being Divided, the Quotients are ^"l"and r"|", which ar^ 

Rational Quantities, and equal to d and c ; the Sum of which 

is ^Hh^9 which being Multiplyed by the greateft common Di« 
j_ j_ J. 

vifor h «, the ProduS Is : rf-f-r : %h% which is r= W")' -|^ 

This Inft EKampIe^ lew^ Vrnverfal, will ferve to Demm* 
Jirate our Rule. 

. -I 

^uppofe l^\'^ = a^ then J^j • is =ia%^^^ ;zz ad; 

—X — — i — — 

And if(fl" is = ^ y f" I* = 4f : But ad-^ac = rf-j- r y 4 

is = Sum of the two propos'd Quantities ; confcquently (Sul>* 



flituting h » for a) d-^-r y ^ » is equal to thcf Sum ot the two 
propos a Quantities. W. W. D. • 



In like Manner, if it were required to Subtrafl i " from fc'| • 

the Remainder will be found (by our Rule) to be r — i x * •• 

Or, if it were required to find the -Value of h** — fc*| « in ci- 
ther T^rms, it will (by our Rule) be found =: i — c % * % 

When the Surds are IncommciifurabJe, neither their Sum not 
Difl^rence can be expreft by any iingle Root ^ but thij ar^ tt> 



1 
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be added by 4-, aiid Subtraaed by — ; whence arlfe Surds 
Knomial and Refidual : 
Tt»is the Sum- of y'6 and ^7 is V^ + \'7 J ^«^ ^ Dif- 

foence of 6' and 7' is 7* _ 6* ; &<r. 

Bui UniveiM^ the Sum of ^ and r iT is mani&ftly ^ 



*^+ '■"II 1 or the Difference of *" and f"is=:*~M^"i j 



Wherefore J' + f'^is= J'^ + c' | | =:*+f + 2/*f |^: Al- 

fo v'J— V "^ —v'=*+<"— 2 ■/*<■: And *^ + f^is= 

i-^ 3— t;^ 

Ti&e Oferathm of Compound and Vmvefffil Surds are to 
easily de^cd from what hath been {aid of Simple ones, that 
I do not think it -uvrtb -while to mf^rt th^m. Add to tbiSy 
that 'tis veri difficult to print thsm, which was one Mo- 
tive I had for mt Puhlijhhz thsm in the firfi Edition of 
fbis JSotk, ' ^ 
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PART VIL 

Concerning the Nature of C(|tlftttOn$» 
and hqw to prepare them for a ^XAU^ 

tiott* 

AN Equation is the mutual comparing of two equal Quan^ 
tities diScrcntly exprcfs'd, wfatdi are calFd the Parts or 
Sides thereof, and is ufually denoted with the Sign = be- 
tween them ; and the fingle Quantities of both Parts ar^ called 
the Terms of the Equation. 

Thus ^=f3-}-^^-f-rf is an Expiation, in which the fingle 
Quantity a, one Part thereof, is equal to the Compound Quan- 
tity f 3 4" <?+ ^ ^^ ^^^^ ^^^y *"^ ^^ Terms of both Parts 
are the fingle Quantities a^ r^, eg and d. 

Equations are to be confider'd chiefly after two ways ; viz» 
cither as the hft Gonclufions to which you come in the Re- 
folution of Qucftions ; or, a^ means by the help whereof you 
are to obtain final or fingle Equations. An Equation of the 
former Kind^ is compos'd only of one unknown Quantity^ In- 
volv*d with known ones, if the Queftion be determin"d, and 
propofes fomething certain to be found out. But thofe of the 
latter Kind, Involve two or more unknown Quantities, which, 
for that Reafon, muft be * compared among'- one another, and fo 
conneded, that out of all theie may emerge a new Equation, in 
which there is only one unknown Quantity, which we feek, 
mix'd with known Quantities; which unknown Quantity, that 
it may be the more eafily difcover'd, that Equation muft be 
transformed, moft commonly various W ays, until it becomes the 
moft Simple that it can: And when 'that is done, the Equation 
is faid to be reduc'd, or fitted for an Anlwer. 

A fingle Equation is tWo-fold, viz. Pure or Simple, or Ad- 
fcfted or Compound. 

A Pure or Simple fingle Equation is that wherein the Quan- 
tity fought (as fuppjfe a) is exprels'd by one Power only, as 
by the ift^id^ox ^dyi^c. Power: Tiius .2^ -j- r = ^ — />a"d 
ca'^=id^t are Simple Equations^ 

An 



The Nature of etmUom. 9$ 

An Adfefted, or Compound Equation is that in which theie 
are two or more different Degrees, or Powers of the Quanti- 
ty fought (d)y as in this Equation, tf'-j-2tf* — f4=;r^, there 
are three different Powers of 4, viz. a}, d^ and A^ 

When any Queition is proposed to be refbly'd, it is requifite that 
the true Deiign and Meaning thereoi be tully and clearly com- 
prehended, fo as you may be able to place down all th6 Qnanr 
tities concern d in their due order ; viz. all the fubftituted Let- 
ters in fucb order as the Nature of the Queftion requires; The 
next Thing to be done, is to confider whether the Quclfion be 
limitted or not, that is, whether it admits of a determinate 
Number of Aniwers^ or not ; and to dilcover'that^ ob&rve the 
following Rules. 

When the Number of the QiKintities fought, exceeds the Num- 
ber of the ^iven Equations ; moff QiielUons of this Kind are 

capable of innumerable Anfwers. 

• • « ■ 

'Examfle. 

Suppoie a Queftibnivtr^- proposed thus. There are three fucb 
Numbers^ that if the firtl be added to the (econd, their Sum will 
be 22 ; and if the fecond be added to the third, their Sum will- 
be 46. What are thofe Numbers? 

Let the three Numbers fought be reprefented by three Le(^ 
tiers, thus ; 

Call the firft a, the fecond ^, and the third y. 
Then, /i-j-^=22, and ^+7=46, according to the State 
of the Queftion. 

Here the Number of the Quantities fought is three, viz. a, 
e and y, and the Number of the given Equations is but two ; 
therefore this QueiHon is not limitted, but admits of innume- 
rable Anfwers 5 becaufe, for any one of thofe three Letters, you 
may take any Number at Pleafure that is Icfs than 22, which, 
with a litde Confideration, will be eafy to conceive. 

Kate 2. 

When the Number of the given Equations Cnot depending 
upon one another} are Jufi as manj as the Number of the Quan- 

tides 
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fitics fought ; then is the Queftion truly limittcd ; viz. each Quan- 
tity fought hath a determinate Number of Values. 

As for Inflance, Let the aforefaid Queftion (with one Conr 
dition added t9 it) be proposed thus : 

. There are three Numbers (4, e and j, as before). If the 
firft be added to the fecond, their- Sum mil be 22 5 if the fee 
cond be added co the third, their Sum will be 46 ; and if the 
firft be added to the third, their Sum will be 3^. What are 
ifaofe Numbers? 

That is, 44'^ = 22; e^y^=:^6; and a^y =3:^60 
Now the Queftion is perfe&y limitted, each fingle Quan- 
^ having but one fingle Value ; to wit ^= 6, 1^ == 16, and 
j = 30. 

N.B. If the Number of the given Equations exceeds th& 
Kumher of the Quantities fou^t^ thn not only limit the 
Queftion^hut oftentimes render it ^imfofflble^ by being froposd 
ittconfijient one to smother. . 

After you deduce, from the feveral Equations concern'd in 
die Queftion, a fingle Equation, it often happens that the Pow-» 
ere or the unknown Quantity therein are fo mix'd and intang- 
led with known ' ones, that it requires fome Trouble and Skul 
to bring them to one Side of the Equation, and thofe that 
arc known to the other Side (ftill keeping them to a juft E- 
fltnlity), which, by the Writers o^ Algebra j is calFd the Re- 
duftion of Equations. The Methods of doing which I Ihall 
comprize in the following Seel, referrmg you for more Exam? 
:ples to Part XL 



C H A P. I. 
The Keoatfton of ^^ingle t%vat\xm. 
SeB. I. Of Heontfton by ^Miittom 

REdnflion by Addition is grounded upon Axiom i. and is 
only the Tranfpofing (viz, the Removing) of one or more 
Negative Quantities from either Side of the Ei^uation to the €•• 
tilcr Side, with the Sign 4- before ^cb of them. As in thefq 



Suppo& 

2+* 



cha]^. ij Of ^nsle ^cmUtml ^i 

Examples. 

* 

« 

^ J — A-rrifl ^"^^^ '"'^ ^''^ abfalutt Number i^ r^gifier'^d 

-, J _t_ . (in »<be Margin^ y^u muji draw S Iin« #«rr h^ m 

* — ^ ^ * "T" 4- rdlfiingujhtt fvm the etket tf'umhert : As rfki 

Lctji fiw — yJr — ^ — 2*41 

&a 2: 3iteiin(tioii by J^nbtratfun^' 

I* 

Rcduflion by SubtraSionis grounded upon Axiom 2..and il 
pcrform'd by Tranfpofing (or Removing) one or more Affirma- 
tive Quantities from either Side of the E(juation to the other 
Side, with the Sigo — befiirc each ot them. As in thefe 



Suppoleli 

.' 1 r- *l4 



Examples. 

aa — iha J^dc-i-t^^dd 
aa — 2ha +-*:::= dd — dc 
aa — 2j4s=:^(flf — flfc ^— l^ 



&Si. 3. lUmtcttoN by Ij^tattpltcattoir; 

When any of the Terms of an Equation containing one or 
more Powers of the unknown Quantity, is, or are Fraftions ; 

Multiply the Equation by the Denominator of suiy of thefe 
Fraftions 5 and with the Equation thus produced, if need be^ 
proceed as above direftcd : And fo on, 'till all the Terms, coi>» 
taining the Power, or Powers of the unknown Quantity, are re- 
duc'il into Integers. 

Or Multiply the firft Equation, by the ProduS: of all the De- 
nominators therein, and you'll reduce it into an Equation, whcre*^ 
|p all the Terms will be Integers. 



^- '. 



Exa?ffle£ 



n 



mthmim 



r^viig 



Suppofe 
2%a 



a 
a 






Examflesl 



Let 



=-f 



^ = 



= 5M 



2xr 



!• 


ii + » 


1 


c 
aa — W 


2 

3 


' c 






dd 

cd4 



Let 



SeB. j^ KfllQtfton by jBT^Mfiotl^^ 



■41 



•^ When you find out any Divifoc of, or any Quantity that will 
cxa6Hy Divide the Equation ; 

Divide the Equation by that Divifor^ aad you'll reduce it in? 
to lower Terms. 

Note, a fmfle Divifor may te eafily difcove/d^ only hy tb» 
InfpeEiion of the Equation : Jbutjin order to difcover a Compomd 
Divifor^ and then to ^ff^y it as above direSled^ you are to 
reduce all the Jbrms of the Equation to one Side, making 
ihem equal to o, 

E^eamples* 

Suppofe] I ]7^<i/M -f- i^lcaa = ^$bcda 
I -^ jh^T^ + 2ca z=z led 



Letli 
2-4-:^ — *: 



3 



a"^ 4- 2caa 

•\-icaa . 

aa -f. 2f /I - 



, iaa — 3>r4 -j- Wf 



= o 



^ When the greateft Power of the unknown Quantity is Mul* 
tiplyed Iw any that is known ; 

Let the whole Equation be Divided by that known QuaiH 
tity, that fo the £dd Power oviy be deared As in thele 



Suppo% 



\ 
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H 



Suppofc 



Let 



he — qr^ 



^^it' oihaa = ^</r 4^ ice 



i&a 5. KeMttion by 3ntMilnt{om 

When lay of the Powers <£ die unknown Quantity is ad« 
feded, in one or more Terms of the Ekjuatidn, with one or 
mot« Surd Indices, or Radical ^Sq;ns, tbefe Surds being in their 
moA Simple Terms ; \ 

Traniboie, i£ need be, fuch Terms of the Equation as are 
tnoft fk tor your Piitpoie t Then Involve each Side of this Equa^ 
(don accorcUng to the Denominator (i being the Numerator) 
of the leafi Index of the Surds. Repeat ^efe Diredions, if 
need be, and the Power, or Poweis of the unknown Quantity 
ivill, in fome Ca&s, become Rational : But for an univeri^ 
Method you mufi have Recourfe to the Scholium in the latter 
£nd of this Pact. 



Examples. 



Suppofe 

2^2 



Lef 



a •}-/* rr ^bbhtuui 



Let 

^49-3 
fq[ranfp. 



*> \/: yha — c^ i sss^ -^ \^ ha 



3 



^cha^c^=<^ ^ye^ba^^tia^ai^/ A 
j^^rampuLj]— 2r? = : ^rr -V ^ J ^ V ^ 
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StEi. 6, Kcbtitfion by (Il^t)oIiicioti« 

When ohc Side of an Equation contains only known Quan-. 
titics, and / the other Side, containing fomc Power or Powers 
of the unknown Quantity, has a Rational Root ; 

Evolve each Side of the Equation, according to the Index 
denominating that Root ; and you'll reduce the Power or Pow*. 
ers of the unknown Quantity to lower Dimenlions* 



Examples. 



Suppofel 1 \aa=: 36 \ 



LetliU' = 27 
IUM3I2I ^ =i 3 



Suppofe I 
I Oil 3i 2 



/iJs=J»-f.3Wr-+-3*«'+f5 V Ltthlaa ±z hh ^ dd 



Suppofel i\aa — 2nh '^ Ih rs ce '\- 7df — fg 
iuM2\2\a ^b^iz ^ xcc-^^ 2df^fgz 

Here follows one Example of clearing Ekjuations, wherein aS 
the foregoing Redufiions are promifcuouily us'd^ as occalion re- 
quires. 



Suppofe 

I % y/\c 
2 ®- 2 

That is 

For 
And 

4-f-2 

6 — ihan 
o rra'irp. 

lO-r4r-4^ 
XXiUf 4 
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5 



caa -f- 3 Wr — 2 V: f ^/« + 3^^r : x ^\cm — 3 Wr: 

2caa — 2 V : (^ca^ — prr Jt : = ^iaa . 

f^^ ^- 3 Wr + r^^ — 3^^f rr 2f^^ 

2-^/ : caa-{-:^hhc : x s/ :rtf4— 3Wr:=52y' iccO^^ffcct^Z 

catL ^ ^ :cca* — Pfc^* ;= 2*^r4 

caa z=z 2baa -^ y': cc4* — pcci^ : 



10 



II 



12 



, caa — 2baa — y : cc4* — gqch^ : 
8(^c/?*— 4ic4* + ^Ha^ =5 CCA* — 9C9k\ 

pccb^:= ^ha^ — 4^4* 

pcc^5 2= 4C4^ — 4i'/a* 
pccHb ^ ^ 



4c — 4^ 



m 
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By the Help cf thcfe Reduftions (properly applyed) the un- 
known Quantity (a) or its Powers are cleared and brought to 
one Side of an Equation ; and if the unknown Quantity (a) is 
found =ir thofe that are known, then the Queflion is anlwer'd, 
as in the ift. Extjmples of Se6i. iji, /^tb, ^tby and cfb. 

Or, if any fingle Power of the unknown Quantity (a) is found 
equal to thole that are known, then the refpedive Root of the 
known Quantities is the Anfwer, as in the three laA Ex* 
amptes. 

But when different Powers of the unknown Quantity are con- 
tain'd in an Ek^uation, as aa^l^a = dd, or a^ - da* — cfy 
&c. then it is /an adfe^ed Equation ;. the Method of refolving 
which, that is of finding the Values of a therein has been 
(hewn in Part IV. Chap. g. And other Methods for the iame 
Purpo& ihall be fhewn further on* 

C H A P. II. 

Hoy to reduce C&(|tiations, containing two or more 
unknown $ladUtitU0 into a fingle (Equation^ 

IT hath been fhewn in the preceding Chap, how to reduce 
fingle Equations : But, in the Solution of Qucftions, thefc are 
frequently to be firft deduced from others that contain two or 
more unknown Quantities. It will therefore be proper likewife 
to Ihew how to Exterminate by two, three or four, He. Equa* 
cions (concerned in any limitted Queftion, and not depending 
wpon one another) one, two or three, 8f. unknown Quantities^ 
But fince upon the preceding St^Si. thefe in this Chap, depend, 
it is proper that the foregoii^g fhcnild (as they are) be firft treats 
ed o£ 

JScSl. t. The Extermination of oo^ unknown ^veau 
titu by two (iqadti0n<t 

Cdfe I, 

When the Quantity to be Extertnittated is only of one Di* 
aenfion in one of the Ek^uations, its Value is to be fbughe 
in that Equation ; and then this Value; and its Powers to be 
Subflituted for that Quantity 'and its rei^^ve Powers in the 
Qlk^ Clquation. Thus* 

^ N 3 If 
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If I . tf -I- *= r, aiid 2 • ^i* -+• cAr:zd'^ c^y tliat a. may he 
Extermifiated. 

By jft* azse — i ; then, by this Step and 2d.xe — * : x 
:r — i:4-fx:^— .ir:n=rf — ce i which Step, being reduced, 
by Chap. I. gives ee •* 2he -^ice^zid -^Ih -^ ch. 

Cafe 2. 

When the Quantity to be taken away is of two, or more 
Dimenlions in both E^^uations, the Value of its greatefi Power 
muft be Ibught in both ; then, if thofc Powers are not the lame, 
the Equation that contains the Icffer Power mufl be Multiply- 
cd by the Quantity to be taken away, or by its Square, or Cube, 
i§e. that it may become of the ferae Power it has in the other E* 
quation. Then the Values of thofe Powers are to be made e- 
qual, and there will come out a new Equation, where the great- 
eft* Power or Dimenlion of the Quantity to be taken away i$ 
. diminilh d« 

And by repeating this Operation, the Quantity will, at length, 
be taken away ; thus, 

If i.aee 4- ii-i-r = o, and ^.fee ^-^«f + j&zro j and e 
is to be taken away. , 

Then, by the ift. ^ee -zzihe + c: -^ a, and, by the id. 

— ee ^'g^ •♦- h : -^y. By the two laft Equations lie -^ci 

H- ^ C— — ^0 = • ^^ 4" ^ • "^ /• Tl^^* Equation Mulriplyed 
''^y ^f gives /be -|-/c z=i a^e -]- ab. And, by Tfanfpofition, 
and Divifion *e = : ah — /c : -^ :/^ — ^4 • 

Again, Multiplying the laft Equation oy — ^, we have 

— ee^=: :/ce ^ ahe : ^ifh^ ag: From the :^d* and laft 
Equations : ^d* -f- ^ • -i- ^ =^ *fc^ - ^he : -*- xfb — ag : And, 
by Multiplication, Tranfpofition and Divifion, ^sst^ygc — fc/: 
-i- : atih — nfc — agh -^ftb: . By the laft Equaaon, and 

/ that mark'd with ^ we have — r ^ ^ ^ f \ i^ri =5= /v ■ "^ 

aai:? - afc — Ggh-^jbb jh — /7g 

which is an Equation exclufive ot the Quantity ^, as was re-; 

quired. This Equation, when reduced, by the laft Chap, giyeik 

ikb^ia^2cfht'-fgha^cgg^'^hhfh-'ifg-\-ccff=o. 

Note, By ih? fi^ft or fecond EqudthKs and tkat marked 
with *, you may rnere exfjidHio^fly Exttrmwate the Quanti^^ 
iy e, hf Cafe i. 

Nott' -fiJfo^ thjf Qi^afrtify e mny he Exierminai.e4 out p§Hhe fre*, 

cifdjy^g E '^ aa.pl e^ hy findivg the Value «/c in eitB^^pf the 

. firfi t-^w Kjunthisy hy Fare X. and then ^xoceedrf^fy^^ Cafe 

i . Thi^ in fo^n^ Caf'$^ ^/i/^/^fw to he a more cont*^. Me*, 

ib^ tban^ but r^Qt fo univerfal *?;, il^e foregair/g -o^^-'- 
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&3. 2. The Extermination of two or more unknown 
^lunticits, by three or more ^qmtiaas. 

* In S^Si. I. we have difcours'd of taking away one unknown 
Quantity by two Equations : But, if there be two, three or 
four, i^c- Quantities to be taken away, there rauft be three, 
four or five, fie. Equations. And then the Buluiels may be 
done by Degrees : As for InJlance, 

If ia^y^y a-\-y^e, aad 5a=jf + 3*") that« and e mRf 
be cxtermuiaced. 

Firft take away one 6f the Quantities a or f, fuf-pofe «, by 
.fiibHiiuting for its Value ye-^k (found by the ifi. Equation) 

in the 2d. and :id. Equations, and then you'll have •^— 

-^ jr = ?, and -^ = jr -(- 5^, Now, by dicft two laft Equa- 
tions you caay calUy take away f , as is caught in StU, i. 



Hitherto may be referred the Extectnination of Surd Quan." 
titles out of Equations, by making them equal to any Letters. 

As, if yOQ have ■</ ay ~ ^ : att ~ ay:= 2/t -\-V tiyy ; by 
writing v fcr y'ay, to for ^lan — ay:, and a- for ^ eiyy, 
you'll have the Equations v — TO = 2ii-4-x, vv:^ay, and 
tnw = aa — ay, and x' ^^^yj i ^^"^ of which taking away, ty 
Degrees, v, to and x, thei« will refult an Equation iiuire^ 
&ee from Sardicy. 



PART. 
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PART VIU. 

nteticaU <^mmttitdXy and leptta^ 

C H A P. L 

Of Slrttl^mettcal i^^opo^tiom 

\A7 Hen any Rank or Series of Numbers or Quantities do 
^ ^ either Inaeafe or Decreafe by an equal Literval, or com* 
flion Diiference or Excels, they are laid to be in Arkhmetical 
pjrogreflipn, or Proportion continued : 

A r 2.4, 6 , 8 . 10 . @r. V 
I15 .13 . II . p , 7 • &c. y 

In the former there is a continual Increafe; in the latter z 
continual Decreafe by 2, which is the common Difierence or 
£xcefs. 

And univerfally putting a for the firft Term, and e for the 
common Excefs or Difference, the Terms will be 

ay a -\- e, a -{- 2ey a -j- 3^, &c. Increafing, 
a, a -^ e^ a ^ 2^, /i — . 3^, (§c. Decreafing. 

» 

But the moil Simple and Natural Vrog)ie(Iion is that which 
begins with o, as 

0, ^, 2^, 3^, 4/, 5/?, 8r. 
o, — ^, — 2t?, — 3^', —44^, —5^, i3c. 

When it begins with any other Term (as a in the formeif 
Prog^peffians) it is really a Compound of two Progrcffions ; one 
-t'f Equals (ay a, ^, ^, ^r) and the «^ther of fropouipiials (Oy 

^7 ^j i^: ^^O- ^«i 
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But when the firft Term exceeds, or is exceeded by, the fecond 
Term by the fime Number or Quantity, that the third exceeds^ 
or is exceeded by, the fourth Term, but not by the feme ^at 
tiie fecond exceeds, or is exceeded by the third Term ; then 
dnt is faid to be a Difcontinued, or Disjand Arithmetioil 
ProgreiSon : 

or Difix)ndnued Arithmetical Proportions. 

Now in order to the finding out how to refolve QuelUom 
concerning thefe Vrogrelfions. 

!=c the leaft Term. 
J = the greateft Term. 
e = the common E^ce& 
» = the Number of Terms. 
J =3 the Sum of all the Series, vrz. of all the Terms. 

Lemma. 

The Sum of the Extreams (/. e. of the leaft and greateft 
Terms) is equal to the Sum of any two Means that are equally 
difiant from their Extreams (i. e. equal to the Sum of the leaft 
but one, and greateft but one, or leaft but two, and greateft but 
two,' or leaft but three, and greateft but three, &e. Temis) of 
any Arithmetical Progreftion ; and coniequently, if the Number 
of Terms be odd, the double of the middle Term is equal to the 
Sum of the Extreams ; or, if the Number of Terms be even, 
the Sum of the two middle Terms is equal to the Sum of 
the Extreams. 

Demonfiration. 

Leaft Term a\ .^ ^ i - 
+ Greateft Term jr J — ^ «" J 

Leaft Term but ocvta-^-e^ . 

-f Greateft Term but one ps^f — ' « T J 

Leaft Ttrmbut twotf'^^*^! ^ 4- « 

-f- Greateft Terai bat two jp — 2^ / "^ *" -^ 
Leaft Term but three v2 4- 3^ ^ _^ , 
4. .Greateft Term but three jp — 3^/""' "+ J' 

@r. s=;6?r. QlE.Dk 

N.B. What foUom relates to ^ 

Scholium 



$6 
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com* 



Scholium i. 

» 

Wbcjico it follows (and is very ca(y to <ionc<tIvc) that, if 
the Sum of the t%vo Extreams be Multiplyed into the Num-* 
fcer bf all the Terms in the Series, that Produd will be dou* 
ble the Sum of all the Scries i that is to fay :ii4-jr:x«=s2l. 

Scholium 2* 

« + 2^^ , /» + 3^ , g^.l it is cafy to perceive that the 

^on Difference e is fo ofi^nig^j^^^^^^j \ in the laft Term 
of the Series, as are the Number of Terms except the firft j 
that is to %» the firft Term ^ f V hath no Difference 

•{sukrafled } in it; but the laft Term hath :«— irtimes^ 

L/^ . ^ £. 1 \> in it ; confequendy the Dif&rence of the E> 

treams is s= £ into the Number of all the Terms lefi Unity 
or X I that is, y — <j == ^ x :a — i :=:»«• — ^. 

Now by the help of thefe two Scholia, if any three of the 
aforefaid five Terms (viz. a^ jf, ^, «, s) be given; the other 
two may b6 eafily fouiKl ; 
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2 J . /?^i — ^z^ 4- V ^^ f 2^r— ^ . 

~ + - TT^ = ««+__;,+ 

AA — ae -^^ ee 

ee 

s/ \2se ^ aa^^ ae -^r \ eei , a^ie 

^ = «-4 '-, 

* e 
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a/: 2j^ + /2^ — ne J^leex-^ a , 
^ 2 +i=:^. 



2j^ •+» <w — as^=iyy -|- ^y. 

y^ : 2tf^-l- /2^ — i2^ -f- ^ «*^ : =: J -J- J. e. 
y/: 2se^aa — ae ^ \ee :— J^ =cj^ 
2^^ — jr*^ .— • ae = J[y — <»^. 

2 J — 2^/Z 
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26 -^ 2J^ 
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f = «y -I- ^ «? — |aa^.' 

2S — - »«^ -4- «^ =r 2«tf. 

^- «^ — f = 2y. 
aa-^ae-l^^ee = jgf + £;y + J^^ — 2^? 

2S 27-+-^ 
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The Theorems by which any Queftion in -^f- may be folv'd, 
are inferted in the 3, 4, 6, 8, 9. 10, 11,^^3, 17, 20, 24,28, 
30> 32, 35> 37, 39> 42, 47 and 49th Steps. 
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Chap, ih • Geometrical 9p 



CHAP, II. Of (S^ometvtcal piopQ^on^* 

SeH. I. Of ^eonwtnc^ ^aopo^tiotut contina^d. 

]ffi>efimftom 

WHen a Rank or Series of Ngmbers or Quantities, do either 
increafe by one common Muldplicatory or decreafe by one 
common Divifor, thofe Numbers or Quantities are £ud to be 
in G^ometricsfl Proportion continued; . ' 

71 gC 2i 4, 8,16,32,8^. Hereaisthe'commonMultiplycrJ 
\ 72p, 245, 81, 27, 9y 8fv Here 5 is the commoA Divifbr. 

r t , y , rr , r3 ,H , 8c* Hqre r is theconimon Mukiplyex; 
•^^ 5 I y—^^i-KAr^^c. Here r is the common Divifbr. 

A J TT C^y ^ ^ar^ , ^^3 J ar^^Qc. Here r is the com. Mult. 
And Unir3 n M /t M 

1., 4.;, 4- , ^, 8f, Her* r is the com. Div. 



'I 



iV&f^, the comtpon Myltiplycr (or Divifor) is called the Ratio, , 
and fhews tfae^ Habitude or (lektio^ the Numbers or Quantities 
have to one another j viz. whether they are Double, Treble, 
Quadruple, 8f. 

In order to folve fiich Quiltions as relate to Geometrical Pro* 
portion conti|iued, I will , 

f/i=:t3ieleaftTeitai. 

\j =: the greateft Term; * 

Suppofe ^ ^ = Sum of aH the TermsJ 
;« = the Number of Terms. 

the common Ratio \ but Note that t. mnft bej-. il 

Lenma. 






If from the- Sum of any Series in -fs? the leaft and gtcafcft 
Terms be fucceffively Subtrafted ; I fay the firft lRej;nainder is 
equal to the Product of the fecond Reminder and common 
Ratio, ' . - 

■'>-■' "* • 
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a !?cing =: the leaft Tenn of any' Scries in 4f, and r =; the 
ccmmon Ratio j the Leaft, Leaft but one, Leaft but two, Leaft 
but three, gr . Teraas will be equal to a^ ar^ ar^ynr^^ Qc^ tc- 
lpe6livcly: 

Alfo y being = the greateft* Term> of the laid Series ; the 
Greateft, Greateft but one, Greateft but two, Greatcft but three, 

8r. Terms will be equal to :jr, ^i-, -i-, -^, gcrefpeSively: 

And the Mi^ahs, or naiddli Terms, we will denote by Sc^ hy 

which Means our Series in ^^DecS^eV '"^^ ^^^ ^^ 

Co, at, ar^^ nr^ , Sr.^j-, ^H -^> J 

Then a-{-ar+ar*+ Mr* -f 8f . 4- -^ +-^ + ^+y( — 

J + ^ -1-^ + -^ + !^<^' 4- /»•» + '»'^-+ 'Wjf 4^ * 

Wherefore, by Tranfpofidon, 
«r + ^r» + ^5 + 8f . + -i -f- ^+ -^- -f J ». J -, « 

r 

And a -^ ar ^ or* -^ ar= ■^Qc-^'^ +-^»t + '^ =^ J "- J^ 

But the firft Part of the lafl Equation xr is manifeftly e- 
qua! to the firft Part of the laft. but onc'Equatioaj Confe- 
quently : s ^y: ^ rzzis '-a. .^ * 

Scholium* 

It is manifeft^ by viewing the foregoing Scriisin ^f that 

/7r" *" * is n: y ; for the Exponent -of r in the leaft Term of 
rint Scries is o, in. the lealt Term but one is i,. in the leaft 
'Venn but two is 2, &t.- and therefore univerlally thie Exponent ^ 

Ci r in tlic 71' or greateft Term of that Scries isi^^ i ^ wliere- 
ijfC ar zr J. 



/ 



By the help of this Lemma 2^^ Stholhm, iF any three 
oF the five Terms, T)iz. i,:y, j, », r, be givesi, the other* two 
inay be found j ^^ ^ j 



Thus 
And 

r^ rj — s 

4 -r »• — I 

4 + ^ 



2-Tr 
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^ -^ /z 
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10 xr 

By the Log. 

2 = 7 

. r 
16 % ~ 
a 

By the Log. 
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31 + Ly 
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. — ^ 'j^ •• An Equ^tiotf 

the Root fought, and in which «, s and j^ 



^vherein r is r=r 

are the three Quantkics fuppos^d tq be given^ 



^ckolitim 



ciiap.ii.> (S^ometrical 163 

Scholium* 

If tf be =: a finite Number, and « =s . an infinite (or in- 
finitely great) Number ; then (r being, by a finite Number, cr i) 

y (By 2^ Step) rz^r**"' muft be ::^ an infinite Number) and 

confequently J = ^ ^ (by 15th. Step) muft be infinite. 
But, if J be r=: a finite Number, and «r=: ah infinite one ; then 
(r being r i) ^ (by 9*i&* Step) =— -i^will be 3= an in- 

finitely finall Number, and the only ivay we have o£ Writing 
fudi a Number is by 5 

Wherefore s = ^J^^ (by the 51^ Step) will, in this Cafe, 

= a finite Number. 




By this Theorem, QueAions that are ufuafly proposed in in- 
finite decreafing Gsometri'cal Proportions are eafily folv'd : As 
£>r Inftance, 

If it were required to find the Sum olP this decreafingNGeo- 

D JO » 

metrical Proportion -r-, "ir> "Ji » ®^* ^^ infinitum. 

Here t-= V and J =: r ; Whence — ^— =r j == t-£— . 

Again a, y, s being given, in order to find r in an infi- 
nite decreafing Series in 4f 

I find, in the ^d. Step, that, in a finite Series in -sf, r =2 

^ ; Wherefore, in an infinite deaeaCng one r •=. . 

^ta. 2. Of ^nmetrtcal 9P)dpo}ti9ii Disjunifb. 

When tfie firft Term has the fame Ratio to the fecond, that 
the third hadi to the fourth Term ; but not the fiime Ratio 
which the fecond hath to the third Term 5 that Proportion is 
laid to be Disjund or Diicontinued. 

j 
So-T ^, ^^, 18, 56 J^^ ^ Uaivct&lly a, m, d, de are faid to .| 

■ 

be in Geometrical Proportion Disjunft ; for the Ratio which J 
2 hath to 4 (which is 2) 18 hath to 36 \ but 4 has not the \ 

fiune ' 



^04 ^topo^tiom. Paa yilL 

fame Ratio to i8 : And the lame Hatio which a hath to ae 
(which is e) dhath to d^, but ae bach not -the fame Ratio 

to ^^ 

» -I 

Tbeoftnu 

In any Geometrical Proportion Disjunft, the Produft of the 
Means 16 equal to the ProduA of the Ext^eams ; that is to fay, 
fince 4, a^y rf, de may reprefent any. four Quantities in ;; »«, 
4 •• ac ;: 1/ .. de.; it is plain that Ae%d \^ :=zsi %'de z=: 
ade. ••"^ ' ' 

If four Quantities are proportional, they will alfo be pro- 
portional in Alternation, Inverfion, Compofition, Divifion, Con- 
verfion and Mixdy. Eucl 5. Qef. 12, 13, 14, 15, 16. 
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<« .. J i: r.. ^be in dire£l Proportion, 
« .. r :; ^ .. rf. Alternate. For ad ss> ic* 
h •' all d •• c. Inverted. For adzzr he. 
a^b ,. hzic^d •• d. Compounded, 
eh-^dhzzzic^hdithaLth,, ad-=^ hcj as before. 
^+r .. f : ; *-}-rf .. </. Alternately Compounded* 
ad-\'cd:i:z:chJ^cd\ that is ad = ch. 
a^i .. li\c ^^d •. d. Divided. 
ad — id zrhc — id ; that is ad ^=r ch* 
a — c -"^ : : i — <s?. .. d. Alternately Divided. 
ad '-^'fd-7=zci — cdi X^X. vsadz=zch. 
a .. h^ a::c •• d ±^c. 'Converted. 
ad-;^ac^=^hc -^ ac \ that is ad'snhc* 
a-\'b .. a — ^ : : r + <i? •• c-r^d. Mixtly. 
ac'-^ ad-^-hc '^hd:=:zac ■{'ad'-^ic'^ Id^ 
lie === zad ; Confeq. hcznad i 2c& at firft. 



.s>^. 3. How to turn (Kqitacwiu; into 0iial9fite0« 

From the foregoing Sefiion it will be cafy to conceive how to 
turn or diffolve Equations into Anologies or Proportions : 
. For if the Re6langle ot^ the two (or more) Quantities be 
equal to the R e^angle of two ( or more ) Quantities j then 
5 re thofe four (or more) Quantities proportional, by 16. 6, 
Eucl El. 

That is, if al ;=: dc ,• then, is a .. ciid •- b. 

OT c : a::b : di @r« 



From 






Chap. II. dBfeotnetn'cal lo^P 

From whence there arifes this general Rule for turning Enua- 
tions into Analogies, 

• 

Divide either Side of the given Equation (if it can be done) m^ 
to tw0|fuch Parts or Factors, as being Multiplyed together, will 
produce that Side again, and make thofe two Parts the two Ex- 
treams : Then Divide the other Side of the Equation (if^it can be 
done) in the fame Manner as the firft was, and lee thofe two 
Parts or Fadlors be the two Means. 

For Inflance, fuppofe /ii-^ad=:hd. 

Then a.* Iwd •• ^ -f- ^, or J .. a : : J -f- ^/ •. d^ g^; 

Or, taking ad from both Sides of th« Equation, it . will 
be, ah'Tzhd — ad. 

Then a., d :ih — /i .. J, or * .♦ ^ : : ^ — ^? .. /?, @^. * 

Again, fuppofe /7^-f-2^J^ = 2^j^+j7. 

Here a and ^ + 2^ are the two Jraflors of the firft Side- 
in this Equation 5 fot : ^ -|- 2^ : x ^ := /?^ -}- 2ne. Again V and 
2h ^\-y are the two Factors of the other Side ; 

Therefore a .. J? : : 2^ + Jf .. /? + 2^, or. 2i'-f-jf .. 4 4. 
2e : : a .. y^ He. 

When one Side of any Equation cannot be Divided into 
two Fa£lors as before, and the other Side can be fo Divided • 
then make jji. Unity and the former Side, or 2d/y^ the Square- 
Root of the faid former Side, either the two Means 01 tliQ 
two Extreams. 

For Inftance, Suppofe h -^-l^dz^da+g. 

Then jfi. h .. i :: da + g .. c + d. 

Or I .. h : : c -{- d .. da -[- g, (§r. 

Or 2dly. h.. ^ : da + g : ::\^ : da -^ g: .. c -+• dL ^ 

Or' V 'dfa +5 : .. h::c + d .. V-^^ + ^-j ©r. 



CHAP, III. 

Of i^at-monicai ^^opo^ttoir: 

\1 Ufical, or Harmonical Proportion, is when of three Quan; 
^^^ titles (or rather Numbers) the firft hath the fame Ratio to^ 
the third, as the Difference between the firft and fecond, hath 
to the Difference between the fecond and third. As in thefc. 
following. 

P Suppofe 



Suppo& «, h '» "^ Mufical Proporrion. 
Then 



Part VIIL 
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5 — ^^ 7 

y-^2« — * 8 
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/I .. r :: J — /I •• r — J. 
f ^ — ca-z:. ae — ^^. 

ch zTL 2ac — ah* 

-ii-> — a the firft Term. 
ch -|- ^* = 2^- 



J = 



2/«r 



tbc fccond Tcnn. 



ah T=i2ac — ch. 

-fL- := ^ the tbird Term. 



If there are four Terms in Mufical Proportion, the firft hath 
<iic feme Ratio to the fourth, as the Difference between the 
6rft and fecond, hath to the Difference between the third suid 
&urth. 

JThat is. Let a^ h, r, d be the four Terms, Be. 



Then] i 
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^ .. ^:: J — a .. cf- 
dh ^ daT=, ad — ac. 
dh T=- 2tf^ — ac* 
dh _ 

2^-— r 

^ = 2tf — 



r. 



/2. 



<!/^ + ^^ = 2^. 

^ =: 24^ — dh^ 
2ad — ^/^ 



ac 



2^ — 
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P A R. T IX. 
Of the MtMtUm and CompO0ttOil of 

•TT H E firft Sort of Equations which offer themfelvcs to oat 
-■' Conlidcration are Laterals; fuch as is a^=zhy in which 
the Quantity a is determin'd to one fingle Value ; viz. a in 
this Equation is equal to J, and to no other Quantity difife* 
fent from i in value, 

^ But in the next Sort of Equations ; viz* in Simple Quadrst* 
ticks, as a* = ^, it may be /z == + V *j ot azu — V^i 
for — ^/*x — V* is =4-* as well as -f \/*^ + V *• 

Now if the known Quantities in the precedent Simple Qua* 
dratick, as alfo in the Values of a therein be tranfpos'd, you'll 
have /a» — . /» rr o, /2 — v' * = o, and <j + v' * = o ; the firft 
of which Equations is ManifeWy the Produft of the two laft. 

Hence you have the firft Hint of the Origine of Equation5> 
which Hint, being applyed to all Sorts of Quadtatick and Su* 
periour Equations, wUl be found to fucceed, as will appear fui*. 
ther on. 

Again, \i a^r=:k, or a^^^hzriQ^ we may caCly conceive 
41 to be = ^ A, vtx. a^\/k-=:(^i But can't, at firft, imagine 
or conceive that it can have any other Value in that Equac 
tion : For fuch other Value can t be Afiirmativejp neither can 
jit be Negative : 

Now this Obftacle will be reinov'd, and an additional Myl* 
tery revcal'd, by Dividing a^ — k-zno by 4 — \J k (= o) ; for 
the Quotient thus had, is a^ -^^ a V k -^ Ij kkszo^ in which E* 
quation the two Values of a will be found, by Part X. to be 
the two imaginary Quantities, viz^ • — i- + V — i 2 x V *f 
And : — i. — ^ — ^:xV^ (for the Cube of either of thcfe 
Values of ^ is = *); confequently a ^i\ — -v/— J:x^^=:d, 
And <2 + :i4"V^"" V*^ V^^o : And the Produft of thefe 
two Equations Multiplyed by id^^\^kxz=zo produces «3 *- ^ 
= 0, as at fitft. 

P a Fu:- 
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Furthermore aiiy Equation wherein -f- 1 is the Coefficient 
oF the highcft Power of a the Root fought and o one of the 

Parts thereof may be reprefented by a J^ha^^^ -|-r4'*"^,8r. 
— /& = c (for *, Cy ^c. being Symbols or Univerfal, may there- 
fore be equal to any Affirmative or Negative Numbers or Quan- 
tities) \ which Equation, being Multiplyed by : ^ IJI ;fe : = o, 

Kill produce the Equation ^""^^ -^Id^ j^ca"^^ 8r. "^ha 

:^l it^« qi Ik^-^ ~ cka^^^ &c. ±bkz=:o. Now 'tis plain 
^hat if it * be Subftituted for and inftead of a in the lafl E- 
quation, the Rcfult will be ±^k'''^' +W" ±ck'"'\8c.'j^ 

hk qri"-*"' rp ik"" z;. cf'^\ 8c. ±,bk = o,. viz. = . 

<vherefose one of the Values of rt in the laid laft Equation is 
-+ k ; confequently ^ Zp ^ zr o. 

Hence we have firong Grounds to fuppofe. i. That any E- 
quation whatever, wherein -|- i ^^ ^^^ Co-efficient of the high- 
eft Power of a the Root fought, and o one of the Parts there- 
of, is produc d by Subtra«Sliiig the feveral Values of a therein 
from a (Where Note, that to Subtraft — is the fame thing as to 
Add -j-j And Equating each Remainder to o, and then Mul- 
tiplying all tliefe Equations together : 2. Confequently that a — 
any fuch Value of a (= 0) will Divide any fuch Equation with- 
out leaving any Remainder : And, 5. That in fuch an Equation a 
iiath fo many Value;?, real or imaginary, as there are Units in 
the Index of its highcft Power in that Equation. 

But in order to put thefe three Suppofitions beyond all doubt, 
^r. I will now confider them more particularly in like man- 
ner (I prefume) as tlie Sagacious Author Mr. fJdrriot hath 
done^ 



CHAP. L 

fthe Origine of Quadratick Equations is thus deriv'd by 

Mr. Harriot. 

Cafe I. If {^ J+^}jtlieflbyTranfpofition, ^^'^^"I'^^y 

jlUid, by Multiplying one by the other, you will have 
iUL ■^-ca^l'a ^hz=zO'^ that is /^^ -f- :<• — ^ : x ^ — ^rz=zo. 

Caf? 
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and, by Multiplication, 

Aa — €A^Ia^Icz=io\ that is 4Z4-— :r-— J:x^ -— ?c = o* 

and, by Multiplication, 

Cafe 4, If {:=Zf>;Aenb,Tnuifpofrtion,{^+f=°}:, 
fud, by Multiplication, 

44 H- : f -|- * ; X 4 4- *r = Oi; 

Hence all Quadratick Equations, wherein the higheft Term 
is 4* or the Square of the Quantity fou^t, are reducible to 
thefe four Forms 3 viz* 

1. 4* 4" • ^ — J : X 4 — ^r =s 0. , ^^^^ ^^* b <iiM< e, ht'mi ^'w- 

2. 44 — . f — ^ . X 4 — ^c „ O. j^ ^, ^^5^^ ,^ esLantity what- 
5. 44 — : r -I- ^ : Sk 4 -4- ^f" = O. fiever^ either He^l or huaginarj^ 
4. 44 + :r+*:x4-4-*^ = 0. ^"^pl^ or compound. 

And thefe Mr. Harriot properly calls original Equations, and 
from them ihews that every Quadratick Equation, wherein the 
higheft Term is 4*, ox the Square of the Quantity fought, hath 
juft two Roots according to the Dimenfions of the higheft Power, 
SB being made up by the Multiplication of two Lateral £k}uations : 
And thefe two Roots may be one of them Affirmative, and the 
otherNegative, or both of them Affirmative, or both Negative, oc 
both Imaginary : and fbmetimes they are equal to each other. 
{Jiere NoUy when they are fo with contrary Signs, the Equation 
will become a Simple Quadratick) and Sometimes not : And the 
abfolute Number = * r is always =; the ReSangle of the two 
Roots h and c (or of the two Values of 4 ) : And if it have 
a poffidve Sign, the two Roots have like Signs ; but if a Nega- 
. tivc one, unlike : And the Co-efficient of 4 in the fecond Term 
is always equal to the Sum of both the Rooti with contrary 

Signs. 
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Cr T\m h and c with their proper Signs, are the true Roots 
of the foregoing origyial. Equations will appear by fubftituting 
h and c feverally with their proper Signs, and their Squares, for 
and inftead of a and its Square in each of them. 

To inftance what I here fey, I will make ufe of the firft origi- 
nal Equation, namely aa-^i r — J:x4 — ^r = o;in which, 
if you fubftitute hb for aa^ and h for j, it will become hh -^-i 
c — ^ : ^ ^ — ir = o ,^hich is manifeflly true ; For by abbrevia- 
ting this Equation all its Terms are deftroyed, and it beoomes 
= : Whence it is certain that one of the Roots oF(^or Va- 
lues of a in) this Equation aa^zt — b:%a — ^r = ois^« 

In the next place, I fay .i- r is the other Root of the (aid 
original Equation ; for by fubftituting -f» cc (i. e. the Square of 
^- r) for /z/iand— r for ^a in that original Ekjuation, it will 
become rr-f-:r — J:x — f — ^f=30j that is, cc — rr 4^ he 
^-^h =0, oro =o« 

But in the Equation aa^zc — J:y^2 — fc=:o, <t can't be 
equal to any other Quantity befides -f- ^and — r: For fuppoiing 
a equal to any Quantity either greater or lefs than 2", as ^ •+* 2 
Ifay^-j-2 is =; — c 

Demonftration* 

a being, by Suppofition, = ^ -^ z, therefore aa-^: c^^ix 
' Y.a -^ ^r = owill become W -|- 2fe-h«z +rJ -|-*rz — tb — • 
^z — i^r = o ; that is, iz^^^ zz -{- fz=:o: wherefore h -^z 
-f-f =0, by Dividing each part byz(Vi«.byz1iro z=zo) j 
confequeiitly /^ 4- ;r.=; — r . Q. E. D. 

In like manner you may prove h and r with their proper 
Signs to be two Roots of any of the other three original Qua- 
drat ick Equations. 

Now fuppofing c zr by and c *-^b = j>, as aUb r -|- J = j, and 
Ir = b, the four precedent Equations will become equal to thefe 
four following ones celjpeetively. 

1. nn^ pa — ^ =o» JJ. ^ra— . qa -}- ^=5 0. 

2. aa ^^ fa — A =0. 4. aa^qa -\-h=^ 0^ 

In the firft of which Cafes you have rhe Sura of the two 
Roots fought (s) = — ^ ; in the 2d . j =: + p ; in the ^jd 
Cafe, s =^ q, and in the 4th Cafe, s = — q: as alfo their 
ReStangle (r)= — h in the ift and 2d Cafes, but =: -f- ^ ^ 
the 3d and 4th Cafes, given in order to find their Difference (JJ } 
and then each of the faid Roots. 

The Method of finding all which Ihall be fhewed in Part X. 

Now, 
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Now, f orafinuch as ibme Algebrifts define Adfeifted Quadiatick 
Equations in this manner; Viz. 

** When the Quantity fought is brought to an Equality with 
^ thofe that are known, and is atone fide of the' Equation in 
^ no more than two different Powers whofe Indices are double 
^^ to one another ; thoie Elquations are called Adfe£led Quadratick 
« Equations,*' 

We may iky, by that Definition, that a^ ±i la^ = db/^, 



Oriz*+ dii» = *4-c, or univerfiUy a!^ ji J^^=iJPisaa 

Adfefled Quadratick Equation* 

But thefe liquations having as mairy Roots Real or Imaginary, 
as there are Units in the uidex of the higheft Power ot the 
Root fought, and being not produced by the Multiplication of 
two Lateral Equations (as the foregoing original Quadraticks are} 
can't be faid to be origiual Adfe6led Quadratick Equations ; but 
(fincc the Method of folving thefe is of the fame Nature with 
that of iblving the foregoing ones) may be called adfedled Qua- 
dratick Equations. 



CHAP. IL 

Of the jaD^tgtne of cabicft &c. dfatiationji* 

MR. Harriot Ihews the Original of a Cubick Equation to be; 
derived from three Lateru Equatioiis, reducea firft to the 
£3rm of Refiduals or Binomials, and then multipled together ; 
or elfe from one Quadratick Multiplied by a Lateral Whence 
he deduces, that sul Cubick Elquations have three Roots Real or 
Imaginaxy, or as many as are theDimenfions of its higheft Power, 
and no more. 
Thus to form a Cubick Equation, let the three Roots ht 

<4 =s c > ; then by Tranfpofition <a — c = o f , and thefe 

three Refiduals Qiukiplied togeth^ will produce thii^ E^uatloii 

«) — c ^ -[- ^rf /^ — led 37 a 

In 



T 
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In like manner he ihews the Derivation of Biquadratick 
Equations to be from four Lateral Equations reduced ^as above) 
to the Form of Refiduals or Binomials^ and then multiplied to- 

J^ther ; or elfe from a Cubick into a Lateral; or from one 
^uadratick into another ; or from a Quadratick multiplied hj 
two Laterals continually. Wherefore he juflly infers, that every 
Biquadratick will have four Roots real or imaginary agreeable to 
the Dimeniions of its higheft Power, and no more. 

Thus if the former Cubick be multiplied by :a^ f\ =0^ 
This Biquadratick Equation wUl be produced^ Viz* 

— i 4-W —led 

From which Origijial ofthefe Equations 'tis plain, thataE- 
ter you difcover the value of any one Root, you may deprefs the 
Equation a Dimenfion lower, by dividing it by fuch Root re- 
duced to the form of a Refidual or Binomial, as above. 

Thus, if you find that one Root, or one a of the foregoing 
Equation is =: — /; then divide the Equation by :a^f:(^=^ o), 
and it wijl bring it down to a Cubick \ and that Cubick being 
again divided by :ij— *:(=oJ, oriii — f :(=o), or id — di 
(= o) will be deprefi*d into an original Quadratick, 8r. And 
this is fometimes of good ufe to dijQfolve Compound Equations 
into their Components, as Ihall be Ihewed further on. 

From this Method of Compofitionof thefe Equations 'tis alfo 
apparent of what Members each of the Co-efi^ent$ are mad« 
up. 

For, 

L The Co-efEcient of the fecond Term is always the Aggrc- 
rate or Sum of all the Roots with contrary Signs. Thus in the 
above Cubick Equation, the Co-eflScicnt of the fecond Term is 
— h ^c — d: And ^ J -. r — rf+/ is the Co-efficient of 
the fecond Term of the above Biquadratick Equation. But 
^'\- c-^ d in^ the former 5 and i^ -|- ^ -^ ^^ — / in the latter 
Equation, is the Sum of all the Roots ; whence what we have 
here fa id is manifeft. 

^ Wherefore it follows, that if all the Negative Roots, feclu- 
dijig their Signs, be equal to all the Affirmative ones ; (\ho' not 

each 
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each to each f efpcftively^ then will the fccond Term quite vanift 
out of the Equatioti, anct be Wanting, becaufe the Affirmatives 
and Negatives do mutually deftroy each other* And Vice Verfa^ 
Vrhenever the lecond Term h wanting in any of thefis Equations^ 
the Roots are thus equdl^ and have contrai^ Signsr. 

n. The Co*efficicnt of the Third Term is the Aggregate of all 
the Reftangles made by the Multiplication of every pair of the 
Roots (with their proper Signs) as often as they can be taken^ 
which in a Cubick is three, inaBiquadratick is iix, in a 5th 
Power is ten, 8f. according to the order of Triangular Numbers^ 
Thus, in the third Term of the Cubick Equation before-meiv 
tioned, *r + W + cd the Co*-efficient is the Aggregate of tht 
three Rectangles of the Roots ^, c and d^ taken by Fairs. 

And here if all the Negative Reflangles, fecluding their Signs, 
are equal to all the Affirmative ones, they will deflroy one another^ 
and fo the third Term will vaniih or be wanting* 

ni. The Co*efficient of the foutth Term is the Aggregate! 
of all the Solids made by the continual Multiplication oi all 
the Ternaries, or every three Roots, with contrary Signs, Qci 
And fo on ad Infinitum. 

IV. As in Quadraticks the abfolutc Number, or Quantity 
given is always the Re£langle of the two Roots or Values of 
Hy io in Cubicks^ 'tis always the Solid of all the three Roots, 
with their Signs changed, one into another ^ and in Biquadraticks, 
of all the four Roots f Qc. 

From this Method of Compofition of thofe EquationSj 
with due Confideration, it will be evident that, 

ift. The Affirmative Roots of any Equation are changed into 
Negatives, and the Negative Roots into Affirmatives, by clmn- 
ging the Signs of every other Term of the Equation, that is 
the Signs of the 2rf, ^th^ 6ihy 8tb, &c. Terms, or of the ijl^ 
3^y 5t&, jtby &c. Thus the Signs of the Roots of this Equation 
^4 — 43 -.- /z» -1- 7 ^ — 6 z=io(in which the Valdes ota are 
I, — 2, 1 4- ^ — 2 and I — sj -^ 2) are changed by writing 
it thus 4* 4-43 — 4» — 7^— 6 =0, or thus — a^ ^^a^ 4- 
4* -4-7^ -j- 6 = o (In eadi of which two laft Equations the 
Values of a arc --i, 4-2, — i — y —2, and — i •+■ ^^ — 2^^ 
And tbtt Sigi.s of the Roots of th^ Equation 4' '\'fa* 4- ^d 
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+ r= o are changed by wiitu^itlhuj a* ^ft*-\-qA — r 
=z 0, or thus — «' -h pa* — 54 -h r ^ o. 

And 2dly, The Number of imaguiarvRooCs in any Equation 
ivbitevei-, not includti^ any imaginary Tettn in it, is even i viz. 
none, two, four, fix, or eignt, Bc> 



PART 



"J 






P A R T X. 

I 

The Solution of :^tfe(teD^uain;attc& 

equations?* 

ALL Adfeded Quadratick EquaticMis do (a^ hath been already 
fhewn^ fall under the Confideration of cheie four Forms 
or Cafes, t^iz. 



tf* + /^ — i& = Y 



4» -^fa^b—O 
/I* 4- J^ -f- A := O 



* or Univcrfally \ 



n 

Q, -^ fa — * =r o 

n 

/J — qa -J- A = o 



^ tf -J- j/i^ 4- i!r = o 



When there happens to be more Terms in one of thefe kind 
of Equations than two, and the higheft Pov/er of the unknown 
Quantity is multiplied into fome known Co-efflbient, you muft 
reduce them by Divifion (as in Part VII. Chap. i. Seft. ^) and 
for the fraaional Quautities that may arife by thofe DiviCons 
fubftitute another whole Quantity. 

For Jnftance, let laa -^-cm — Va — r^ == <&: ^ ch \ then, 

by dividhigby J + r, you'll have m ^ ^±f a = -y^ 



d^-c 



y^y-f- ch 



Now makey^ = *, and tor-^-^^- put /j then will a^ 



■ ■ ■ ■ I 



N. R Tl^e Valutas of -^py-^-q and + h are fuffofed each 
of ibm to be = Affirmative Number i. * 



qa 



I i^ The ^olutiOtt fo Part X. 

'^ ka-r^l he the new Equation equal to the other, and now 
fitted for a Solution. But here we will leave it, and return to 
our four preceedlng Cafes ; in order to folvc each of which, it 
wiU be requilice to prcoxife this 

Lenma. 

Half {d) the Differenoc of any two Quantities (z and^, v^here- 
ot 2 is the greater) added to half (j) their Sura, is equal to the 
greater ; but fubtraded from half their Sum, i$ c^ua) to the Leflcr 
pftjiem. 



1 — 2 



I 

2 

3 
4 



Demonftratlon 

2~ij -h4«? 

jr=:^j— t^. Q.E.D. 



It hath bjpen already * proved, that in each of 
the four foregoing Forms or Cafes of Adfefted * See ftig. no. 
Quadratick Equations, the Sum (s) and Rec- 
tangle (r) of ihe two fought Roots are given, to find their Diffe«» 
icnce, and then the Roots themfclves feverally. 
Now, by the foregoing Lemma^ 

\s -^ ^d = the greater of the fought Roots, 
and ^ J — i i/ rz: the letter of them ; 
And, by multiplying them by one another, you'll have 

Then, by multiplying the laft Equation by 4, you'll have 

ss -^dd =^ i^r 
That is, by Tranfpofition, $s-~ J!f ^^dd 
And by Evolution y' : jj — . 4^: ■=: ^ 

Now, by our Lemma^ i J + ^!— i^-— ^^= the greater of the 

fought Roots. And ii — ^ "^ ^ ' — the letter of them : 

Wherefore the Canon for finding the t\yo Value* of a in 
this I ft Cafe, Viz. aa+pa-^h-=o is ( becaufe,* as we have 
alread y proved, J = ■— py andr = — /b in this firftCafe) — i^ 



./ff-r4^-jGreater "l Value of ^. 

2 . vLcffer, or Negative X 



Alfo 



/ 



Alfo the Canon for finding the two Values of ^ in this 2d 
Cafe, vi%. 

aa — fa — h^::=.o is (becauie j is = ^, and r = -*- ir ia 

.hh .d ore, i?±'^2£f^=-{£Sro, N.j.d~> V- 

lue of a. 

Again, the Canon for finding the two Values of 4 in this 
3d Form or Cafe, viz. 

aa -^ qa'\-h z=iO is (becaafc ^ is = j, and r = j& in thb 
3d are) i 3 + V^??-4^^ = ^Grgter J. ^^^^ ^^ ^ . ^^^ 

of which Values are AfiJrmative if 53 C" 4A ; and, for that Rea- 
Ibn, this Equation is called Ambiguous ; but \£ oq-^/^y then 
thofe Values are Imaginary : For, in this latter Caic, the Square- 
Root of a Negative Quantity is to be Extrafted in order to 
find the Value of a : But a Negative Quantity hath no Square- 
Root ; for whether the Root be Affirmative or Negative, its 
Square will be Affirmative ^ wherefore fuch impoflible Equa- 
tions are fiiid to have Imaginary Roots. 

And the Canon for finding the Values of a in this 4th Cafe, 
viz. /w + ?^ + ^ = o, is (becaufe j =s — q, and r = ib in 

this 4Jth Cafe) — i J + V^yf-4^ = ^Sff?' V^alue oia, 

both of which Values are either Negative or Imaginary ; and there- 
fore this laft Cafe is not taken of notice by many Algebrifts 5 and 
I (for Brevities fake) will infert it no more. 

Tho* the foregoing Method of Refolving Adfefted Quadra- 
tick Equations is what naturally follows from Mr. Harriot's 
Method of Compounding them, yet it is not the fame with 
his, which is a peculiar Way of his own ,• and that is, ahet 
tranlpofing j&, by adding the Square of half the Co-efficient to 
each Part of the Equation, he thereby makes the unknown Fare 
a compleat Square in Species. 

Thus by Tranfpofing the known or given Quantity b in the 
three, firft foregoing Forais or Cafes, they will become 

I. aa-^ pa^h 'J 
2^ aa -— faz= h ^ 
3. aa — qa := — i& 3 RefpeiJUvcly. 

And thefe Mr. Harrht calls Canonical Equatipns. 

Now 
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Now 'tis manifeft that if you add the Square of half the 
Co-efficient to both Sides of each Equation, the firft Part of 
it will thereby become a perfe£l Sauare, by which Means the 
Values of the fought Root a will be made known 5 thus, 

1. In the I ft Form where aa-^^fa^z h. 

Add the Square of ^ py to wit ^ ppj to each Part, and the 
Sums are na -v fa -^^ -^ fp -=. ;& -4- 7 fp. 
Then by Extrafling the Square-Root of each Part, 

^'^\f=:^^'h-^^ppi 

And, by 1 rarilpofing i p, you have 
^=: — -J /^ i. V: ^ + ipf :, as before. 

2. In the 2d Form where da — pa=ifh 

By compleating D , or adding the Square of -^ f /» to each Part, 

da --p^+ipp = ^4- 4 PP' 

Then, by ExtraSing the Square-Root of each Part, 

And, by 1 ranfpolition^ ^^^ip-il^-h^^ pp: , as before. 

5. In the 3d Cafe or Form, where aa ^qaz=z^ h^ 
Compleac the Square, by adding the Square of half the Coi- 

cfli^ent — J, that is ^ ^j, to each Parr, and you'll have 

^a — qa+ -^qqizn^ h-^i qqi 

Then, by Extracting the Square«-Root of each Part, 

a^\.q-^A^^:^h + i qq: 
Andj by Tran^ofition, a=:L\q^ i/ : — ^ + 4?^:, as before. 

Now by the Help of thefe Theorems it will be eafy to cal- 
culate, or find the Values of the unknown Quantity {a) in Numh 
bers. 

Example i, C^fe i. 

Suppofe aa-\-a-=:z6 \ 

Then p z=li and h z=z6\ wherefore ^ = — ^ 4^ -v^6 J, by 

Theorem i ; that is az:=. — ^ HH 2 1 = s ^ ^ > J that is to 

lay the two Values of /z are 4- 2 an^ — 9.. And either of 
thefe Roots being known, the other may be found by Sub- 
tracting th* known one from the Co-efficient of the 2d Term 
with a contrary Sign, as is evident from the Compofition of 
A'^ikfted Quadraticks. 

So 



So, if I know that -h 2 is one of the Roots of the above 
Equation ^* + 4 = 6, I can have the other — 5 hy Subtrad- 
ing ^ 2 fiom the Co-efficient of the fecond Term with a 
contrary Sign, that is from — J : Or, if I had known that 
5 is one of the Roots (or Values of a) in the laid Equa- 
tion, I can find the other -^ 2 by Subtra6ling — 3 from — 
I. Or if one of the Roots be known, the other may be had 
by Reducing all the Terms in the proposed Equation to one 
Side, and fijuating them to ; and then Dividing them by 

a known Root (= o)^ the Quotient will fhcw the other 

Root or Value oi a j thus. 



« — 2 ) ^'*+ fl— 6 = (tf + 3 = 
na — 2a 






Or/2-J*3 ) ^+•^ — 6 = (^—2 = 

aa + 3^ 

— 2^—6 

— 2^—6 



«y The TVutb of tins is mamfefi from tb^ Compofition of 
Qrigind Adfecled Quadraticks. 

And tho* it may feem impoffiblc that the Value of a fliould 
fee — 3 ; viz. that an Affirmative Quantity fliou d be equal to 
a Negative One ; yet by that Value and the fame Co-effici- 
cat the true (or firft) Equation may be form'd. 



Jhus, Let 

l9-2 



I 
2 

3 



«= — 3 

a£z=z 9, wz. = — 3 X- 3 

44 -f. ^ = j^ — 3 = 6, as at firft, 



Be- 



1 
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« 

Example 2. Cdfi 2« 

Suppofe 414 — 7/1 = 948.75. Then ~^r5— .7, mih-^ 
^48 . 75. And, by Qinafiy or Theorem 2, 4 53: 1- i v' • 948 • 75 

Now cither of thofe Values of a being known, the other 
may be had by SubtrafUon or Divifion, as in Exam* i. 

Examfle 3. Cafe 3. 

Suppofe 44 — 3^4 =s — 343. Here ^ j z=: — a6, and — it» 
^= — 243 ,• then 4 = 18 it V : 324 — 243 : oy Canon 3 j 

that is, 4= 18 J:: V 81= ^^J}^. 

Now either of thofe Values of a being known, the other 
may be found by Subtraflion or Divifion in like Manner as in 
Bxam. I. 

Not\vichlhnding all Quadratick Equations of this third Form 
have two Affirmative (or Imaginary) Roots, yet but one of 
thofe Roots will give a true Anfwer to the Queftion, and that 
is to be chofen according to the Nature and Limits of the 
Queftion; for which Reafon this third Form is call'd ambi- 
guous. 

From the foregoing Canons, by the Help of Subflitution, 0- 
thers may be deduc'a, which wiU folve all Adfeded Quadra* 
tick^ Equations. Thus, 



It 



I 
2 

3 



4» +/^'^= b) 



Then 



Suppofe a* =: e, aud die ioregdi^ Equations w2I jbce'omv 



9DfecteD itmhvatim netumtiong. 
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ll 

2 



ee + pe 
ee — fe 
ee — qe 



ill 



By Canon 



\\e 
i\e 

3K 



ip 



Rclpcflivcly ; therefore 



^/'ipp-^b:^ 
V'iPP+^\ 



But # = tf ^ by Suppofition ; Confequently- 



I 

2 



a = \/:^if± ^^pp + bi 



4==: 



\/'iP±^/iPP+^'^ 

n 




■4U — hi J 



Rcfpeaively: 



There is anbther Method for Refolving AdfeSed Equa- 
tions, and that is by calling of the fecond Term, which is 
done by Subftitution, thus ; Take always half the known Co« 
efficient, and, in Cafes ift and 4th, add it to, Bot^ ftT Ca- 
fes 2d and 2d, Subtraa it from its Fellow-faftor, and for 
their Sum or Uifierence fabititute another Letter. As in cheie 



Cafe 1. 



Let 

Put 

2 ®-2 

3 — I 
44-* 

5 U4# 2 

2,6 

ft " 

w Utt 

2 



I 

2 

3 

4 

5 
6 

7 
8 

9 



n 



n 



ft 



a -^pa* -^ippzuee 
jj^pptssee — h 
-4- pp'\-h:=iee 
^/ :ipp '{-bi—f 

n 
n 



« = Vv-if + ViW-t-*! 



R 



p«r« 



uz 



The f^Mim of 

Caff 2. 



Part X. 



Le: 

Vut 

2®-2 

3—1 

5«u; 2 

2y 6 

7+iP 

8.4 



I 

2 

3 
4 

6 

7 

8 
P 



n' 



4' - f 4^ = it. 

If 



n 



ipp-\rh^ee. 

n 



» 



Let 

Put 

2©-2 

4 — » 

5 ««» 2 

2, 6 

7 + T? 

fl ^ 

O uu— 
2 



I 

2 



3 

4 

5 
6 



7 
8 

9 



r ' 

Cife 3. 



4" — 54'=_^, 

It 

H 

iqq ^ee ^ h. 
i qq — hznee. 



n 



^' = a^±^/•4 22~*• 



lt 



4 = V'isilr V-iJJ— ^* 



Hence 'tis evident that whatever Method is wfed in folving 
thefe (or indeed any other) Equations, the Rcfult will flill be 
the lame, if the W ork be true. 
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PART xr. 

Of 0mttit$A Mntftitm* 



CHAP. I. 

iSXmfUon^ producing pimple Cquattottsi* 

SeSlion i. Qtieftion I. 

i C200) Pounds a*e to be Divided between two Men, that 
the one may have d (73) Pounds more than the other. What 
' is the Share of each Man ? 



Siippofe 

And 

Then 

and 

3+4 
5-rT 

.3-4 



\ 



I 
2 

3 
4 
5 

6 

7 
8 



i ^ = i}" ^y *^* Queftion. 



rt = the greater Share. 

e = the Lefler. 

a 4- e= s 

a 

2a=:s -\- d. 

a = i-±^(= 222iZ2pounds=i36/.ioj.oc</.) 

2 2 

^z= ^-^=^(=63/. los. ood). 



Suppofe 
Then 
and 



Or thus, 

1 1 4 = the greater Share. 

2 ^x - rf = die leffer Share •» ^ ^^ q^^^j^^^ 



ana |3 I ^ --p « — » := 



2,5 



J + rf 



:=: greater Share. 



i±£-^= 



= lefler Share;. 



R 2 



Queftion 
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Queftion 2. 

2 /i-^ tf=iq (lOOOOD) ; Qucrc a and e. 

az::r s — e 

a — eq 

s — e (=rt) s= eq 

s:=qe+e 

j-f-i V loocoiy 

^_ s qs / 100000 % 

^'^^ q'\'\~ q^-'iKr^ \O0OO\J 
Queftion 3. 

A Gentleman finding leveral Beggars at his Door, gave each 
of them ^ (:?) Pence, and had c (6) Pence remaining ; but 
he wou'd have given them d (4) Pence each, but that he 
wanted f {2) Pence for to do fo. How many Beggars were 
there? 



t — e 

3 = 4 
5 + ^ 


3 

4 

5 
6 

1 


«-rff + i 


7 


3.7 


8 



Suppofe ^ 1 



Then 
3 ^haU 



2 
3 



^-T^'-* 5 



4 :=r the Number of Beggars •= ? 
^ /« H- f = ^^ — /, by the Queftion* 

f -{-/'=: da -^ ha. 

5:Z1 = ^(=t5^ =8Beggars). 



Qneftion 4. 
One being ask'd. now old he was, anfwcr'd, if -v^ GV) die 

Number of Years I liv'd were Multiplyed by -2.(|)thatNum» 
ber, the ProduS wou d be my Age, I demand his Age ? 



Suppofe 
Then 



^^ 



^7s=:his Age* 
en pa ^ epaa 

-^ 2 i<7 zr cpn. 



I 

2 



_.^ .r— =: tf =r -J— by the Queftion, 



^•T'f 



3 *2 



^=4C=-^=P6 Years}. 



duejiiott 



Chap. I. f^tmpu tmatUm^ x^s 

Queftion 5^ 

A Man with his Wife did ufually drink out a Veffd of 
Beer in h C12) Days; and they found, by often Experience, 
that, the Wife being abfent, the Man drank it out in f (20) 
Days. The Queftion is in how many Days woud theW^ 
alone drink it out at that Rate ? 

1. Suppofe ihe woud drink it out in a Days. 

2. Now, in order to find what Quantity he would drink out 
in a Days, £iy 

c Days .. i Vcffcl :: a Days .. — Vcffcls the Quanfr 
ty he wou d drink out in a Days. 

3. Therefore the Quantity (or Number of Vcflels) which ht 
and ihe together would drink out in^ Days is = i -f- - - :i=, 



'C'\-a 



Vcffels. 



4. But he and ihe together did alfo (by the Queilion) drink 
out I Vefiel in h Days ; therefore to &nd what Quantity they 
both together did drink out in a Days at this Kate, (ay 

* Days .. X Vcflfel : : a Days .. -|- Vcffels. 






5 

6 
7 

8 



f-M 



a 

c -^ 7" 

ch :=^ ca — ha* 

Queftion 6. 



A Hare, being h (50) Paces, or Leaps of her own, before 
a Grey-hound, makes r (4) Leaps to the Greyhouna*s x (3) 
Leaps : But m (2) Leaps of the Grey-hound's are as much 
as n (3) Leaps of^ the Hare's. How many Leaps muH the Gray- 
bound take to cHtcb the Haire ? 

I. For 



\ 



ii6 iSiUtttim^ producing Part XL 

1. For the Number of the Gfay-hound's Leaps fought put a. 

2. Thch s .. r::a .. -^ (that is, as the Number of the 

Grsty-hound's Leaps is to thofe of the Hare's in any time, 
fo are all the Qray-hound s Leaps to all the Hare's Leaps afcet 
he began to courfe her.) 

-f-* = - — itf — = the whole Number of 

J s 

Paces the Hare went. 

A. w .. « :: a .. • — (that is m is- to n as the whok 

Kumbcr oF the Gray-hound's Leaps ijr to the whole Number 
of the Hare's Leaps.)* 



3. And 



ra 



4> 
5 — mra 


'5 

6 
7 

8 


y-~-SK~ mr 



■ zrr ft dm 

J 

msh , 



2X 3 X y> ; 



3x3—2x4 



300 



sn — mr 
Leaps of the Graj^-hotod*^.) 

Or, having proceeded as far as the 3d Step, it is evident 

that a Leaps of the Griy-hound's muft be equal to ^^ ■ ^ 

Leaps of the Hare's : And, by the latter Part of the Queflion, 
m Leaps of the Gray-hound's are r= « Leaps of the Hare's ; 
therefore ma Leaps of the Gray-hound's are :=ina Leaps of 
the Hare's j confequently (by dividing each P^t by m) a Leaps 

of the Gray-hound's are = — a Leaps of the Hare's, which 

are (by what has been here iaid) = ^Sliilt: And, by Mul- 

tiplying each Part by my you get the Equation in the 5th Step 
foregoing. 

^ Vitruvius (in Zi*. 9. Cap. 3.) reporticth that King Hiero ha- 
ving given Commandment for the making a Crown of pure 
Gold, was informM, that the Workman had detained part of 
the Gold, and mixt the reft with as much Silver as he had floln 
of Gold, The Ring being much dirpleas'd at the Deceit, re-» 

commended 



Chap. I. ^im^ <B<\mtuim» m 

commended the Examination of the Bufinefs to the famous Ar" 
cbimedes oS SjracuJ'e^ who, witfiout defacing the Crown, diC 
covered the Cheat m this Manner, viz. Experience telling him 
that a Quantity of Gold wou'd pdle& lefi 9^6m or^pace than 
a Quantity of Silver of the fame Weight, and confequently that 
a mixt Mafs of Gold and Silver of the fame Weight wou'd 
take up Ibme mean Space between the two former, He made 
a Mafs of pure Gold of the fame Weight with the Crown, 
likewife another Mafs of Silver of the lame Weight with thp 
Crown ; then having put the Crown, as alio the other two Mat 
fes fcverally into a Veffel filled up to the Brim with Water, 
he diligently referv'd the Water flowing ovej into another Vet 
fd ; and from thofe three Quantities of Water fo cxpell'd, he 
found out the Quantity of Gold and Silver in the Crown. 
But, lince Vifruvius delivers not t^ie Pra6lical Operation, I Ihall 
here Ihew the lame after the manner of others* 

Quejiton 7. 

Suppofe the Weight of the Crown, as alfo of the two Mat 
fes to have been each = ^ (10) m ; alio that by putting the 
Mafs of Gold into the Veffel, rf. 52 )» of Water was thereby 
cxpeff d, by putting in the Mafs of Silver, </ ( .p2 ) » ; and by 
putting in the Crowp, /(. 64)16. The Queftion is to know 
now much Gold and how much Silver the Crown was comr 
pos'd of? 

Suppofe of 4 ib of Gold, and therefore of ^ — ^ & of Silver ; 
dien. 

If * ft of Gold expel r ft of Water, « ft of Gold will 

expel -y- ft of Water. 

Again, if ^ ft of Silver expel i% of Water, h^a% of 

Silver will expel -T^ — 2. i^ of Water. 

And therefore the Quantity of Gold and Silver in the Crown 

will expel ^^"^ ^ ^ ft of Water, which mull be =:/ft 

of Water, by the Queftion^ 

And by Multiplying each Part by J, we have en ^da + 
dh = tf. 

By Tranfpofition ca-^da^^ If — hd. 

By Divilion ^^- ^fZ^"^ === j^K===^7fe of Gold). 

And therefore J — 4 =5 * ^H * C== 3 * of Silver.) 

Queftion 



1x8 iSiUtttionti producing Part XL 

Queftion 8« 

'To divide i (po) into four fiich Parts that, if the firft be in- 
crcas'd with d (2), the fccond Icffcned by d^ the third Mul- 
tiplycd by rf, and the fourth Divided I^ rf; the Sum, Remain- 
der, vProdua and Quotient may be equal between themfelves. 

Suppofe the four Parts fought be equal to a^ ^, « and y rc- 
fpeftivelyj then 

Solution. 



J^ 



2\a ^d=ie — dy 
3 rt -j- ^= du. 

4 



2 + rf 

5+6 + 7+ 

8=:i 

9 Reduc d 

10, 6 

10,7 
10,8 



a 



+^-f- 



5U =:/t. 

8 
9 



10 



II 



12 



2^ + 2^^ — ^-j h^^ + «?</( 

^ -j- » -I- jf) = ^. 



s ^ + 



^ 



» 



^5[y = 53Tpirf+iC=^40). 



3 

4 

y + 6 



Queflion 9. 

= ^ C2380). 
= r (2205). 
= ^(2i68>. 

=/(2450)J 



and 



k . 



2 — 1 

4—1 

5-1 

6 -\- 2a 

S +■ 2a 



10 



II 



12 -i. 



13^7 



14+154- 

16+17+ 
18= i 



ip Rcduc'd 



I 
2 

3 
4 
5 

6 

7 
8 

9 
10 
II 



H 
15 

16 

17 
18 



Chap. r. ^impfe €ati:a«on^» i 2 9 

and 2: + ^ f -^ * -' , T. . ^ ^ (27cx>> The Queflion is 

what is the Value of a ? 

The Queflion beiiTg reduc'd to Integers givej 

3a-he-4~x+y+z=:.h 
4*' + '« + *4.jr-f-x = |r, 

•^x-^-a-i-e -^y^z=:<^d. 

6.yfafe~+.x-i.z=6f. 
7^ + a-^ e +x+y=:jg, 

4*— 2^^=5^^_2^ 

^J' — 2« = 6/--.3^ 
62— 2^* = 7^ _ 3^. 

3^ = 2a -|-4r— .3*; 

4Ar=2a-f- 5</— 3*. 

^ , '2 5J,- 2/1-1-6/— 3^, 

*=± ^ T 4f-?^ . 
3" 3 • 

4 4 

.^.24 , 6/— 3» 

J 5 ^ 5 * 

6 ^ 6 

> 3 4 5 6 3 

35 »^ - 8dr - 75^- 72 f ^ ^^.i 

. . ,' ;. 204 1=420/. 

t ^^^ ^^ °""u' ^'/' y ^"^ =^ «^ ^ ^^^ known W 
e iSth, i6tb. T7th and iRth <;►-,» /.k_. :. ./i^'"- " "/ 
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*Tio %r.«.u z^u V '^ ry J ^"^ * wiu DC raaae Known bv 

Ciueftiott 10. 
-...T^^o Ships A and B loaden with the fame ff^r^ Arwr 

^u^^cf ^L-S; t^^-BoS ^S^Vr! 
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(156) Shillings more. B had / (400) Hoglhcads, out of which 
Ihe paid ^(2) Hogflieads, and received out oithtmh (20 J Shillings* 
The Queilion is what the Wine was valued at per Hogthead ? 

1. Suppofe at a Shillings per Hogihead. 

2. Then A, having on Board t Hoclheads of Wine, paid 
(c Hogflieads -f- J Shillings or) the Vsuuc dE :ca^ d: Shil- 
lings out of theni. 

2. And B, having on Board / Hogfh^ads o£ Wine, paid the 
Value oE :ga — h: Shillings out ofc them. 
4. Now, if h Hogflieads pays en -^ d Shillings, / Hogflieads 

muft pay ■ ^ * — ^ Shillings =ga — h Shillings. 

df'+' hh ::z. hga — cfa. 

JJ^ZTTf = ^ (= ?4 Shill. = 4/, 14J. cd. 

per Hogflicad). 

Queftion n. 

A Merchant bought h Uo) BuQiels of Wheat, c f24)Bufliel3 
of Barley, and ^ (20) Bufliels of Oats together for j& (154) Pounds; 
afterwards he bought, at the feme Price for each Sort of Grain, 
/ (26) Bufliels of Wheat, ^ (3©) Bufliek of Barley, and h (50; 
Bulhels of Oats together tor 5 (16) Pounds ; and after that he 
bought, at the feme Price fcr each fort of Grain, k (24) Bufliels 
of Whc;3t, / (120) Bufliels of Barley, and m Cioo) Bufliels of 
Oats together, for r (j/[) Pounds. The Queftion is what each 
fort of Grain coft him, per Bulhel ? 

I. Suppofe the Wheat caft him a, the Barlq^ ^, and the Oats^ 
l^ounds per Bufliel : then * > 

2 l^a ^fe 4- dy^p'^ 

/^ -I- ,? ^ + i&j = J > By the Queftion. 

ha-]- /«?-{- wy = r y 

ba^=^p — c e *— dy. 



2 -*- f ^ — dy 
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4— le — my 
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fa:=zi — ge — by. 

a S=S ' I 'm t f . , 

ka=^r— le — my. 
T — le — «2y 



p — ce — dy 
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^^ -r ^z -fc 

8 = 10 

16 Tranfp. 

Put 
and 

14,19 
18, 20 

21 = 22 

25xDH 
24 — HC^ _ DF 

25-i.DG-HC 



13 
H 

15 
16 
17 

18 

19 

20 

21 

22 

23 

24 






■^ hq - fp + fdt - bhi 

I'S — /<• 

f - X^ — by _ r — h~~my . 

kq — hge — khf =fr~fle —fmy. 
fie — J^s =fr —kq-\- khy —fmy. 

e =: /r ~ ^^ + *^y -/wy 

/ • — *^ 
B =^^ -fpf:—fd^hh and D=*j-/f 

F=fr-kq,G=^h-fm and H=// X;g. 

B+Cy 

^ J5 

B4-Cy_F + Gy 



26 



HB4-HCy = DF + DGy. 

2S HB — DF = DGy--HCV. 
HRi— DF 

lings). 

The Value of y being thus found, that die ( ^ -^^ Pounds =5 3 
Shillings J will be given by the 21ft or 2 2d Step • and then the 
Value ot a (zn 4 Pound = 5 Shillings^ will be had by the 6th, 
8th or icth Step. 

^ Quffftion 12. 

If ^ (12) C0W8 eat up c C^t) Acres of Pafture in d C4) 
MoHths, ancl/ (21) Cows eat up<g; (10) Acres of the fame Pafhire 
in h (p) Months. The Qucftion is, fuppofing the Grafs to gro\y 
uniformly, how many Cows will eat up k (36) Acres of the 
faid Pafture in / (18) Months ? 

1. Suppofe jr = ? 

2. Suppofe the Quantity of Grals upon each Acre of the 
Pafture at the Time of putting the Cows upon t to be r=: 2 ; 
then the Quantity of Grals upon c Acres isr z, upon^ Acres is^z, 
and upon k Acres i% kz. 

2. Suppofe the Quantity of Grafi produced by each Acre of the 
laid Pafture each Month to be t=: ^z ; then the Quantity that will 
be produced by c Acres in d Months is zr, acd^ by ^ Acres ia 
h Months zr ag hy and by k Acres in / Mouths is =: ^ /t /, ^ 



Si 



4, Sup* 
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' 4. Suppofe the Quantity of Grafs that each Cow eats up each 
Month to be -rr ^ ; then the Quantity of Gra(s which h Cows will 
eat up in d Months is = ebd, which / Cows will cat up in b 
Months is z=z ^fby and which jf Cows will eat up in / Months is 

Then, by the Queftion, 

ehd =icz + acd. 
^fh = gz-\'agb. 
eyl= kz-^dkl. 

cz 4- ac d 

it ■ I I 

e ^ 

jh 

ihg—fc:%hd ' 

ehd — fz 
a 



5, 

II ,12 

7j,io,i5 



5 

6 

7 
8 

9 

10 



iiuz = 



r^ 



I efb -- gz 

gh 
I \b -di^cPz 

^1 ihg-^ cj:%dh 



H 



•?V, t*/ / \h — di ^cgl ^ 



1 



el 
(— 54 Cows). 



*^tff the I iti^ Prob.iin Pafi^^9) 
of Sir If. Ncwton^j ^r^fit. Vuivn^ 
Jalis, 



Queftion 13. 



Suppofe a Clock hath two Indices A aiid B, and that A is 
carried h (24) Circumferences (or h tinies round) in r (24) 
Hours; and B is carried, the fame Way, d (i) Circumferences 
in / (12) Hours. The Queftion is, if they were conjoined at 
this. Inftant, in how many Hours woud tb^y be conjoined 
again ? 
^'Suppofe /irs Number of Hours required,. 

Then r Hours .. h Circumferences w a Hours *. Cir- 

c 

cumfercnces =: A's whole Courfe in a Hours. 

da 
/ Hoiirs .. d Circumferences :: a Hours .. — y- Circymfc- 

'■.'/■ 

renccs ^ B*s whok Courfe in a Houx;3. . • 

It 
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It is evident that the Index whofe Motion is fwiftcft will 

out go the flovveft i Circumference in a Hours ; whence ^ si, 

i^a da • ^ . hfa^ dca ♦- ''^ 
CO — X-- = I ; that IS — =^ Y^ = J. 

Wherefore, Multiplying each Part by r j^ 

1? fa CO dca rr f/1 
And, by Dividing each part by if co dc^ you'll have a =: 

ITF^i^ -^^^ ^ I TT Hours.) 

pf^dc^ 24x12 — I >c 24 

Lemma* 

To fihd the * leaft Number, which being Divided by tw^ 
OK more Numbers ihall have no Retpainder. 

4 

Reduce the two firft taken Numbers to a common Denomi- 
nator; then Multiply their Numerators by one another, and Miilr 
tiply the greateft common Meafure of the Numerators I^ thck 
common Denominator ; by the laft ProduQ Divide the Product 
of the Numerators, aijd the Quotient is the leaft Number that 
can be divided by the two firft taken Numbers without having 
a Remainder; which found Number take as one, and one of 
the remaining Numbers (if there be any) as an other, and 
work . with tl^fe in like manner, as with the two firft taken 
Numbers ; and fo proceed with all the other Numbers (if more 
there be), and the laft Quotient is the Number required. 

In "brder to Dea\pnflrate this tenma^ I will fuppofe the two 
firft taken Nupibers^ after they are reduc'd to a common De- 

h d 

nominator, to be equal to — and — , and ^ to be equal to the 

c c 

greateft common Meafure of h and d^ and a to be equal to 

b d 

the leaft Number that caii be Divided by — and — widiout 

yd 

)eaving a Remainder. I&y, that ^ is = 



^S 



M. 



NJ* Th9 NumhfTf hert tntted of gnJuff^tU to t^ jtfkmati'Oei 

Demons 
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DemonftraiioH. 

For, if be Divided by — and — feverally, the Quoti- 

c^ c c 

d h 

cnts will be equal to whole Numbers, to wit to — and ; 

wherefore, if a bc^\not "3 , it is equal to it. Now, in 

^ & r 

order to demonftrate 'that a is not -3 , fuppofe a -3 — — ; 

and fuppofe e to be fach that it may be equal to any Num- 

h d 

-bcr that is cr 1 5 thea ahy Number whatfoever, which is -^ - — 

may be defign d by : And fuppofe a = 1 Now this 

' . . i d 

yalue of a being Divided by — and — feverally gives the 

d h 

. two Quotients equal to and — r-, either or both of which 

Quotients is or are equal to a Fradional Number or Fra6tional 
Numbers, which is contrary to what is required, or g is not e- 
qualto the greateft common Meafure of k and d but ge, which 
is contrary to our Suppofition 5 wherefore the Suppofition, namely, 

that ^ is "3 — - is abfijrd : And confequently ^ is =z — • 

eg ^ . eg ' 

Hence 'tis evident that ail the NmnBers which can* 0e Di- 

vided by the Values of- — and ^-r without'having^a Remain- 

c f ** 

J ^^ - J •-. \# u-^i -L *^ 2^^ zhd /kid 
der are and its Multinlcs,^iz:. -<^ — , ■ j ^ ^ ' a --^^ — ^ 

^ ^5 . ^& , ^g ^& ^g * 

}§c. fo that if you take one (if there be any) of the remaining 

, Numbers, and find the- leaft Nuniber that can be meafur'd by 

hd 

it and the Value of ; the before fouhd Quantity ■ — , you will 

have the' leafl Number that can be meafur'd (or Divided with- 

out leaving a Remainder) by the Values of — , — and by 

' the laft taken Number. Finally by proceeding" fo with all the 
other Numbers (if there remains more) you will manifeftly find 
the leaft Nuiiiber that can be . Divided by the givon^ Numbers 
without leaving any Remaiuider. ft. £. D^ 



Qfl^po 
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Qutftion 14* 

Suppofe a Qock hath four Indices, to wit A,B, C and D. A 
is carried i time round the whole Qrcumference of the Clo<5fc 
in I Hour ; B is carried the lame way 17 times round in i Hour; 
C is carried the fame way 2| times round in i Hour ; and D is 
carried the feme way 3 times round in i Hour. The Queftioit 
is, in how many Hours, after all the Indices commence a Motion 
trom the fame Point, will they all be conjoined again. 

Suppofe A to be conjoin d vdth < C >in < ^ ^ Hours^ 

Since As Motion is the floweft, it is evident that cither of 
the reft, to wit, B, C or D will be carried i Circumference more 
than A at the time that it wiU be conjoined with, or overtake- 
A : Wherefore, in order to find iii how many Hours A and B 
will be conjoin d, fay ' 

i2 X I -h I Circumferences r=r ^ x i^L Circumference?, 

That is a'-\^ 1 z=:i\a\ therefore i =: i f ^ — ^ .== i ^\ 
Confequently 2 =: ^2 ; that is to fiy A and B .will be cbnjoin*<l 
in 2 Hours, 

In like manner e will be found ::;;: \y which is die Number of 
Hours wherein the Conjundlion of A and C will be accomplilh*d. . 

And by a like Procefs' with the foregoing in finding the Value 
of /I, the Value of y will be found to be f . 

Sinc^ (as we have n^ prov'd) A will be conjoin d with B in 2 . 
Hours, after it was cofgoin'd with it before, it is manifeftthatr 
they will likewife bec^ouVd in every Multiple of 2 Hours, 2^ \ 
4, 6, 8, 10, 8r. Hours; In like manner it will appear that A 
will be conjoined with C in .J Hours and every Multiple thereof^ 
^ 4) 4> '4"> V, V>^* 'Hours 5 and that A and D will be con* 
join in j. Hour and . every Multiple of ■{• Hour, as ^, J, |^ $, 
4^^ 0r. Hours ; whjercfore the leaft Number that can be Divided 
without having a Remahider by a, \ and i is the Number ojE* '^ 
Hours wherein the Conjunflion of A with B, with C and with :j 
D will be accomplifli'd ; anid, of cohfequence. A, B, C and D '; 
will then be on fhe Tame Point. 

Now, in order co find fhe leaft Number that can be Di-^ 
vided by 2, % and 4 without leaving a Remainder, 1 proceed,- as 
my Rule direas, thus : . 

The two firft taken. Numbers, fuppofe 2 and ^, being reduc*d 
to t common Denominator^ are equal to \ 9xA \ refpedively ^ 

and 
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aiid the leaft Number dtjat can be Divided by -J and | without 

a Remainder will be found (by the faid Rule) z= -^ z= ^• 

4x1 4 

And the leaft Number that can be Divided by -^| aiid i. C|.) 
without a Remainder will be alfo found (by our Rule, or Lem^ 

mn^ =± ^^JL? r= 6 : wherefore 6 is the Number of Hours 
4x2 

wherein A, B, C and D, after their being mov'd from the lame 

roint, will be conjoined ; that is to fay 6 Hours is the Anfwer 

required* 

Queftion 15. 

A Clock hath three Indices A, B and C A is carried — - 

f 

(I) times round the whole Circumference of the Clock in one 
Hour. B is carried the lame way — (-^J) times round in one 

d 

Hour. And C is carried the lame way — {}1^) times round 

in, one Hour. The Queflion is, fuppcfing them to be mov'd at once 
from the fame Point of the Circumference, as alfo fuppofing 

-—-^ — and — -:3— ., in how many Hours from the laid 
P g q ^ 

Moving will they all three be conjoin d again. 

Suppofe A to be conjoin'd with ^ C f^" '^♦^ r Hours. 

Since As Motion is the floweft, it is evident that either of 
the reft, to wit B or C will be carried i Circumference more 
than A at the time that it will overtake, or be conjoin'd with 

A : wherefore -— -{- i Circumferences := ^ Circumferences; 

P i 

therefore ah^^pti — acpy 

And^ by Tranfpofition and Divifion - — 2_£_^_ -— ^^ 

cf — hq^ 

In like manner e will be found rr , ^^. — • 

• Wherefore A wiH be conjom'd wieh B in — 2i-^,^ Hours 

cp — hq^ 

ind every Miilriplc thereof, as ^i^, ^f\ , -^- 

cp^^bq^ cp^hq^ cf^hq 



1 



v. 
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&c. Hburs ; and A will be conjain'd virith C in y> ' ^^v 
Hours and every Multiple thereof^ viz* in r — f^ - > , , -5 — -^ 



df — hr" df — br^ 
//^» — ^ ^ ®^' Hours ; and therefore A will be conjoia'd with. 
B, as elfo with C, and coiifequepdy B wxH be eoi^oin d witji 
C in every Quantity that can b? Divided by r^-^-j- and 

■ , X — 7- without leaving a Remainder ; Confequently the leaflr 

Quantity that can be Divided by -i-— - — and ^ ^^ without 
^ ^ ^ cp — tq dp ^ tr 

leaving a Remainder is = the Number cf Hours wherein the 

ConjunSion of A, B and C will be accooiplifli'd, or the Anfwer 

required. 

Now ■■ ■ . ^ * and'rr^ — : — beina red«cd -to a com- 
cp — hq dtp — i> r ^ 

mon Denominator are -ttt-t r^^'^i/JJ- -- v.^ ^ ^jid 

cdpp — h cpr — vdj^q 4- f^b qY 

- j^ - ^/^j^^— f|^ ♦' — and the leaft Quantity that 

cdpp — hcfr — hdpq -\-bbqr^ -^ 4 

can be Divided by thole without leaving a Remainder will be 
found, by our Ijfmma (putting w r= the greateft common Mea-» 
fure of dpq — brq and cpr — bqr) to be 

cdp^qr -^ bcfpqrr — bdppqqr + bbi>qqrr fqt 

'.cdpp '^icpT — b dpq'rY bbq^ri^m ' ap : 

( — . ^^'>^ , 7 ;= 70) Hours. Anfwer. 

Lemmay ^ V 

F ^, r and d be each of cfaem equal to known AflSrimtive * 
whole Numbers ; and ba-A^cr^idex *Tfe required to find the* 
leaft Values of a and e in Affirmative whole Numfoers. 

From * <?, or (if c be cr d) the "^ leaft Multiple ^ . , 
of ^ that is not lefs than "^ c Subtraa r, and, if J^ * ^^^ 
there be a Remainder, Divide it by b (But, Note, ''^^^^'^ ^ 
when the Remainder is -^ b^ this Divifion is fuperfluous) ; i£ 
any thing rerpair^i Add to it </, or the leaft Multi^ 'oid^ £> 
as the Sum may not be lefi than >, which Sum Divide by b ; 
and if any tMng yet remains, add to it dy oi thcf leaft Muki^e 
of dy fo as thjE Sum may not be lefs than ^, which Sum Di- 
vide by b : Proceed thus *till nothing regiains (or 'till you have 
tiie £uBe Remainder twice, in which Caie tlie Que(tion qt^ 

T pos'd 
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pos'd is maliifefily impofliblc) then, putting z = Number of all 
tliiB d^s in the Operation, I fay that ^ is =z. 

For, fince ^, by Hyp. muft be equal to a vthde Number, de 
tvin be equal d or fome Multiple of dy as dj2d^2 dj Qc. and the 
leaft of thele, from which c being Subtra£led and the Remainder 
Divided by h will leave no Remainder, is (eve- 
fy whole being equal to afi its Parts taken toge-^ ^ S^e the foU 

ther) * manifeftly r: ^ z 5 wherefore -^-7— ^fe j. ^^* 

is = the imalleft Number capable of being 

an Affirmative whole one : But, by Hyp. , ■ = a mod 

Be z? the imalleft Number capable of being an Affirmative whole 

one 5 confcquently — ^^^— = ^ T"^ i andzzs^. Q.E,D» 

Examples* 

1. If 17/1 -f- 5 = 19 ej 'tis required to find the Icaft Values 
of e and a in Affirmative whole Numbers^ 
Here 175=*, 5=5f and 19 = ^. 





3 ^ 
ip=id 




17M1 


17)22(1 
19 —a 


I7)]£(i 
II 

IpSSif 


i5 
J7)35ta 


17)24(1 
ip = « 


i7)3c(x . 
ip =</ 


I 


17)251 
9 


17)32(1 
ipssd 


• 


' • 


I7)J4(2 



o Remaider 
fcught J confequently 1 1 (= the Number of rf's in the Operation) is 

:z:ze ; wherefore ip x II =:rfi?iS= 2Cp;and — ^^ =; 12= a 

2, If 6^ + 2 =r 5^, *tis required Co find the kaft Values of 
and ^ in Affirmative whole Numbers^ 
H€rc6;=:*;2s:=rand5=</, Ofera^ 
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Ofiratloa* 



T 
I 






f =52 

a 

I 

o Remainder lbugl)t: : Confeqqently 4 (rr IJ4umbet 
of the d*% in the Operation) r=: ^ } whercfqre 5 x 4 = 20;=z^^ 

3. Biit^ if 4A+7=:i4^> theQ 
14=5^ 
r = 7 

4)J7(4 * 

I 

3 the fame «^ a foregpii^ Renx^inder $ and con- 
fequendy it is impoffible to fiqd the values of ^ and ^ io wliole 
Numbers. 

4^ If 3114. x£ss8^i Quere ^.andiK in the leaft Affion^ve 
Intitters. 

Here 5 = K i6=:f and 8=:<f; and (c being c<^) the 
leaft A^ukipk or ^not l^thaa ris = 16 = 2d. 
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o Remainder fought ; confequently 2 (^3= Number of 
the d\ in the Operation) = e ; and — ^^ — '^ — = o =: ^. 

5^ If 40 ^i -+- 16 1=6 «•, Qucre e and a in the leaft Affirmative 
Integers. 

Here ^Orzr^, 16 — c and 6'=d\ and (r being r<0 the 
leaft Multiple of d not lefi than c is = 18 = 3 rfi. 

' Operation^ 

18 = ^^ 

2 

• 45)44(1 

40)40(1 

o Remainder fought: Confequently j-jry + 6 rr 16 
Cr= the Number of ds in the Operation) is :=ze ; Wherefore 

6^16 = 96- de, and?^-^=-i^(z=-^7-^)-2=4. 

Scholium. 

The leaft Value of </^ ( — ^^ -+- r) in Affirqniative Integers 
being thus had, all the other Affirmative Integer Values of ^^ 
may be found by adding to that leaft Value the leafi Affirmative 
Number that h and d Meafures^ and the levefal Multiples of that 
Number ; Or any of the Aff : Values of de being known, and 
Divided by the aforefaid Number, will give the Remaider ;= the 
leaft: Aff: V-alue oide. , 

Quefiion 16. 

'Tis required to find the leaft Number, which being Divided by 
2, ?, 4 and 5 Ihall leave 1,2,3 ^^^d refpeaively for Remainders, 

Firft, in order to find the leaft Number, whioh being Divided 
by 2 and 3, will leave i and 2 refpeaively for Remaifldcra, I 
proceed thus, by our Jjsrmcu 

Therefore 3 ^2 4- i = 2 tf. 

Here 



• 



Diap L ^(mtriie equations, :x4i 

Here i? = J, i ;:=: f and 2 = ^. 
2 =V 
c= I 

I 

o; •whence 2 (=i the Number of d's) fe =r ^ 5 and con- 
fequcntly 2^4- i scs 5^ -^- 2 = 5 is the leaft Number, which 
being Divided bj 2 and 3 will leave i and 2 reipe6lively : And 
the leaft Number that 2 and 3 Meafures is (by Lsmrna to Ciuefl. 
14.; 2 X 3 =: 6 ; confequeutly 5, 5 -h6, 5 + 6x2, 5 + 6x5, 
Sf. equal to 5, 11, 17,. 23, Sf. arc the only Numbers, which 
being Divided by 2 and 5, will leave i and 2 reipedively for 
Remainders j wherefore the leaft of thofe Numbers, which beiag 
Divided by 4 will leave 3 is the leaft Number, which being Div^ 
ded by 2, 3 and 4 will leave i, 2 and 3 refpedtivdy \ in order to 
find wMch, I proceed thus, by our Lemma. 

Therefore 6fl + » :t=: ±e^ Here 6 =>,, 2=rr and 453: rf; 

(C=5=;2 

2 

6)6(1 

o j whence 2 (= the Number ot dts) is =s ^ • coni«* 
-^quendy 4^ + 3 s= 64 + 5 = 11 : And the leaft AS: Num- 
ber, that can be Meafur'd by 2, 3 and 4, is 12 : Ckuifb^ 
quendy 11, 11 -|- 12, It + 12 x 2, 11 + 12x3, 8^- are 
riie only Numbers, which being Divided by 2, 3 and 4 
will leave i, 2 and ^ refpeSively for Remainders ; wherefore 
the leaft of the laid Ivumbers, which being Divided by 5 wil| 
leave no Remainder is the Number required j which to find, 
I proceed thus, by our Lmma. ' 

12/Z+- II = 5^+[o. Here I2=i, ii=rand5 = rft 
f :=rii 

12)14(1. 

3 
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2 
10 = 2d 



U 



12)12(1 

o 5 wherefore 3 +• 24-2= 7 (=ithe Nunotcr of J»s) 
rrf; and 5^ = 124+11^^ 3^^^^ Number required. 



SeS. 2. Qf tRnlimitteft i&tttfftotur^ 

I will now proceed to dve an Example or two of the Method 
tifed in arguing about unliniitt^ Qudlions, viz. (uch Queftions 
as admit et imiumersd^le Anfwers, fudi as thofe in Alligation AJU. 
cernate. 

ExamfU u Queftion 17. 

A Tobacccnift hath three forts of Tobacco, viz. bnc of 2S. 8J. 
the Pound, another of 20 rf. the Pound, and a third fort of i6 J. 
the Pound : Of thcfe he wou d make a Mixture to contain 56 
Pounds that may be fold for 22 d. the Pound. How much of each 
Iprt muA he take ? 

Let ^1= the Quantity of that worth 2s* Sd. or 32//. the 
Pound, ez=z that of 20 J. the Pound^ and j = that oi 16 d. the 
Pound: 

Then ^ 4- ^ +^ =$6 

And 32 4 -f- 20^ 4- 16 y 7 f^i-each Shtantity MuUlfJyBd iti$^ 
sr ^6 X 22 ^: 1252. f t'*' oivnFflce ^juaji their Sum 

3 4 MnUiflyed into the medu Price. 

This Queflion being thus ilated it apfiears, by Pare VII. Rule L 
that it is capable of innumerable Anfwers ; becaufe for any one of 
thefe three Letters a^ e, jr, there may be taken any Number at 
pleafure within certain Limits, which are to be dilcover'd in the 
following Manner, and all die proj^r or pofGble Anfwers in whole 
Numbers be thence found, thus. 



^ Let 

And 
1 — a 
2—32^ 4 



3^ itf 

6-7-4 
?-7 



7 
8 



y 



as above. 



2 32/a + 20^^-15^=: 1232 

20 ^ + i6y = 1232 -* 3211 
51 i6eJ^ i6^s=8p6 «*— 16a 
6j"4^ =336 — i6d ' 

^ = 84 — 4^. Hence /« -3 84 -f- 4 (2i)* 



j^ = 3^ — 2». Hence atr^ (pf j 

Firom the two laft Steps it appears, that the Quantity fignifieil 
by ay ought to be left than 21, and greater than pf ; that is, any 
Number betwixt 9 J- and 21 may be taken for die Vabe of 
a: Confequently there SB^y be eleven Anfwers todusQucflion 
^ whole Numbers. ' - ^- Suppofe 
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Suppofc ^ =s 10 5 then ^ = 84 — 4^= 44> f^ 7* Step, and 
"y = 30 ' — 28 := 2, f ^r 8th Step, 

Again, if /i = 11 5 then ^ = 84 — 44 = 40, f^r 7th Step, 

and y =-35 28 rs 5>/^ 8th St«p. And fo on for the Reft, 

which wiU te as in the following Table. 

1 



a 


^ 


y , 


a 


e 


y 
14 


a 
18 


12 


26 


10 


44 


2 


H 


28 


II 


40 


I 


15 


24 


17 


19 


8 


29 


12 


36 


16 


20 


20 


20 


4 


32 


n 1 ^2 1 II I 


17 


16 


25 






1 



Thus it it will be eafy to find out and collet all the limitted 
Anfwers to any Quefiion of this kind, whe/ein there are only 
three Quantities piopos'd to be mix*d : But when there are more 
than three, then the Work requires a little more Trouble ; becaufe 
the fiiigk Limits of all the Quantities above two muA be found ; 
that is, if there are four Quantities concerned in the QuefUon, the 
Limits of two of them mufi be found ; if five Quantities are 
concern d, dien the Limits of three ot them muA be found, @#* 
as in the following Quefiion. 

Example 2. Xiuejiion 18. 

Suppofc it were required to mix four forts of Wine together^ 
viz. one fort worth t s* ^d* the Gallon, another fort worth 41. "ji. 
the Gallon, a third fort worth 3 x. 8 ^. the Gallon, and a fourth 
fort worth is. pd. the Gallon. How many of each fort may be 
taken to make a Mixture of 63 Gallons, fo as the whole Quanti* 
ty may be fold for ^s. 6d. the C^lon, without Lois, (ic. 

FirA let all the teveral Rates, and the me^ Rate be reduc'd 
to one Denomination, viz, into Pence. 

Viz.ys. J.ir=88t/; /^s.yd.^='yfyd; ^s. 8^.^=444/ ; 2 j.pi/. 
= 3 :;<!/,• ana 5^. 6d. = 66 d. Then put ij = the Quantity^of that 
worth 88J. the Gallon 5 e = that of 5*5^. the Gallon-; j = thaj. 
of 441/. the Gallon ; and u = that oi 33^/. the Gallon. Then 

aJ^e 4- J '^ut=z6:}9 by the Queftion. 

88a +- 55^^ + 44^ ^33^ — 6^%66z=z 4158. 

^ -hy 4- « = 63 — /I. 

55 (f -f 44jr 4- 33 « = 4^58 — 88^. 

33^+33J^ + 33« = 2079^33«. 

22^ 4- iijr = 207P — 55 a. 

2 e +^ = 189 — 5 tf. Hence tf is -3 i.If (jff\). 

55 ^ + 55 J^ + W « = 3465 — 55 ^• 
iijf+ 22» = 33^ — 69-:^. 

y + 2u^:=3a — 6'i- Hence «c- 63 -7-3 C^O* 

Froaj 



and 
I *-« 

2-88^ 

3^ 33 

4-5 
8-4 



2 

3 
4 
5 

6 



9 

10 



\ 



1 
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From the 7th and 10th Steps it appears, that the Quantity of, 
that fort of Wine denoted by a muft be lefs then 37 1 Gallons,* 
and greater th^ 21 Gallons : That is it may be a:=r ahy Number 
of (jallons betwixt 21 and 37^. 

Next to find the Limits of e^ j and u. 
Suppofe 



But 

12—2^ 

Again 

14-^ 



II 



12 
15 



a — 22, then will 5 ^ := 1 10, ajid 3 /z :rr 6(5, 
2e ^ y=z 189 — 5<2 =r ypj per yiix Step, 
^ rr: 7p — 2 f . Hence. ^ ra -t (^9rX 
^4jr-j-K=c63 — ^—41, /^^ ^d Step, 
j-j-wjzz 41 — <^. 
u ~ e — 38. Hence e c" jS, 

From the 1 3th and i6th Steps it appears that iS a~ 
then tf j=: 39, jf = 79 -^' 2^ = i, and « zr; ^ ^ 38 = j. 



15—13116 



22^ 



•Suppofe 
But 
18—2^ 
Again ) 20 

20 £'21 

21— ipl22 



Again, 

i7Ur=2^, then 5/z — 115, and 3/? =r 6p, 

18 2^ 4" J' =^ ^8p- — - 5 ^ rr: 74, />fi'r 7th Step. 

19 ^ J' = 74 ^ 2 ^. Hence ^ -^ 74 ^ 2 (57;. 
■^-|-j-j-«:t=63 — a-iz. 40, />^ 3d Step^ 

u^jne — 34* Hence eC 34, 



From the 19th and 2id Steps it apf^ears that '^ a -zz 233J 
then e may be 35 or 



36. 



Let 

But 



24—2^ 25 



23 

24 



Again 
26 — ^ 
27—25 



Once more fee a further Illuftration. 

^—24; then 5^ — 120, and 3^2—72. 
26* -[-7 = i8p — 5^ = $9, />.-r 7th Step. 

jf := 09 i2^. Hence e ^-r Co-irJ- 

e^y -yuzn 6:^ ^-^a =: 39, per 3d Step^ 

> + «~39 — ^, 

« n: ^ — T 30. Hence ^ c 30. 

From hence it appears that if /i r= 24^ thea e way be either 
31, 32, 33 or 34, viz. it may be any Niamber betwixt 30 and 
34' t>y the 25th and 28th Steps; rroMA wbcnce the Valuta 
expand u may be ^afily iound^ 



26 

27 
28 



That k, if 





Proceed- 
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Proceeding thus with all the other Values of/?; there may 
be above 120 Anfwcrs foynd to this Qucftion in whole Num- 
bers, and if you plcafc to put ^z = to FraSions, there may 
be found an innumerable l^ctt of Anfwers. 

Thofc two Examples beii% well underftood ^cfpecially iF the 
!aft be thoroughly purfued^ may fuffice to fliew the Mediod of 
X^imitting Anfwers to all foits of Queflions of this kind. 

S^8. z. ^Suxtikm$ prodHcing $&tmpl« ^titS^aticft, &"<;• 

Que ft ion ip; 

A certain Footman A departed from London towards Lincoln • 
and at the lame time another Footman B departed from Lincoltt 
towards London^ each keeping the fame Road. When they met 
A laid to B I find I have travelled i (lo) Miles more than you, 
' and have gone as many Miles in c (6|) Days, as you have gone 
Miles in afi hitherto. But laid B at the end of d (i 5) Days hence 
I fhall be at London^ if I travel ftiil after the &me Kate. Quere 
the Diftance of thefe two Cities from one another, and how ma- 
ny Miles each Footman had travell'd when they met. 

1. Suppofe the Number of Miles that A went each Day to be 
r=: a^ the Number of Days that he was on the Road to the time 
that he met- B c= z ; then the Number of Miles that he went to 
the time he met B will be := « /?. 

2. Suppofe the Number of Miles that B went each Day -=6 ^ 
then the Number of Days that B was on the Road to the time 
that he met A is (fince B parted from Lincoln at the lame time 
that A parted from tendon) == z ; and the Number of Miles tha{ 
he went to the tim« he met A will be == z e^ 



r m 

5 = 7 

3-i-z 
7=5 10 




fer Qaeftion. 



7 

8 
9 

10 



%e 

c z 

ze -■{' h 



V' 100= 10) Days; 



£1 

z 



z 

ze A- y 



« 



?lxx 
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12 de :=zze -f- h 
15 de:=ze^cd'^h 
14 </^ — .^yrrf == i>. 



15 
16 

X7 



^rr 



^ c d — c 



+ 4® = 100; =: the Number of MUes that A and B wenU 
when they met ; that is =5; the Diftance ia Miles from Undom 
to lincoln. 

Qtieftion 20: 

It is IS required to find three fuch Numbers, that the Sum of 
the Firft and Second Multiplyed by the Third, may be » ^ (63) ; 
and the Sum of the Second and Third Multiplyed by the Firft, 

w ? ^. =f f ^^?^ ' ^^ ^^ Sum of the Firft and Third being 
Multiplyed by the Second may be =^(55). 

^^ e and y reqrefent the Firft, Second and 

(.Third Numbers fought. 
^Jf + ^^ = *> 

^^ya~€> fer Queftion: 



Let 

Then 



^+5 + 4 
Let 



5.6 7 

1-^ 8 

8-r^ 9 

7-3 10 
7 — 2 II 

11-7-^12 

ft 

*o = 13 14 
16 



2 

3 
4 
5 

6 



s 

2 



315—2*^4^ 



a 

ayszi.s-^d. 
„__ s ~ 2d 

2 <Z 

^«— it-2ds — 2ts4-a.J'd . 

ts — c— ^s^ 2dS'^2i^S'^ 4.td . 

2saa — ^caa = ss -^ 2ds -^ ihs -{- ^id. 
^;_ ^s — 2ds — 21^3 ^-^4.1^ d 
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16 uo 2 



17 
19 



""-^ -^Tir^c f-2^^ 



2^ 



2^ 



QflBftion 21. 

There is a Wall containing * (18225) Cubical Feet. The 
Height is c (O times the Breadth ; the Length is d (8) times 
the Height. I demand the Breadth of the VVall. 

If ^ = the Number of Feet in the Breadth of the 
tWaH 
cai&zz the Numb, of Feet in its Height 7 i> 1, 
dca = the Numb, of Feet in its Leneth C -n. "J. 
l\a^ca,,dca^dcca^~h. ^ JQueftion, 



Suppoie 
Then 



and 
5 tw . 3 



4 
6 



rtJ = 



Foot). 
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A BCD, Qc. 

Lermm. \—\ — i — ( — 

IF along with the one thing A, in any ftraight Line, be placed 
any Number of Things B, C, D, 8f. at any Diftance ot 
Diftances from one another ; I lay the Number of the things A^ 
B, C, D, 8r is by one more than the Number of Intervals AB, 
BC,CD, 8r. 

DetmnJirntifiH, 

If in th^ laid flraight Line along with, and at any Diftaixces 
from the one thing A, yoii place « things B, t, D, &r. (« being 
equal to any whole Number whatfbever^ it is evident diat yoil 
place n Intervals A B, B C, CD, J^r. Confequently the Num- 
ber pf things is » -{-* I, and the Number of Intervals i^s n. Q,.EiD» 



p^ 



^vefth^ 



:i4$ 
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jPiU 



Queftim i. 

1; (56) Soldiers are to be plac d in a Square 
Battle in fuch manner, that every two Soldiers 
next to one another in Rank may have c (8) 
Foot DiSance between the Centers of their 
Stations ; and every two Soldiers next to one 
another in File may have d (3) Foot Dif- 
tance between the Centers of their Stations. 
How many Soldiers muft be plac'd in Rank^ 
and how many in File ? 

1. Suppofe a = the Number of Feet in the Side of the Square. 

2. Then (by the Nature of the Qucftion, and by the foregoing 



1 








TUmmd). 



-[- I r= ! — IS 



: the Number in Rank. 
. And— +!=.£+_ is = the Number in File. 
4. Therefore " * ' 'J x^^ _. ^^ 



3 



5 
6 

7 
8 



10 
II 

12 



13 



d T d 

a a -^ ic^-di'ica-^ c d 

cd 

tf/z-f- :c-^d:%a-^cd=:l^cd. 

aa--\^:c-^d:^a=i led — cd. 

c -{- d z= gy Bxid c — d=ib, 

aa-j^ga=: led -^ cd, 

aa -^rga + i^gg = hcd — ed+ -^gg—lcd 

^=V--*/f + if^- -?<?(= 24). 

^ IS = the Number 

in Rank (— 4}, 

J— i— IS = the Number m 

File (= 9). 

Queftion 2. 

. The Sum (V) of the Squares of two Numbers being given, 
as alfo (r) the double Produd of the Multiplication of the feme 
two Numbers 3 to find the Numbers feverally. 



^%cd 
<,-^cd 

Suppofe 

6,7 
Corap. D 

9m 2, 

io - ks 



3.7," 



/ 



Sup- 



iftDCecteD itm'i>tsMt'li€mitUm^i 



r. • 



Sippofcl I 

and 2 

Hicn 3 

and 4 

5 

7 
8 

9 

10 



STranfp* 

10 uxt 2« 



^=s the greater Number} 
^ = the leffer. 
aa ^ ee znt 

^ c 

*" 2/X* 

cc 



\ pt C^ueffiom 



ee 



an +• 



cc 



h 



4 

a^ .^ fan = _ 



rr 



^24 ^ taa + = • 



2 — ^ 4 ' 
l^ •+' ^ :hh '^cc : 

2 



12 



12 101 !• 



^^ 14 
15 



3 

12 = 14 

l5Tranfp. 16 
16 ^ui 2. 17 



^^2 



^ 2 

^+ a/ :hh — cc : * 

— ■ = J — ^^. 

2 

er^ = — ^^ T -. 



»» 



rr: 1 



Scholium. 



From the 13th and 17th Steps arifts this Canofi for Extraiting 
the Square-Root of Binomial or Refidual Numbers. 

Canofi* 

Prom the $quare of the given Sum of the Squares (or from the 

Square of the greater Part ot the given Binomial or Refidual) 

Subtraft the Square of the double Produft given (or Subtrafl the 

Square of the le(fer Pait); then Add and Subtraft the Square-Root 

of the Remainder to and from ^e given Sum of the Squares (or 

... _ __ ... - ^ ^ 
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to and from the faid greater Part). Laftly conneft the Square- 
Roots of the half of that Sum and Remainder by the Sign -"f-, 
if a Binomial be proposed, but rightly by -p^, if a Refidual 3 fo 
you'll have the dcfired Square-Root. 

Examfk. 

Let it be required to EjctraS the Square-Root of 27 4^4/ 704: 

Oferdtion, 

From the. Square of the greater Part 17, ziz. I II 72p 
Subtraa the Square of die leflcr Part \/ 704, viz. . • . 704. 

And the Remainder is , ;2^ 

The Square-Root of which Remainder is ^ 

Which added to the greater Part 27 is 32 

The half ef which Sum is i5 

The Square-Root of which is the greater Number z=./f 
The Square-Root 5 SubtraSed from V 

tibe greater Part 17 leaves j ^^ 

TThe half of which is .....; n 
And the Square-Root thereof is the lefler Number = -v^ ii 
I lay the Root fought fliall be the two Parts fo found conneQ- 

ed by 4-, that is 4 -^ ^ 11 : 

But if • — infleed of -{- be prcfixt to the lefler part, then the 

Square-Root fougjit (that is the Square-Root o£ 27 -^ V' 7^4) ^^ 

Two Men D and E made a Stock of h (i^O Pounds. D s 
Money was in Company for r (12) Months, ana E's Money was 
in for d (8) Months. When they lhar*d Stock and Gain, D re- 
ceiv d / (67) Pounds, and E g (126) Pounds. I demand each 
Mau s Stock ? 

Before I give an Anfwcr to the above Queftion, it will not be 
improper to lay down and Demonftrate the Principle upon which 
the Solution of all Queftions in Fellowfliip with Time is found- 
ed, in the following 

Lemma. 

If two Men D and E mak^ a joint Stock, but fo that the Mo- 
ney of them both is not out for equal Times ; then I fay, that 
D*s Stock Multiplyed by the Time ot its bemg out, is to^ E's 
Stock Multiplyed by the Time ct its being out, as D's G^in is to 
^*s Gain. ^ Sup-^ 
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Supj)ofc D's Stock =r /z ^ the Time of its being out = r, and 
his Gain r= y. 

Suppofe E s Stock 5= <? j the Time of its being out = d, and 
bis Gain := z. 

I %, that ca .. de :: y : z. 

Hemonjiration. 
If IVs Stock and E's Stock had been out for equal TimeS|' 
then a .. y ::e .. --Z- which is E's Gain, in cafe his Stock 

was out juft as long as D's* Now becaufe his Gain muft be 
either greater or lefe than this, according as the Time of his 
Money's being out was greater or lefi than the Time of D's 
Money being out, therefore 

c •• ~-^' :: ef •• 2. 
a 



Whence arifes this Equation cz 



ill. 



a 



; therefore r/2z;a 



iey. 

And confequently ca .. dewy .. z. W.JV.D. 
^his being premis'd, I thus proceed to give a 

Solution. 

1. Suppofe D's Stock = a ; then his Stock Mulriplyed by 
his Time is =r<af, and his Gain is zizf^a. 

7.. Then E's Stock =s J — ^ , his Stock Multiplyed by his 
Time :=idh — da^ and liis Gain =^ •— * + <«. 

ca .. dh ^ da: :/'_ a .* g ^^ i -^ a, 

cga — cha 4- caa •=ifdb — fda — dla 

-^daa. 

caa — daa '^ cga ^ fda + dba — cis 

—fdJ?. 

aa + SZ±fi±^^L:Z±a^ £^. 

c -^ a c »^d 

c ^^ d 

aaA'hazzi -^ — -- 
* c — a 



• • 
• 


4 


(^.TranTp. 


5 


5-TC-d 


6 


Put 


7 


«,7 


8 


Comp. □. 


9 


?*w> 


10 



^« + ;&/» + i ;&-& =^+M,v 



•'■/ 
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= D*s Stock. 
Then, 2, 12 J-^tf = Es Stock (= no/.) 

QueftioTt 4. 

A Merchant bought a Piece of Cloth for h («;o) ShUKngs ; 
and, after cutting off c (10) Yards, fold the Remainder for as 
much as the whole Piece coft him, by which he gain'd d (i) 
Shillings fer Yard. The Queftion is, how many Yards were 
m that Piece, and what it coft him fer Yard? 

/z = the Number of Yards that was in the Piece.' 

{e z=z the Number of Shillings that the Cloth 
coft him per Yard. 
The whole Piece coft him aes^zh Shillings. 

ce ^ cdjhy the Queftion. 
ce^izad'^cd. ' 



Suppole 
and 


I 

2 


Then 
and 


3 
4 


'4 + ff 


5 


^■Tc 


6 


3-r« 


7 


6:^7 


8 


«8 Reduc'd 


9 


6.9 


10 



e = 

e =z 
da 



da T 

c 

• 

a 



a 



a = ^ + ^: 

d 

2 






cc 

4 



rfrf 



4- 



: ( = 50 YardsJ. 
— : (= I ShUI). 



Queftion 5. 

•Tis required to find two fuch Numbers, that the greater of 
them Divided by the leffer, the Quotient may be lefs by h (2) 
than the Difference of the faid two Numbers 5 And that the« 
Produa may exceed their Sum by c (20). 

A :=. the greater Number. 
e = the leffer. 
a ^ eziza-^e — l^. 
^ ^ = ^I -|< ^ H- f , fer Queftion. 
azzz ae ^ ee -^ be. 
ae f^ az=:ee ^ te. 
ee H- he 



Suppofe 

and 

.Then 

and 

5> 



^^^-i 



I 
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4 
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6 



^ — I 



S-^ 
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4 ~ a — e 
7,8 



8 

9 



ae — a — e zuc. 

e^ -^he e — ee — he 



(zszee '•\'ie)-^essi 






e ^ I 
ee-j^de (Spotting d equal to i 



e 



p Rcduc'd \io\iJ\\ ddJ^ ci^\d^=ie (^=4^. 

The Value of e being thus had, that of a (ziz 8^ may be 
found by the 7th Step. 

Queftion 6» 

Four Numbers in tt are required, the Sum of whofe Means 
is = ^ (6)i and the Sum oi their Extreams = c (f). 
Suppofe /• 1 ^f 1 

Then _ 

=:firftNua]iber. 



Alfo 

AndU 

AndJ5 



2 
13 



b — -^ 



a .. J— a:ih'--a.. ^^ — = fourth Numb, 

a 

^ . — I — : c^ -per Queftion* 



b -^ a 



5Reduc*dJ6U = 



h J : — 

2 — ^ 4 



bbb . . 

-3^4r, = r=4or2;. 

The fecond Number =: a being thus found, the other three 
may be had by the id, 3d aiiid 4th Steps : (viz. 2 or 4 = third, 
8 or I := firft, and i or 8 ^x: fourth Number^. 

Queftion 7. 

To find four Numbers in -•- fuch that their common Difference 
may be = * (2)^ and their rroduft rz: c (9\^)* 



Put 
Then 

And 

Comp- a 

5 lui 2. 

6'^\bb 



I 

2 

3 

4 

5 

6 

7 



7 (ui 2. 1 8 



^ ^ I ^ ^ = the firft Number. 

a^\h will be = 2^, /z -j-f ^ =5 3^, and a {- 

I ^ J =: the 4th Number. 

a^ — |. *^^i^z ^- Tr J* = r, by the Queftion. 

a^ — Lbbau = c -y b^» 

a^^lJbaa^jib'^=cL^b^ -J-.vii>»=r 4-K 
a* — ^bb z=x/:c-[- b*: 
a^-^z'^bb-h k/ ic-^-b^: 



The Value of a being thus found, the four Numbers foughc 
may be found by the ift and 2d Steps : (f^iz. 6 — 3r=:3==:ift, 
6 — I =i: 5 = 2d, 6 + 1 = 7 = 3d, and 6 + 3=9= the 
4th Number). 

JC (lutfftioft 



IT4 
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Quejlion 8. 

Thcrq arc five Numbers in —■ whofe Supi is = > (20), and 
their Produft nr c (720). What are thofc Numbers ? 



Suppofe 

then 

Then 
ajid 



3 

4 



3-rT 


5 


5.4 


6 


6x 512s 
7 1 ranlp. 


7 
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8-7-25CX)^' 


P 


Compl. □ 


10 


10 bui 2 


II 


40 


12 


12 tju; 2 


I? 



/z — 2 ^ and a-^e to be equal to the firft and 
fecond Numbers fought relpeftively ; 
a^a^e and a -^ 2e will be equal to the third, 
fourth, and fifth Numbers fought refpcftively. 

:a — 2e:y.:a^2e ly.za^^ei^za'-^ez'i^a 
:szc zizai -^ 5^3 ee + 4^^S f^rQuefiion. 

— =^(=4)- 

3125 25 ^ 5 

^^ — 125^3^^-+- 250oJ^'* = 3i25r. 
2500 J^^*- 125^5 ^* = 3125c — ^^ 



>»»ii 



(?♦ — 



20 4^ 



20 
1600 4J » 



2500 

'^ 1600 ~ 4^ 2500 *^ 



pH 



40000 

4^ 4iL_ 

^^' 40 — ^ 4^ * 40000 



9J4 

40000 

40QQO 
9^4 



( = ^ 



• 10 dl V • 45 + 3^ • = y • 10 ± n/ 81 : = ViP 0^^ rather 

The Value of e being thus had, the five Numbers fought may 
be found by the 5th, ift and 2a Steps : (f'7z. 4 — 2 -v/ 19, 
4 — v^ 19, 4, 4 *f- V IP> ^^ 4 + 2 4^ IP i or rather 4—2, 
4 — I, 4, 4+1 and 4-f-2 5 t;/z. 2, 3, 4, 5 and 6 are the five 
Numbers required). 

Queftion 9. 

Two Men have eacli a certain Number of Crowns whofe Sura 
Subtrafted from the Sum of their Squares the Remainder is :=' 



Chap. ir. a^fetteD j^traDiaficft dBdmtiom. i j-j* 

h (78) ; But their Sum added to the Produd of tlx^e two Num- 
bers, the Sum is =; r (35?). How many Crowns had each ? 

I. Suppofe a ^ e 1= the greater, and a -^ e:=z the leflcr 
Number of Crowns fought ; then 



By thej 
Queftion, "^ 

9 Tranfp. 

7-rT 
8 Reduc d 



3 

4 

5 

6 

7 
8 



-^ a -^ ez=h:=z 2a a -^ 2ee -^ 2 a. 

aa -i^ 2 a '•^ c ;=: e e. 

2aa + 4^ • — 2f 3= 2ee. 

2aa -f-2^tf-f-4<a— 2r— . 2/z sz: ^ =r 4/w -f- 24 — 2r; 

2r4-^ = 4^z^ + 2fl. 

2C +^ .IT 



4 



The Value of a being thus known, the Value of ee^ and 
confequently that of e will be found by the 4th Step ; and then 
the Values of ^ -(" ^ ^"^ ^ — ^ the two Numbers Ibnght are 
cafily had : (Thus^- a being = 6, /7/z + 2/j — c :zz ee [per 
4th Step; = 364-12 — 3P = p; confequently ^ =: y' P = 5 • 
Wherefore* 6 4- 3J===P and 6 — 3 = ?. ar^ the two Numbers 
fought. Proof I ror 12 their Sum taken from po the Sum of 
their Squares leaves 78, and added to 27 their Re^flangle makes 

39> 

• Queftwn 10. 

• • 

There zxt, three Numbers in Arithmetical Progreffion ; the 
Square of the firft Term being added to the Produ6l of the o- 
ther two is =*(i6); and the Square of the Mean being ad* 
bed to the Product of the two Excreams is =:r (17). What 
are thofe Numbers? 



Suppofe 

Then 

and 

2 — a 
5 — aa 

6^e 



I 

2 

3 

4 

5 
6 



>S 



a, e^ V m 



<a •+- y z= 2 ^, by the Nature of -^ 

^^^^J-^J^^^pbyiheQaeftioii 

jrs=2 e—a. 
ey z=zt — aa. 
b — aa 

y= . 

X3 



S = 7 



Its6 



iSiUe^OtX^ producing ?m HI 



5 = 7 

ff Tranfp. 
4— r^ 



II -r^ 



5 = 12 

13x^2 
10 + 14 

15 -r^ 
16®" 2 

17 — 15 

18 = 10 

20 Tranlp. 



8 

9 
10 
II 

12 

15 

16 




17 
18 



42dRcducd 



19 

20 
21 

22 



ay -=: c ^^ ee. 
c — ee 



2^^ ~ ^W r= r 1— . e*^. 

tf^ = * + f — 34*^ — ^ _ 5^^^ patting w rr J+r. 






?»*— 3^^ 



^ 



23 



^^ »y^ — 6mee -^ Qe^ 

ee * 

y,^^ ^. — ^^ — 6m eeA-oe^ 
aa^ae— - ^^ ^^ m + ^ee 

_ I2^*^7»gi?*-+;»OT 

.^^ • - .- 

12^* — 7;/z^» + »^»_j^^_2^4^ 
He'^^jme^—iee^i — mm, 

-^ 14 . H 

putting ^Jz3;J«4.-iL. 

14 



+ y4l:3^ . 547±15 _^ ^^ .121 
^^784 ^ 28 -3 0^^ V-TT—-- 



121 



14 ^1^94 



> 



^ being thus found (to be = 3 ^^^l^), ^, by the 
I6di Step, wiU be found (= 2 or-^^g) 5 and then j, by 
the lath Step, will be alfo fouijd ( =: 4 or ^4.^ x 



N.B. 
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N.B. The abwetJumkers vith Neiative Signs prefixt to them viU Uke^ 
wife Solve the Siuefiien ; for the firfi Rg^tal Sign ^nfixtyo the Value 4 
ein the ^'^d Stef may as well have ^^ prefixt to it as '^r* ^ff ^^^^ ^^if 
^ueftion is capable of four dijfennt ^njvirsi Ttu may ihinf ore conclude 
that the Value of e can^t he exprefs^d ky any Equation iowot^ ifsan that in 
the 23d Step. 

Quejiion lU 

There are three Numbers ; the Square of the Firft of which 
added to the Produft of the Second and Third is =i' (i); jhe 
Square of the Second added to the Produ£l of the Firft and Third 
is r=r r (2) ; and the Square of the Third Number added to the 
Produa of the Firft and Second is = rf (4). What are thofe 
Numbers ? 

I. Suppofe a, /le and aey to be equal to the Firft, Second 
and Third Numbers fought refpe£tively. 



Then 



2-ri + *^^y 



^^ee-^ey 



4— ^^Jiy-i-^ 

8, 

6 = 7 

to, 

I2x cte 

I3,i4|n 
1% Reduced 



2 

3 

4 

5 

6 

7 
8 



aa^ aaeey =z i 
aaee + a 
aaeeyy^ 
h 



aey — c > by 



the C^ueflian. 



aa-=i 



act =r 



aa^sz 



c 
e e ^ ey* 
d , 

TTypfe' 
c 



I -f-eey 
hee 



ee -f- ey 

— c 



10 
II 
12 

I 

16 



ce e — be 
e d 



ee -f- By''~' ^eyy + ^ * 
ceejj •—deyc:zd ee — eel 

_- ^^^* — ihce* 4- cc . 

^^'~ cce^—Thce^'^bbee' 

I , hbee'^— ibcce* A-cce 

ceejy— - ^ 



ccee — - ^hce 
hdee — cd 



-f. bb 



"bdee — cd 
ce -^b 



ccee — 2bce -j- hb 

= o. Now 



i_f8 iStUeStionft producing Part XL 

Now the Nttmbers expreffing the Values of the above given 
Quandties muft be Subftitutcd for them in the above Ecpaation, 
and then one ot the Roots (or Values of e) in that Equation 
muft be Extrafted, by the Numeral Exegefis or Converging Se- 
ries, &c. And when* any one of the Values of e is known, that 
ot y will be accordingly found, by the pth Step 5 and then, by 
the 5th, 6di, or 7th Step will likewife be found the corret 
ponding Value of a <«, and confequendy of a ; 8r. 

(Thus the Equation in the 1 6th Step being Numerically ex- 
pre(s*d is — 7^*-|^9^ 3 — See-^-pe^o^so ; and one of 
the Values of e in this Equation is Manifeftly : And then y 

^ ^^^-^ — (by the 9th Step) = ■ "^ ? - is = -^i 

2x00 — IxO^'' ^ ^^ — IxO O' 

wherefore « ^ = 7-2 . (by the 6th Step) is=as i : Confe- 

00 "-p O X T ^ 

quently a=i or = — i : And therefore 1, o(-= i xo) and 
2(r=r I X o X i) ; or — I, — o and — i aire Numbers that will 
anfwer the Conditions required by- the proposed Queflion. 

Again the above Equation Divided by ^ -*- o (= 0) quotes 
—7^3 + 8^* — 8^-t-9 = o; Confequently 7^3 — Stf^ + 8^ 
-^p = o an Equation wherein one of' the Values of e may, 
by either of Dr. Halleys Theorems^ be expeditioufly found to be 
J • I344'582I22, 8c. then y (by the pth Step) will be rr — • 4953 
0280 4- : And then a a (by the 6th Step) =2.75825885 + , 
Confcquently a=;i. 6608006 -t- or = — i ^ 6608006, 8r. 

Wherefore i. 6608006 -f, 1.8841089 - and —.9332044, 
Be. or — 1 . 6608006, 8f. — 1 . 8841089, 8f. and -f- . 93320 
44 + are likewife anfwers to the Queflion proposed. 

Again je^ — 8^* -t- 8^ — 9 =r o being Divided by ^ — 
1. 1344582122(^=0) quotes 7 d"* — . 0587925145 ^f.-f- 7 -PS? 
302349 = o nearly ; And this Equation Divided by 7 gives 
f * — . 0083989306^ -J- 1 . 133528907 = nearly, an Adfea- 
ed Quadratick Equation which hith no realRoot : And confc- 
quently the Queftion proposed, when defign'd in the above Num- 
bers, has but four real Anfwers, the four Anfwers more being 
Imaginary). 

Ky* See this Sjiefiien etberwife folv'din Dr. Wallis'/ Algebra, Vol. 
2 from Page 2^4 to Page 274, 

N.E. In moft Queflions the bcfl Way of Noting down the un- 
known Quantities is by the fingle ones rt, ^, j, 8r» But in fome, 
as in this iirh, the 9th, 8fh and other Queftions, it is betteir to 
defign them otherwise. When therefore a Queflion is.prppos'd 
t > be folv'd, it will be proper, before hand, to confidec which is 
;e beft Method of Noting down the Quantities uiiknown. 

Ciueji. 
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Queftion 12. 

*Tis required to find four Numbirs in -f?- whofe Sum may 
be = ^ (15) 5 apd the Sum of their Squares =: c (85). 

I. Suppofe the two Means to be equal to a and e. 



aa. 



2. Thep the two Extreams will be equal to — and 






Confequently, far Queftion. 

aa 
7 



and 
^%aaee 

6-^daJ^ee 



7©* 2 



^ — 2aaee 



5 
6 

7 
8 





7,8 


7 + 


7.ae 


NOH 


f put 
and 


JO, II, I 


3M 



ee 



•"l- a -^— ^ '^ * zr ?• 



^5 * 



^^ -4 r=:r. 



/z^^ + aee '\' e'^ rz iae* 



vae 
* a-^ e 



caaee 



* aa ^ ee 

ae I 
^*-f- 2a aee -f- ^♦=iJx ""^j^ 

tftf — I* 

tae cae'n : a 4- e: 



12,13,14 

l6xf2 

J7 = i8 
20 Tranfp. 

21 -7-2^ 






II 

12 

I? 
14 

15 
16 

17 
18 

20 
21 

22 



a^Ji^e^z:z caaee -7 



i« + ^ 



^^^ 



aa + iae^ ee:=za'\'e\ zr -^^-^^ + 2tf^. 

X for the Unknown Quantity a e^ 
z for the Unknown Quantity a -i« ^. 

» » Af AT ^ r AT Z 

tby(. ^ — 2^ X = •"—£—. 

;^Af - 
22 = —--+ 2a;. 

^3^ — 2'bzzx z=ZCX^]. 

cz} z=zcix 4- 2rzA:. 

^5;c — 2hzzx = f ^^ -4- 2CZX, 

h^ — 2^zz=:r^ + 2^z. 

2 tzz -4- 2f Z rr ^' — ^^« 






20 + 



iiSo 



=°+^ "5 



HVKOtme producing Part XI. 



21 UU2 









if 



'-■*'• ^ T + jn'-^-f = 

a^ij 8s _ i8o 
30 ~ 30 30 - '■•' 

The Values of x and j( being thus found, we are next to 
find thofe of a and e^ : Thus, 



'3-' 

2p Tranfp. 
30 Reduc'd 

H— f 



'=— + '• 

30 ^t^ — Zf r::— *. 

32 z— ^=42^-4- V-4-2Z — *-* = if= 2 0r4). 
The Values of the two Means a and e being 
thus made known, thofe of the Ejctreams, vix. 
■^ C= I ot 8) and ~- (= 8 or 1 J are known 
;f Courfe. 



N.B. farf XU. heglns P/ige 177, S/gMfw? *N. 
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Part. XIL 
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PART XIL 

Of feveral ^et^OtlS of ^OltJinff ftlfiH 

aofecten CquationiS. 



CHAP. I. 

Some J^eparatiOltj$ fometimes convenient for the 
iSoltttiOn of high adfeaed €auaftOIlj8r. 

^RO'P. I. 

To iiicreafe, or ijiminifli the lvalue of the unknown 

Mtii» of an €5Uafion by any giyen <Suan^ 

m. 

Bale 

INSTEAD of the unknown Root fubfiitute another un- 
known Root lefs, or greater than the former by the 
given Quantity. Thus, 

Exam;^tes. 

I. To augment the Roots of this Equation aa^r^^'^^^ 
= o by the Quantity c. 

Put e — criza^ then ^^-j-^^-— ^^=:o^ill become e$ 
'•^lec-l-cc^-'lfe — be — ddzzzo^ whofe Roots C = ^) ex- 
ceed them ot the former ( = ^ ) by the Quantity c 3 that 
is ez=:a^\-a* ' 



*^ 



«.Tq 
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2. ToDimini(h the Roots of this Equation aaJ^-ba — dd 
B=: 0| by the Quantity r. 

Put ^-l-e:=^, ahd then you'll have this Equation, eeJ^ 
tec-^-cc^-beA-bc — dd-^zo^ whole Roots are le& than 
thofo of the Equation propos'd by the Quantity c. 

Scholium L 

By this Method of Subftitution any Term, except the firft, 
of any propos'd Equation may be deflroy'd : 

So> if the Equation propos'd be »* — bx^'\'Cxx — dx 

rut^4-« = ^5 then 
y^Ar^ny^A-^nnyyA-^n^yA- «*= x^ 
— ^ by^ — ^bnyy'-*lbn*y'--bn^z=i'-^bx* 
A^ cyyA- 2 c nyA-cnn-=zJ[-cxx 
*— dy '^dnzn — dx 

Now, 'tis plain that any Term, except the firft, may be 
taken away from this Equation, becaufe n was taken at 
pleafure ^ viz. putting 4 « — i r:= o, the fecond Terni muft 
vani/h 5 and, putting 6nn — ^bn-A-c-^zo^ the third Term 
will vani/h. In like manner any other Term in this, or any 
other Equation may be deftroV'd, except the firft. 

Therefore in taking away the fecond Term of any Equa- 
tion, let the Index of the higheft Power of the fought Root 
j^berz: w 3 and fuppofing the Coefficient of the fecond Term 

to be c= 4; fe 5 fubftitute J' + "J^ ( viz. y — — 9 if the faid 

Coefficient be -|- k^ \>\xty A^ — , if it be — K) in the room 

of X every where in the propos'd Equation, and you'll have 
another in which y will be the Root fought, and which will 
want the fecond Term. Then, after you have found any 
of the Values of j^, yoi^may find accordingly that of a?, for 

— * 
•^ * m 

Sohol, 11. 

By this way of Subftitution, you may add to any Equa- 
tion any Term that it wants. 

As, 
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As, fuppofing the Equation to ho x^ ^l- c* dc^^d^tz o* 
Putj; — c=zx^ then 

■ I -"■■ ■ ■ ' — ■ ■ .-■■ - ■ f 

y4^j^cy4'6ccyy—ic*y'^d'^=o 

T R O "P. II. 

To mauWiplp or ^imz the laaotje: of an €4tta^ 
tion by any given ^uailtitp ; fuppofe q. 

Bule. 

Inftead of the unknown Root, fubftitute - Part, or f 
times another unknown Root: Thus, " 

^Examples. 

!• To Multiply the Roots of this Equation x* ^|- i*?* -* 
ccx-^g* hyq. 

Suppofe — X « = AT • then the former Equation will be- 
come 4 4-— i^ =±g^• Ana, by multiplying cich 

q' ^ qq q 

Part byy% we h^L^ftz^ Jirqhzz^qqccz,:^q^gU ^^ 
quation wherein zi^r^riqx in the former. 

The Reafon is obvious 5 for if^zi^x, then zznqse. 

2. To divide by 3 the Roots of this Equation ^'—54^^^ 
•^aitf^ =0. 

Suppofe ^xzz=:x^ then the former Equation tvill be- 
come ^^z^ — ^6^ccz-'^l6d'=o: And, by dividing 
each Part by 27, we have a*— 'd^^^iS—S^' =0 an Equa- 
tion wherein » is = — in the former. 

3 
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Cd&OLLARY. 

Hence an Eouation may be cleared from Fra£lionsr with- 
out increafing the Coefficient of the highefl Term : Thus, 

if A? 5 >•{- ~ ^ "^ = o 5 ^^^^ ^5 ( firil reducing the Fra- 

I 40 
clions Y arand — to a common Denominator) if ^'-j- 



7 110 

21 21 ' 

I put J = 21, and — = ^ = — 5 then the former i- 

quation will become ^+ ^ ^ 7i = 5 and , by 

multiplying each Part by $261^ we have j&^4-I47j&— • 

.5292011:0 . 

NB. 4$^^ fZ^f C/y^ of this CorolL in the Seginning o/Ghap. 

Note. The laft Term but one of any Equation wanting 
^he fecond Term ( which, if prefent, may be taken away 
by ^rop. I. SchoL i.) may be deftroyed, without the Ex- 

q 
traftion of Roots, by fuppofing — = the Root j; of that E- 

Quation : As for Inftance, 

lfy3^ — iy — czisojfuppofe — =^5thena3 ^ L »* 

• — • -^- = o • 
a 

-- '- ' •'■ '•''- '"•'-■ - ■ .-^ T' "I- -:'•'-•'' "''ti iL" 

CttAl^. It 
I'he ^oiufton of Cubic €aua(iOll« by Cardans 

Method. 

WHEN any Cubick Equation, having the fecorid 
Term, is propos'd to be refolv'd by Cardan^ Me- 
thod, you muft firfl deftroy its fecond Term ( by the lafi 
Chap. Vrop. i. Sch. i.) ; and then vou'll reduce it into one 
6f thefe four following Fornas or Gales, vif^* 

I 1 I at 



t 

Chap. 11. iLnWh by Cardan's Mcthbd, i 8 1; 



I 


a ' • ^- / a ±= q 


2 


a^ ^*-^ fa z=z q 


3 


a' ♦ — /a q 


4 


a^ •+ /^ ="3' 



In each of thefe Equations the Quantity fought a is in- 
serted only in two diflerent Terms, in which its Indices are 
treble to one another : And, in order to folve all Equations 
thus qualified at once, let us fuppofe the reduced Equation to 

n 

be reprefcnted by x^^ hx^^=-Cy in which the Values of 
h and c may be equal to any given Quantities whatfbever, Af- 
firiflativ6 or Negative 5 and that of n is indetermin'd, but is 
in all original Cubick Equations =:: 3^ and x^ is underftood 
to have tne Sign ^ prefixed to it. 







Solution. 


If 


I 


x^^ hx*:=:e 


Suppofe 


2 


Z -=: x^ 


I»2 


3 


»' -l-i'e> = (? 


1 

Suppofe 


4 


^ 4- j^ = 1^ 


3.4 


5 




Now fuppofe 


6 


-^5^J^ = J 


U6 


1 


^^4-3 ^eyJ^ 3 eyyA-y ^ ^ zeey -^ 

ieyy—czne^^'-y^ 
b 


6 -:— 3 e 


8 


^ = -3^ 

^^» 


8©- 3 


9 




1,9 


10 


c = e' : 

xTeee 


1« X «' 


II 


»7 


ti Tranfp 


12 


»7 


Compl. 0> 


^J 


»ff4--V**=*''-^'* + 5'' 



t^lMZ 
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zjHu a. 

14 -I 

a 

Z5tw 3 
8, itf 



'4j Vs*^<'4--^*'s =«»--|c 



ar 



I jl I C4. ^ : i CC-I- _i. *» J =c« 



Iff* 17. 4 



>7 



15 



17 



* »7 



J'SZ — 



t 



Oi^ 



2 4 



CO I hbb 



*7 



18 lUI ~*| 



18 



a 4 a7 



a 4 a7 



= a=«^ 



ij> 



v,vfw^-i-i^^ 



a 4 



a? 



/ 



V - + /^ + *** 
a A 



: = # 



47 



Scholium. 
As the Cube Root of any Quantity ib is noi only V * or i x 
Vfe,butalfo:-f^-\/-.|. x »/ *, and: -^- 
V — i ! X J^ ft } fo the Value of g in the Eq uation z^J^hz 

rrcisnot only i x y iS-J^ ^ fLj-Jl!. i — 

4 a? 

. f as in the ibre|ping 18'" 
4 ■ a7 * ^ 

Step)i but alfo ~|-l-V-| X V : i-4- /^fl+iL: 

a7 

And 




ii 



r 

& 



a? 



i 

Chap. II. CubicR by Cardans Method. 18 j 




: For all three 

are but the fame Values of « differently exprefe' d 5 the 
firft of them being fimpleft, is therefore the beft. 

That thefe are the three Values of » in the Equation a' 
a-*»7=c Idemonftratej thus: ', . , 

sup^fe«=r±±y-^*''=''^"'^~'^* ^""^™= 

i/ . JL J- z^*^ -1-— 5 5 *c" ** foregoing Values of 

•11 Uo^/^mo «,-- if. tt w i— t and «> «> — ' -•— re- 

a will become w — —% uto vio 

fpeaively 5 wherefore »--«4- -^—=0. »-«w-\- J^ 
=.0, and«.~«'«'^l-i^ = o-- And the Produas of thefe 
two laft Equations wU be found, when reduc'd, to be 

J^ woo 



( 



and «* ^«* = - oTand Acfe Produfts multiplied by » - w 
ift . , , T.^ «,3 _L-_iI— =o;that isa* 



'•^ I *» 



4.*a-c = o5for-w»4-^«'»y^"^^yP~''**''* 
be=-c. ^ £' ^' KT SeeTartVS,. 

Corollary. 

From the third and «5g^t^«A^rtaSe^wirSr^ 
deduce particular Theorems (but not "»« fame wuh wr 

SL's) for folving each of the four preceedmg Cafes . 

L. r If a' 4-^ a = ? J then (^ in the third Step being 
• 4 L ihis EqitCn. U^ in the former = i mjhe 
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latter, by the iS'" Step) a= y s JL ^- ^^1i~jl fL . 



\P 

a 4 27 



Alfo } a. Iffl'— /a = y} then ,( — / being = ^, and 

* 4 27 

Again; 3. If ^5 —££=_— y 5 then 



2 ^4 27 

Ex. I. c^y^ I. 

If x' -I- 3 i / + 9 J = 13, and one of the Values of/ be 
required. 

Firft, to deftroy tbe fecondTerm, I fuppofe a — 1 = /, 
then the foregoing Equation will becoqcie a^ A^^^arzi^xor. 

' And,by the firft particular Theorem, ^i = ^: 10 -|- aJiq(>\-% x 

2 

4/: 10+ V' ^00+ 8:= 2/20. 392 304845413 +' 

T, 5 = 2.7320 J £?c. ^ -. 

y 20 . 39230484541 J ^ 2.73205 ^c. 

— 2 . 73205 SSfi?. — . 73205 £S?C = 2 : But / is ( by fuppofi- 
tion) -=^0, — I ; confequently i is = i . The two other Va- 
lues of i are imaginary. 

Ex. 2. Cafe 2. 
If^5 —21 ^=:~205then^= ^ :— . lo^- v'loo— 343 : 

• V:— 10^1-^ — ^43: ' ^ ^ 2^-V^3 

rrr 2 4- V — 3 -I- * — V ~ 3 = 4 n Or a = : — J ^1- y^ — i. 

: >^ : xA- V - ^ ? -1- • -1 

•— T-1- V — 4-: X:2^-V/— 3:"^ 

— a|--l-T\/ — 3--2t— T a/ — 5=~5 :or^is=: — 






I 



Chap; IL CnftttS by Cardan's Method. 18$; 



7 



: — T — V— i : X : 2-4- V"'^ • 

Tho' the foregoing and Cardans Theorems are equally 
true, yet, as to the Praftick Part, inafmuch as Diviiion is 
eafier than the Extraftion of the Cube-Root, the former 

are preferable, except only when the Value of 1 ^ is 

4-27 

"^ o : In that refpefl they were, by fbme, deem'd impra- 

flicable and falfe; but you may fee by the laft Example 

that thofe are not fo : *Tis true the Method of applying 

them to Praftice, in Cafes of this Nature, is not perteft 5 it 

being only by Tibials I came to difcover thit 2 -f- v^ — 3 i3 

the Cube-Root of — 10 -|-- .^ — 2 4 3. 

But fiiice the Exttaftion of the Cube-Root of — 10-^-*' 
J — 2^3 is more difficult than finding the Values of ^ in 
the Equation a ^ — 21^=-^— 20, I will now fhew how by 
knowing the latter you may perform the former. Thus 

Suppofe the Cube-Root of — lo-j-^ — 24.9 to be =5=^ 
4- V — y ( ^^^^ ^^® ^^^ Member is always m^^ is appa-* 
rent from * Cardan's Theorem); then l^^-l-J-^^ V — !^ 
A-iax —y C—i ay^—y ^~y — — \o ^-. V — 243 ^ And 
the ratiorial Part of the firft Part of this Equation muft ba 
equal to the Rational Part of the latter 5 viz.ja^ — ^ayiszri 
— lo; that is (knowing one of the Values of ^ to be 4) 8 — 6y 
r- — 10 5 therefore jK=r 3 : And confequently ia^U ^ -^y 
= 24-V — 3 is the Cube-Root of -— 10 -|- v^ — 243 * 

Or, fince one of the Values of a is likewife 1 5 therefore 
the Cube-Root of — lo^- v^ — 243 will be alfo found (by 
this Method ) to be =i^j^ — ^ C^^^ —iay is =|-^H- 

Or laftly, fince one of the Values of a is alfiT — 5 ; tho 
Cube-Root of — lo^-^ — 243 will, in like manner^ b0 

found = — 2|--4-v' — 4- 

I will now proceed to the Difcovery of thit general Theo- 
rem from which CariatCs are deducible 5 and then fhew how 
Equations, in which the Value of ^c:c--l--j^ /'^ is negative, 

may be thereby fblv'd. 

Having proceeded as far as the \6^^ Step inclufive of thfc 
foregoing Operation, you'll from the 7^^ and ij^^ find fof 
the * $H tht folhwing Fage. 
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Scholium. 

From the 5^ and 19*^ Steps Cardan's Theorems may be 
eafily deduced . 

Example in which the Value of i cc + -^ly J' is "n o . 

If ^' — 12 • o 3 a = I(^ 5 
ihat is, if a^ — p az=zqy and that \qq — JL /^ is ra o 5 

'Tis required to find one of the Values of a proxime by 
the Help of Cardan's Method. 

The particular Theorem for evolving this Equation dedu- 
cible from the ip ^^ Step, is ___-. 



2 4 27 24 27 

by the Help of which one of the Values of ^ may be found 
near the Truth, thus : 

Suppofe -2. zz: r, and ^ 2 -??- — ^ • = V — ^i ^^^^ '^® 

Values of ^ in the faid Theorem will become r=: ^ : r + ^ 
^s:'\'\/ir — ^ — si And (by "Part XY. Chap, i.) 

I — ij< ^» ^ X — j+ 1 X *-^=i X i^Ili X r » ■" ' 



X + V — <y+i ^ 

X + 



2 23 

Y —5 3 + j X im X i=li X tul X r» ~* ^ +55,&c| 

a J 4 ^ 

ihereforo 
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therefore a (= V •^ + V— -^ • + V • t—aJ-^i :) = 2 x 



2 

X ^ « - X 



! IX -^ i X r ' * X55,&C.r=r2Xr 3 + 

3 4 9^^f 



2055 



n > Refine fine : Confequently one of the Values of 



243xr-i 

a in the propos'd Equation is (becaufe r is equal to 8, and ^ 

— iequaltOA/ — .481201)= 2 x8 ^ (=2X 2)4--- ^ f - 
^ ^ 9X z * 

4.(^31089 ce?^ — . _L '9<^^40^ 4,531089 «^^ 

+ .003341 55?C. — .000009 £5?^, ^c. =4.003332, &c. 

Having thus long dwelled upon this Subjeft, and render'd 
it tedious to the Learner, and Prefi, lam forry I mud leave 
it imperfeft as it is : For could the Can<m in Page 182 be as 
cffeaually applied to Cafes wherein J^b^ -^-^ccis-^o 
( in which Cafes all the Roots in all original Cubicks are al- 
ways real) as it could to the Cafes wherein J. 7/3 ^j.^^ is 

c:* o, we ftiould have a perfedl Method for extrafting the 
Roots of all forts of Cubick Equations ; and confequently of 
all Biquadratickp, by the following Chap. But the above 
Method of Series (tho' it be the bett I could deduce fron^ 
the foregoing Theorems for to apply to the Cafe* herein 
firtt mention'd ) is, in moft Examples, very prolix and 
troujblefbm : And therefore I rtiuft refer fuch Equations to 
be evolved by the numeral Exegefis, the converging Series, 
or by the * Trifeflion of an Angle. 

* See Vrcb. 9. chap, 3, Fart II. BooklL 



CHAP. IIL 
A EuU of cies Cartes s for diflfolving a %)S^W> 

ijjaticfi into two ^uaD^aticfiiS. 

ANY Biquadratick Equation, which hath the fecond 
Term, being proposed to be diffolv'd into two Quadra- 
ticks, muft have tiie fecond Term firft deilroy^d (by Chap, t 

* O 2 'Projf. 
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^rop. I. Sch. I.) 5 and let the Equation thence produc'd be 
fuppos'd equal ro :c+ jf -|-y.vjt7-|-rA;-|-5:=zo • in which E- 
cfuation x^ is fuppos'd to have the Sign + prefixed to it 5 
But the Values of 9- , r and s may either of them be affir- 
mative or negative. Let us fuppofe this Equation to be 
produc'd by the two Quadraticks A?*-f-^^"h/ = o, and jk?* 
x—cog'\-gz=iO'^ in which Equations a?* is underftood to 
have the Sign + prefix'd to it : And, to the End that the fe- 
cond Term fliould be wanting in their Produ^, e x rouft have 
the Sign + in one Equation, and — in the other, and the 
Values of/ and g are to be determined in the following man- 

+/ . g f 

ncr : Then ji?* •\'q x^ -i^rx-^- s=ix^if — e e X A^e g- 

X -{-fg ' And, by equating their refpeftive Terms, we have 
g zzzf-^g — ee , rz=i:g — f; X e , and 5 =:/g ; wherefore 

Q + eez=if'\'g , — =^— /j coafequently ■ = 

f 

$ , and =/, and the Products of the two laft 

99+^9^' + ^^ — — 

§teps are =/^ = ^ 5 which Equa- 

tion, when reduc'd, civcs e^ -\^zqe^ \ii e'^ zzirr . Now 
fuppofe ^*=jK> ai^d then you'll reduce the foregoing Equa- 
tion to this Cubick onej^' •f'^^jV* ^^ y-^zrr ^ whofe fe- 

coiid Term may be deflroy'd, and the Root of the Equa- 
tion thus had extracted, by the foregoing Chap, and confe- 
qucntly one of the Values of jv found ^ as alfb of ^= y' jy 5 

asa]foof/z= — '• -— ■■■ " 'y and laftly of g" rr: : 

And, by extrafling the Rcots of the two Quadraticks, x^ 4" 
^ X '{'f—o^.nd x^ — ^^v-f-^ — o, you will have the four 
Hoots of the Biquadratick x'^ -^ q x^ -^^ r x -{' s -=: o • to wit, 
A? = — v^4;\/ :-4' ^^ — f' » and^ = |^+y< : ^ ec — g; 

Example* 
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Example. 

If a^ — z a^ — ^ + 2=0, and the Values of a be re- 
quired. 

Firfty in order to deftroy the fecond Term, fuppofe a -^r: 
iJtf+Vj then the foregoing Equation will become jt?"*- * — I 
x'^ — %x-\'^z=.o , in which — l-isr^y, — 2 znr, ami \^ 

r=5 5 wherefore ^5 H-aj'j;* _^^ y — ^^ ( = 0) =^3 „ 

^J'* — 5^^—4 = 0: And likewife to defiroy the fecond 
Term of this Equation, fuppofe j^ = v + i , then it will be- 
come v^ '• — 6 V -^^9^=10 : Whence v will be found, by the 
laft a^/, -: V :4T+V'20^— 8: + V-4f— -^^12^: 
= y 8 + l/iz^z-}-! :=^i And V'\-i -my = 3 + ^ = 
4. Now J? heing thus found) its Square-Root = 2 is =r:^, 

and " that is, — ■^~^~ , or i ?j: = /", and 

^ 2 

r 

9+^^ + T 

' — '''■ ~^, or i =5: : Wherefore the Equations a?* + 

^ ^ +/ = o, and :*?* — ^ J>7 +5" r:r o, are equal to a?^ + 2 a? 
+ 1 4: =: o, and A?* — 2 Ji? -f- ^' = o refpeftively : Whence 

is, by Suppofition, = a? + i ; confcquently the four Values 
of a in the propos'd Equation are — i + V — 4 > — ^^ t — 

iJf, Tfchirnhaus, m Aft. Erud. Lipf. ^hlijh'd a Method 
of fitving Equations hy deftroy ing all the intermediate 
TermSy ivhich I will not infert here^ hecaiife it is very 
tedious 5 a7zdy as to what relates to Cubicks^ lefs fra^ 
Cticahle^ in every Cafe^ than CardanV. 
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C H A P. IV. 

The Solution of ((Epation^ by Stevinus's Method. 

H E Roots of Equations are, by this Method, found 
out by (fbmetimes ^quent) Trials : Thus, 



T 



Example I. 

Suppofe the propos'd Equation to be a' — ^aa-^'iCa-^z 
24 5 tis required to find the Values of a therein. 

Fir ft ^ I fuppofefl=:i5 and, working according to the 
Equation, find that a^ (i) — ^ aa( — 9) -{- z6 a (-\'i6) = 
18 ; but it ought to be = 243 wherefore I conclude a is 
ur^ I. 

I try again, and fuppofe ^ = 2 5 then will a^ (+ 8) — 9 
aa ( — ^6) -^ z6 a (-p 52) =24, which anfwers my Defire, 
and gives me one real Value of n : After which I may di- 
vide the Equation a^ — ^aa -^ 26 a — 24=obya — 2> 
which will bring it down to a Quadratick • or I may pro- 
ceed further in the fame Method, and find alfo that 3 and 4 
are the two other real Roots. 

Example II. 

If this. irregular Equation was proposed ( where alfo the 
jibfblute Number is a FraSion) x^-^- ^x-=. 184538.^801. 

I can difcover at firft fight almoft, that a muft at leaft = 
10, and trying with 10, 1 find it too little ; but, trying with 
100, I find that by much too great : Proceeding again, I find 
30 too much 5 I try with 20, and find it by fomething too 
fmallj but 21 I find too big : Wherefore I know that ^muft 
be = 20 with fome Fraftion annexed 5 atid at laft I difcover 
20. 7 to be the very Root fought 3 or, at leaft, one of the 
Roots of the propos'd Equation. 

LEMMA to CnAP.V. 

How to find- all the 2)ivijbrs of a propos'd Number or- 

^ia77tity. 

Rule. Divide the propos'd Quantity or Number by the 
leail of its Divifors that is CT" i, and the Quotient by the 

leaft 
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leaft of its Divifors that is cr* i, and foon *till you have i 
ibr a Quotient, and you'll have all the prime Divifors of the 
propos^ Number or Quantity : Then multiply each two, 
three, four, ^c. of the prime Divifors into themfelves con- 
tinually, and the feveral Products are the compound Divifors. 

Mxamfles. 

L So, if all the Divifors of do were required. Firft, di^ 
vide it by 2, and the Quotient 30 by 2, and the Quotient 15 
by 3, and the Quotient 5 by 5 : Then the prime Divifors 
are i, 2, 2, 3, 5 5 and the compound ones, produced by 
each two (always omitting Unity) are 4, (S^, 10, 15 5 by each 
three are 12, 20, 30 5 by each four for by all ) 60. 

II. Again, if all the Divilbrs of 21 ^^^ were required. 
Divide it by 3, and the Quotient 7 a ^ ^ by 7, and the Quo- 
tient ahb hy ay and the Quotient ^^ by ^, and the Quo- 
tient ^ by ^: Then the prime Divifors are i, 3, 7, a^ i, b^ 
and the compound ones, produc'd by each two are 21, 3 ^, 
3 ^, 7 a, 7 ^, a by bb^ by each three 21^, 21^, 3 ^ ^, 3 bb^ 
.7 aby 1 b by abb ^ by each four ziaby 21 bby ^abby yabb^ 
and by all five iiabb. 

III. In like manner all the Divifors of 1 abb — 6aa6 are 
J y Zy ay bb — ^ac^ zay ibb — '6aCy abb — ^aac^ 
zabb — 6aaCy 
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CHAP. V. 

I 

John Kerfeyh Method of finding the Roots of fomc 

THIRST prepare the propos'd Equation thus 5 viz. 

I. If the Coefficient of the highefl: Power of the unknown 
Root be greater than i, divide the whole Equation by that 
Coefficient 9 and then 

a. If any of the Terms be Fradlions, multiply the un- 
known Root by fuch a Number as will give an Integer Pro- 
duft, and the Coefficient of its highefl: rower = i (by Vro- 
fof.lL Cha^. I. ) And the Root of the Equation (wnether* 

it 
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it be at firft, or by thefe Dirtftions thus prepar'd, call a. 
Then 

;^ Reduce all the Terms of this Equation to one Side of 
it, and the other Side will be o. 

Then find all the Divifors of the abfolute Number in the 
Equation fo reduc'd, and try whether any ofthofe Divifors 
connefted to the unknown Root j, by — or+ will divide the 
total Sum of the reduc'd Equation without leaving a Re- 
mainder: For when fuch Divifionfucceeds, either the known 
Part of the Refidual, or Binominal Divifor, with a contrary 
Sign, is the defired Value of the Root a, or, at leaft, the 
Quotients give an Equation \yhofe firft Term hath fewer Di- 
menfions by i, than the Equation divided : And if this E- 
quation contains three or more Dimenfions, let it be exa- 
mined by Divifion, as before 5 and fo on. By which Divi- 
fions the Roots of the proposed Equation may be fometimes 
made known, or the Equation may be reduc'd to a Quadra- 
tick one $ and then the fought Root will be found by the Ga- 
llons given for folving Adfeaed Quadraticks. 

Examfles^ 

I. If a^ — i^aa-jrT^a — 120 = 05 ^^^^ ^^^ ^^^ Va* 
lues of a? 

The Divifors of 120,^ the abfolute Number, are i, 2, 4, 8, 
5, 6^i^c. Then 1 try whether « — r, a-^x^ a — 2, a^i^ 
a — ^^ or rt+3 will divide the Equation without leaving a 
Remainder : But, finding that neither of them will do, 1 try 
next with a — 4, which will exaftly do 5 and therefore 4 is 
one affirmative Value of the Root a : And the Quotients be- 
ing a a — ii^-f-50r=o, the other two Roots will be found 
to be 5 and d, by dividing a a — ii^ + 50!=:o by a — 5, 
or by a — 6 $ or by the Canon given for folving the third Cafe 
of Adfefled Qua'dratick Equations. 

II. Let it be required to find the Roots of this Equation 
^3 — 7^6aa-\'za — 72 = 0. 

The abfolute Number 72 can be exaftly divided by i, 2, 
5> 4, ^1 8, 9, 12, 18, 24, 3d, and 725 wherefore the pro- 
posed Equation is to be divided hy a — and + i, a — and 
4- 2, 55?^. to find fuch of them as will exaftly do it: But, 
fince here are a great many Divifors, and that (by the Com- 
pofition of Equations) there can be, at moft, but three fuch 
Divifors, which will exaftly divide the proposed Equation ^ 

yoa 



Chap. V. By Kerfefs Method. ip3 

you may try with a great many of thofe Divifors before you 

find any of the three fought : * Wherefore, 

to fave your felf a great deal of this Trouble, * ^'^'''^T' ' 

r "^ 1 ^ » 1 Tj • • 1 Method, 

transform the propos d Equation into another, 

each of whofe Roots fliall be more or lefs than thofe of the 
propos'd one by a given Number, i is generally the mod 
convenient. Suppofe therefore a-=:x — i, then the above 
Equation will become x^ — i9XX-\-T) x — iii=c, anE- 
quation whole Roots are each by i more than thofe of the 
propos'd one : And the Divifors of its latt Term are i, 3, 37, 
and III. But, fince a-zzix — i, it is evident that iFany of 
the Values of a? be i, 3, 37, iii, or — i, — 3, — 37,-111, 
(as it, or they, muft be, if it has any rational one) that, or. 
thofe of ^ will be o, 2, 3<^, no, or — 2, — 4, — 38, — iiis 
But, by what, was before faid, all the Rational Values of ^ 
are inferted among the following ones, viz, i, 2, 3, 4, 5, 8, 
p, 12, 18, 24, 3^^, 72, or — I, — 1, — 3, —4, ^c. Con- 
fequently, if a has any Rational Valu? in the propos'd E« 
quation, it, or they muft be 2, 3^, or —2, — 4 : Where- 
fore you need now try to divide the Equation propos'd only 
by a — 2, a — 3(^, ^-1-2, and ^-[-4: Wherefore I try firft 
to divide it by fl— 2 5 but that not fucceeding, I try next to di- 
vide it by ^ — '3^, which exaftly docs, the Quotient being 
^^ ^- 2 =^ o, an Equation wherein ^ is z=: ^/ — 2, and — ^ 
— * 2 5 and confequently the three Roots or Values of ^ in the 
proposed Equation are 36^, \/ — 2, and — ^ — 2. 



CHAP. VI. 

The ^oUifion of SJOfcrteb ^auafions; by Sir Ifaae 

Newton s Method. 

THERE is an univerfal Method of extrailing Roots, ei- 
ther in Numbers or Symbols, invented by Sir Ifaac 
Newtouy which you may find in Pages 381, 382, and 583 of 
Dr. Wallis's Algebra 5 which is to this efifcfl:, 

Firfty Find the firft or greateft Member of the Root fought 
y 5 and, if it not be =^, let that Member J[-p be fuppos'd 
z=zy 5 then, having fubttituted this Binomial and its refpe- 
flivc Powcr§ for y^ and its Powers in the f^quation, collcft 
its fevefal Terms into one Sum : Then find the fecond Men*- 

* P b^r 
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ber of that Root, which is done (in ibme Coies, but not in 
all in the Beginning of the Operation) by dividing the firft 
Term (orablolute Number, or known Quantity) ofthefaid 
Si;m by the Coefficient oip in the fecond Term thereof, and 
let the Quotient affefted with the contrary Sign to what it 
has-l-y befuppos'd =^: Then proceed with this Bino- 
mial or Refidual in refpef): of/, as you did with the oth^r 
in refpe^l o(y : And fo on. 

Note. When you have found three, four, or more of the 
iirft Figures, or Members of the Root, you may find as 
many, or almofl as many more by dividing the firft Term 
of the lafl Suni by the Coefficient of the fecond Term. 

Excimpe I. 

If j; J — ^y — 5 = 0$ *tis required to find onp of the Vthjcs 
of ^nearly. 



y 3 — 2 y — 5 :=.Q{x.i —,00 544.8 5 z=:2.0945 J f 48 =5^ nearly. 




■^ 



y^- 8^-12 ^A-6ffJ^^p 
— %y -=1 — 4 — a Sr 



Sum — I J^ 10 p J^6ff^f 



.i4-9=/v 



16 p -==. I. 



.001^1- .03/^1- .?^^-^-y? 

.Q6 ^- 1.2 fl^-d. 5fl 
'10 



Sum 




'061 -|--ii.25y^(-d.'3 qq A-q^ 

* "" ' " ^—— ll^— — PM^Ill I 11 M l ■,■■■■.■—■ » I li— M^—^,, 

5^* = — .0000001 -I- .ooo£Sf{^. 
f37^= / .0001837 -- .0(^8^ '^ 
li.i^qzz: — .o6o6^z 4-?l-a3*> 
:o6lz=: .061 



— .000048 5 2 ^|- 5 z= r I 



Sum .Qoo54i<^^|^i i.i6z r. ^c. 



Example 11. 
If y^A- ary A-a n y -^ x^ ^ z a^. 



o. ^isre y pra^ 



3 



1 
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^y^+axy^-aay — x^ — za^zrzo {a — — -I- - -- 4- 
iji^3 ^ ^ ^ \ ^ 6^a^ 

—2 , &c. fine fine =r y. 

^11 aa ^ 



a^fz^y.^ 



ascyir:! aaxJ^ axp 



X^T=Z — 



x 



•—2 a^ =r—- 2 a^ 



r-m 



8»m ^-+4«.^^.j,^^+^, 



X 



^^^i=f 



> — *•• 



%apt 
axf\ 

aax 



x 



3 > 



aax 



&c. 



3-4- ^ ^_^x^ X^ 



Sum 



^A7 131 J»?^ 

^4^ """ 512 ^^ 



A-r — q\ 



B 






X 



'^k. 



7* 






D 



^>^ 



:rV 



••-.2. 



•ay'* 



y* 



••••»•«■■•• 



• •1*«M a ••■«••«« 



art 



J' 



■y.^3 
'^J' 



%x 



The greateft Difficulty in this Ex. 2. is to find the fitft 
Member of the Root, which may ht done ^ thus 

Let a Parallelogram be {oi 
fuppos'd to be)defcrib''d 5 and 
let it be divided into a^ ma- 
ny firailar fmall Parallelo- 
grams as are requifite : Then 
denominsite each of thefe ''^ 
.E Parallelograms from the Di^ 
menfions of* the two undeter-i 
C mined Quantities of the E- 
quation, as a? and j? (of which jj^ denotes the Root to be ex- 
tracted, and X the other undetermin'd Quantity) increafing 
regularly (as in the annexed Figure) from the CJ i* Theft 
mark each □ which anfWers the Terms of the proposed £- 

2uation with an Afterift. Then apply a Rule to the refpc- 
kire Coroero or Angles of any two of the exterior CUs thu5» 

X z naark'd 



'^ 
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mark'd, and with the Terms of the Equation Rttiwering 
them of the two, or more, Os thus touch d by the Rule, 
make a fuppos'd Equation. 

Thus a Rule laid on the Comer C and A of the mark'd 
exterior CDs y^ and i touches likewile therefpeftivc Comer 
of the mark'd O^ j whence the propos'd Equation y^ 4- 
lixy -{- aay — x^ — lu'^o exhioits y^ J- a ay — a 
fl' =r o i and therefore you have _)> =: a for the firft Member 
of the Root to be extracted. 

And a Rule laid on the Comets E and F of the mark'd 
exterior Os^' and*', and touching the refpcftive Corner 
of no other mark'd O, gives y^ — «' =o ; conlequentl^ 
y = x, &c. 

Thcfc are the two di^rent Methods of extrafling the 
Root ji, the former of which is preferable when a is C" k j 
but the latter is beft when a: is c~ a. As^-to the remaining 
Manner of applying the Rule as is above direfled, viz. to 
the Comers B and A of the mark'd C3s a;' and i, the Re- 
fult of fuch a Pofition of the Rule is to find the Root », not >*. 



PART 



^9% 



i* 



PART XIII. 

« 

How to raife Canons for finding the Sums 
of the Powers of an 5IritI)roetical Ma^xzU 
Hon contttiuet^. 

THEOREM I. 

IN a Seriej of Units (as r, i, i, i, g?^, ) if the Number 
of Terms =r « be multiplied by either of them, the Pro- 
Avidi = n will be equal to tne Sum of *all the Terms in the 
Series. 

J^his is evident from the Nature of Multiplication. 

THEOREM IL 

In a Series of Numbers in Arithmetical Progreffion in- 
creafing, whofe firft Term is = to its common Excefs = i, 
lind Number of Terms = w C as r, 2, 3, 4, g?^. and n) 5 if 
to the laft Term z=in you add the firft i, and multiply the 

Sum by half the Number of Terms, the Produft = ^^+? 
is equal to the Sum of the Series. ^ 

T'his has leen demonftrated in Jlrithmetical TrogreJJion. 

THEOREM III. 

In a Series of Squares whofe Sides or Roots are in an A^ 
rithmetical Progreffion increafing, whofe firft Term and 
common Excefs are each = i, and Number of Terms =«, 

(asi% 2% }», 4»,ef^. and«»)Ifaythat^li£ll±l2l 
is = ta-theirSum«x=i4-44-j>4-^^+^^^"^^» 



DE- 
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D£MONST&'A.TIONt 

It is mamfcft that » is = to the Difierence of the Sums of 
the 
Sam 



t IS mamteit tnat 2> is = to tUc JJifterence of the Sums of 
two next following Series j each of whole Ranks is the 
a of an -^ , viz. ' 

1 
I 



*" Chvater Series. 
' + a4- 3-|-4-4-&c.4-« 
1 -t- 2 4- 5 4- 4 -I- &c. -j- « 
i-j- 2 -I- 34-4--&c.-4-« 

i4-i4-3-|-4 



-&c.4-« 



9? 
8 ^ 

• 9 



'^Zij^ Seri0si. 
o 



8? 

Is 

P-S 



^Difference of the greater and lejjer Series. 



*4^3r 

3- 



= <i^ 



4*4- 5tc. 
9? 



P-9 



For 1 = 1% a + a = a% 34-34-3 = ^% 44-4-1-4-1- 
4=4*, 5^^. ^ 

And 1 4- 2 4^ 3-1-4+ e?<?- -1- « jC orthe Sum of r, 2, 3||, 
^r. to« Terms continued) is (by theorem the a** J'^i: 

^^"^^ . wherefore the Sum of the greater Series ( being 
^nimes: i4-2 + 3+4+&c.+«: )is = . 

In the next Place we are to find the Sum of the lefTer Se- 
ries ^ in order to which confideri its firft Rank being o» itr 
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a^Rank i, its 3^ Rank 1 4- », its ^''Rapk i^-a^-j.&c. 
tHat therefore 

Its w^fa Rank muft be = l4-* + 3 + 4+«C'4- :«— 1 * 
AKbits«^"'9.ank=:i4-i-ir3-l-44-&c.-i-s« — a : 

Alfo it? ^ — a'* Rank = 1 4- a 4- 3 -*- 44-&«J'+ s « — 3 5 

Therefore the «*'' Rank of the leffer Series is ( by fubfli- 
tuting : «— I : for j; in the Canon inferted in 'tbeor. II. ) = 

«^l'-l-«^^ : Alfo the «-!"• Rank is="-HM-«--^ 



Again the a—a*'' Rank is = 2 — ill±5 — I : &c. Where-, 

Liu Eil!±!!-:i 1 ^^l'+»-'^ -4- '^'^3l*-l-«in 

a a ^ 

4- Sfc. IS equal to the Sum of the leflcr Series : But i x : 

^^*4-fr^l* + « — 3P + 5^<^- + ^'-'^« = — — — 5 
and I X : » ~ 1 + »~ a+»— 3 + &<^' + P * = ; s 

Wherefore the Sum of the leffcr Scries is = -^^^ 1- 

2 2 

^/^""^ : Confequcntly the Difierence of the Sums of the 

greater and Icfler Series is equal to *^~''» ^ 

— ^^"^^ = « ( by Suppofition ) . Which Equation, being 
4* 

reduc d, gives » tz:: ' " ^ • ^ -c- -^' 

/ 3 

THEOREM IV. 

In a Series of Cubes whofe Roots are in an Arithmetical 
iProgreffion increafing whofe firft Temi = common Excels 
i»i, andKumberotTerms==»(asi',a', 3',4',&c.»') 

I fav that ***"^^"^+"" is equal to their Sum s, that is = 

4 

PE. 



>oo I'd find the Sums of the Towers. • Part XIII. 



Demonstration. 

The Sum z is manifedly equal to the Difierence of the 
5ums of the greater and lefler following Series, each of wbofe 
Ranks is the Sum of the Squares of an -;-, viz. 



^ Greater Series. 

i--4--9-[-id 

I--4 + 9 



^ ft '• jy 

2 o 






•^ 






>-< 



I 



^ Leffer Series? ^ 

o 

I 

I 

I 



4 

4 + 9 

-A 



9? 

n P 
2 '^ 



I 



difference of the t'wo forego'wg Series. 

v"i + 4 + 9+i<^+&c.+»*"^ 

4+9-"i<^--&c.+«* 

9+i<^-|"&c.+«* 

i(^+&c.+«* 
— —A.- , — . — ^ 

s « 

.g ;« 

Ob to 

• 3 

►^ 

For 1 = 1% 4^-4=2^ 9 + 94-9 = 35, &c. And 1 + 

^4-c^^i 5+&C+W* is (by ?^^c^r^ff2 III. ) = ^^'+^nn+n . 

6 
wherefore the Sum of the foregoing greater Series (being c- 
qual to n times : i + 4+ 9 + id + Sic -(-• » * O is = 
iz ^"^ + 3 ^^^ +«^ 
d 
Again, in order to find the Sum of the lefler Series, con- 
iider, o being the firft Rank, i thefecond Rank, i -[-^a — 
the third Rank, i + t ^ + 3 ^ z= the fourth Rank, ^c. of 
tbQ, lefler Scries 5 that therefore the 
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»th Rank thereof will be =1+2 *4-3 *+4*+ &c- +«— i i * 

• alfo the »— i*^ Rank = i4-a»4.3 *M-4*+ &c.-4-«— 2I* 

again the «^*^ Rank =i4-2*4-3»+4»+&c.+»^|^ 

Therefore the » ^^ Rank of the Jc ffer S eries is (by Theorem 
III.) -^^=^ip-l-3^^il^ + ^r=r^, . Alfo the ir=ri'^ 



6 

Rank is = ?L«=:^+ i « -^V-Vn-z ^ ^g^.^ ^j^^ 

. 6 

Therefore in-x^ ^^n-xV .\-n-x j^ 



6 ^ 6 

4- &c. is equal to the Suin of the leffer Series : But i x : 

^^^1' +ii^l3 -|-»'^K|- &c. 4- o : is = ^ ~ii!. 

, . 3 3 

alfo I- x: ft — 1|*4-»— jir-l-« — 3 *>l- &c. 4- Q-'s (by 

Theorem III. ) = • — — ■ = 

4- o : is ( by Theorem II. ) = . Wherefore the Sunt 

. 12 

of the Icffes Series is = — •— ^ 1- > ^ — -1 — i 

3 3 . ^^ 

t=:£^ — ?-3I^ . Wherefore the Difierenceof the Sum$ 
3 <^ 

of the greater ana letter Series is = i-? 1 — 

6 

Jl -^- *^ rr © (by Sappofition) : Which Equation, bo- 
ing reduced, gives i& -"il^L^JlL^JiS. , j^ e. 2). 

4 

* Q^ THEO- 
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THEOREM V. 

In a Series of Bi^uadrats, whofe Roots are in an Arith- 
metical Progreffion increafing, whofe firll Term is =iiz^ 
common Exce&, and Number of Terms rm (a$ i''', i^^ 3^1 

4S&c.«4). Ifaythat^H^^^^-^^T^^"~f«is:^to 
^ . 5 

their Sum z* 

fDemmJlration. 

The Sum z is manifeftly equal to the Difference of the 
Sums of the two next following Series, each of whofe Ranks 
is the Sum of the Cubes of an -^ , viz* 



14-84- 



I- 



i4-84- 



8-4- 



Greater Series. 
a 7 + ^4 -f- &c. -I- « ' 



%-\-x'l-\-6^ 



27 



27-1-^4 



&c. 



tf4--&c.- 



&c. 






9? 



'^>- 



8 ^ 

s © 

S'a 



I 



g- 



^Difference of the two foregoing Series. 

8-f 274- <f4 4- &c* -]-«?, 
a7 + tf4-f-&c,--»5 

(r4-t-&c.+»^ 



-<! r 



8 n 
cr. o 

o 



^Leffer Series^ 

o 

X 

1+8 

x4-8 + a7 
<t ^ 

5* s 



for 
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For 1 = 1% 8 + 8 = 2*, 27 + 27 + 27 — 54-5&C. And 
1+8 + 27 + (^4 + &?•+ «' is C by Theorem IV- ) =: 

— — -H— 5 therefore the Sum of the foregoing greater 

Series ( being = « times]: 1 + 8+27 +d4+ &c. + «' 
;-_ »* + 2«* + «5 

4 ^ 
Next, to £nd thd Siim of the lefler Series, confider, fince 
o is the firft Rank thereof, i the fecond Rank, 1 3 + a 3 — 
the third Rank, i^ + ^B + j3 _ the fourth Rank, fSc 
that 

13+23+53 +4^+ &c. + n—i 1 3 will be = «*^ Rank 5 alfo 

i3+2 3+33^^43^&c. + 53;;iJ=the'5^'^ Rankj alfo 
i3+a3+33^^43^^&c.^,JJZ::^|3 _ the ^Zl^th Rank 

5?(7. of the lefler Series : 
Wherefore the «th Rank thereof is ( by Theorem IV.) = 

^=71-^+2.7=^134, ;;Zrr|^^^ Alfo the^="it^ Rank = 

4_ 

n~^\^J^^n~^\^Ar^^=^\ ^ Again the-S=^2^^ Rank = 



^~3r-l'^^-3P4-«-3r , Sec. Therefore i x :7=Il* 

4 

+ ;g— 2 |^ + »— 3h + &c. 4 ~o: + 4- X :f/— 1 |^+;;— 2|3 

+ »— 5|3+&C.+ 0: + iX:«— lp+;;— 2|» + «— Sr 
+ &c. + o : is = the Suna of the lefler Series : But i x : 



^—- II+ + W — 2|* + « — 3|* + &c. + o:is=— — ; 

4 4 

Alfo -i X :ir^\^ +«— 2|3+?^— 313+&C. +0 : is (by 

4 _ ^ 

Theorem IV.) =t|-.x : ;^— it4- + 2«— 1|^+;/— iP .* — 

g : Alfo -4 X : n—il^A-n — zy + n-- 5I 

+ &c. + o ; is (by Theorem III.) = ^J x : 2 n — il' -!- 5 

J7=rr|2 4.;Zrr._l?^i:Zi.^Mi^ , wherefore the 

24 

Sum oi the lefler Scries is rr — — — -I ^ -^ — -\- 

4 4 ^ , 



204 Tofad tie Sums cf the T^aSotri Part XIII. 

a« — j«?f-|-K» ^ Confcfju^tly the Dificcence of the Sums 
of the greater and lefler Series Is = "' + '"*+««» _ 



! + -_ 
4 



«♦ — iw* -{-«» a «' ■ — %nrjr\-n 



—S. — ^~Si CbySuppofition;: 

And by tranfpofing — , and then multiplying each Part by 

* , »elh.llhaTe.= '''+'^''''-^'^'''~f°. J?. 
i J 
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PART XIV. 
Of Polygonal |5om6er#f 

Polygonal, or Multangular Numbers are the Sums or Ag- 
gregates of a Rank of Numbers in Arithmetical Pr6> 
greilion continued from Unity, and are fo called, becaufe 
they rcprefent the Number 01 Points that are required to 
fill fuch regular Polygons at equal Diflances or Lines drawn 
parallel to the Sides of the Figure 3 as 



• • 



• • • 



&c. are Triangulars. 



* • 



• • • • 

• • • • 



&c. are Quadrangulars, 

&c. And are thus fbrm'd : 



N«w. in Arit. 
^rogreffion. 



Whofe com. 
differ, is 



1,2,3, 4j&c, 
1,4, 7, 10, &c. 



»,i3,&c. 

&c. \ 



I 
2 

3 

4 
&c. 



Sums added from i. 



I,3><^> JQ,I5,2I,&C- 

1,4, 9, 1(^,25, 5(^, &c' 

I, 5,12,22,35, 5i,&c. 

i,5,i5,28,45,5tf,&c. 

&c. 



Tolygon. 



Triang. 
Quadr. 
Pentang. 
Hexang. 
&c. 



Hence, by Infpe£i:lon, thefe two Obfervations are evident 5 

1. That the common Difierence will be always lefi by 2, 
than the Number of Angles. 

2. That the Side of the Polygon is equal to the Number 
of Terms which compofe it. 

Therc- 



L 
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Therefore, putting ^=: Common Difference, 

n = Number of Tenm^ 
f •=: Polygon. 

2)emonftration. 

Since every Polygon is the Aggregate of Numbers in -I - , 
whofe firft term is 15 therefore (by Vart Fill Cbaf. i. 

And becaufe d is given (by Ohfervation i.) if its Value be 
fubftituted in this general Theorem, we may deduce parti- 
cular ones for each rolygon : As m « 



Triang. 1 \ ^ , 

^ " ^ ^ and/ 




Quadrang. ^^i,— ^ a ynn—n ^ ^ ^ . .^ _/ nn 
Pentang. I ^3 

Hexang. / ^4 

Euf, becaufe « may not be always glvetj, fince we find/=: 

^^ ^ 4- « 3 « therefore will be found (by ^artXJ) -=: 

d-'^z'jr \f :dd'*-'A,dA-±'^9dpii^ .> j 

« ■ i'i ■■■ , . — j^^ — !!Li — uX. : And becaule ^ is given 

z d 
( by Ol^f^r. I.) if we fubftitute its Value, We fhall have par- 
ticular Theorems in this Cafe likewifej viz. in a 



Triang. 



T(^ygonalBvimtm^ 



fto7 



Triang. 



Quadrapg. 



Pentang. 



Hexang. 




f— i + VvJL+M 



9 + VjO + Up_t 
4 






Thus having ftxewM how from the Side jgiven to fiod the 
Polvso© • or ffom the Polygon to find the Side • I fliall now 
osve an univerfal Theorem for finding any Trigonal, Pyra- 
midaU or other Number undermentioned : As 



Units. 
Laterals. 
Trigonals. 
Pyramid. 
a«^ Pyramid. 
3^^ Pyramid, 



I 
I 
I 
I 
I 
I 



I, 

3> 



4) 



5f 



I 
6 



6, 10, I J, *i 



4, 10, 20 

<?, 21, 5(^,12^,252 



If ^ J 34 I 



:;;;;j&c.i-«§<i,:3.>0"'«- 



^c; 



1-2 



6 I 5th 



Ohfervation L 



.■■H 



* 

Here it is evident, that each figurate Number it^ the Ag- 
greate of the preceding Series fo far, or of the preceding fi- 
gurate Number an4 that above itielf. 

Ohfervation II. 

It is alfo evident, if h and c be fuppos'd equal to any two 
whole Numbers, that h figurate Number of c Order is e- 
^ual to c figurate Number of h Order. 

If » be =^ the Side of a figurate Number of fuch an Or^^ 



der, that i, ix»i xx ^ k 



, X A- ~«- X ■ ■ ■ r Js — ■ — j 

» a a 



I X 
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jj-S^X— ) I,IX«, IX— !— X — , ix-i— X 
e y y I- a z 

«±i X -^, I x2±i. X ^ii X ^±i X Ae?^.beeqttal 

23 1234 

to the rcfpeaive figurate Numbers of that Order 5 And, if 
jw be = // 4- I = the Side of the figurate Number of th© 
next greater Order 5 1 fay that i, i x w, i x -IL— x -i^> 

I X ' X • — X » IX ' " X X 

I 23 I a 

^ -1^ ^ X ^"^^ , &c. fliall be equal to the refpeai ve figurate 

34 
Numbers of that Order whofe Side is w* 

iDemonftratm. 
It is evident (by the Nature of Multiplication ) that i =s 

I, ix«4-i = i x«+^> ^^ — ^ ^ — +ix»+i = 



J ^ -^i_ X — + I ( — - J » I X — 

,1*2 ^ % ^ I 



•X — ! — X — 

fl 3 



— i X =^ I X — ! — X — ' — X T^ 



+ 1 X 

* I 2 I a 3 



«+i 



LIEL? ) , I X - ' ■> * X — ^ — X --^-2. X r * '^ — ^ 

3 y I as 41 



a 3 * ^ 3 4 r 

/d:i\ &c: Therefore, if j, */t i^ X ^, i X 



5 ^4 



be 



be equal to the refpedive figurate Numbers of the Order 

whole Side is = » 5 then ifixnA-i^ix —Ll ^ 

z 

2 123 I ' 2 

X ?il X ?y^i &c. will be equal to the relpeaive figurate 
5 4 

Numbers of the Order whofe Side is = w (by the Nature of fi- 
gurate Numbers), that is equal to 

I, I X »2, z X — X —^ > I X — X ^ X ■ T 1 

Is* z a 3 

z X — X — S— X — = — X — — i , &c. refpeaively (fine© 
z 2 3 4 

fW is = «4- z > ^. i?. 2). 

Schottum t* 

It is evident that, if « be =: the Side of a figurate Number 
of die firft Order, or that of Units 5 then n will be = i^ 

and z, z X «, z X — X ---^—1 1 X — X — i— X — !— , &c. will 

12 z 2 3 

be equal toz,zxz,zxixz,zxixzxz,&c. ref|>e£liye- 
ly ; that is, each fieurate Number of that Order will be i, 
which are manifefily the refpe£live figurate Numbers of 
that Order : Therefore ( by the precedent Lefnmd) z, ixm» 

, ^ J^ X ' ■-. I X -^ X — -^ — X ",&c> ( m being 

always != ^ H~ i) are equal to the refpedive fieurate Num* 
bers of the 2"^ Order, or th^t of Laterals: And, if » be =: 
the Side of a figurate Number of the 2"^ Order 5 then, finco 

,. z x«, z k«x ^, z X «x2±i X ^±i ,&c. are (by 
' 2 23 

this Scholium) $q.u^ ^^ the reipe£Hve figurate Numbers of 



- / 



^ + 1 ,W*,V^+^ 



the 1^ Order, z, z x ^, x x ;;; x llJLl ^ixmx "T - x 

22 
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— il^ , &c. will be ( by the preceding Lemma ) equal to 

3 
the refpeflive £gurate Numbers of the 3"^ Order : Again, 

if /I be =r 3 the Side of a figurate Number of the 3d Or* 

J 1- ^r » fi+i ^^n n-^rt 

der, then funce i, i x », i x — x — - — , i x — x — ^ — • 

I 2 I * 

X ^^i^ , &c. are equal to therefpeftive figurate Numbers of 
the 3d Order), i, ixtw, ix-^ x !dli,i x ^^ x 

^Xi X ^iif , &G. will be ( by our Lemma ) equal to the 

2 3 

refpe£live figurate Numbers of the 4th Order : And fb on. 
Whence may be deduc'd the following 

Corollary I. 
If « be = the Side of a figurate Number of any Order 5 

then I, ix«, ix«x ^dlL, rx«x — ti x ^il,i x 

2 23 

— ^— - X — ' — X — t— X —HI , &c. willbe= to the i^, 
1234 

2% 3<i, 4*h, 5*h, &c. figurate Numbers of that Order refpe* 
aively 5 which is the univerfal Theorem I promised to give. 

Corollary IL 
Since n being fuppos'd = the Side of a figurate Number 

of any Order, I, I X », I X f. x 5L+i , ix5x:^±i 

12 12 

X -i^, &c. are equal to the ift, 2**^ %\ 4*^, &c. figu- 
rate Numbers of tha.t Order refpeftively 5 therefore, the 
following «, being fuppos'd == the Number of Terms, i, i x fi, > 

|x»x2±L, tx»x2+lx^^,&c. ihali be (by' 

Ohfern 



Tolygonal J&umferief. 'a 1 1; 

Ohfirwthm a.) equal to the n^^ figurate Number of the ifl» 
*^ 3^» 4^^j &c* Order reipeftively. 

Scholium IL 

Hence alfo may be had the Sums of the Powers of an - .* ^ 
whofe firft Term and common Excels are each = 15 thus, 
ipppofing' 

?♦ I. « =r the Number of Terms, i x » x — !_. ^^ 

^^"^^ will be ( by Ohf. i . and 2^ Coroll. ) = Sum of the 

%^ Series, or of the Series of Laterals to the «th Term in- 
clufiv.e^ pr^=thc x^th £gujrate Number of the ^^ Orders 

Tterefore {hy Ohfirv.i.)^.^^ + ^2+1 ^t±lj^ 

ft 2 2 

f ■ T , ^ J. ^c. to n Places continued is = the Sum of the 

2 ' 

£guFate Numbfcris of the 3d Order to the »th Term inclufive, 
ta r=: the nt\i figurate Number of the 4th Order = i x » x 

ix : 1 4.2 ^i* 3 +4+ ^c. to » Places, or Terms continued: 
is (byj. lO =^^^i^: Wherefore f x:i» + a* + i* 
+4* +5?^. to « Terms continued: isrr ' P ' — 

4 6 

IL i*4-2* + 3*4-4* + 5*+5?(?. to « Terms contU 
nued, or llie Sum of the Squares of an -4- whofe firft Term 
and common Excefi are each equal to x, and Number of 

Terms equal to » is :=: ' • 

Again, ibce2id:12!lLiiis = the «th figurateNum- 

bcr of the 4th Order 5 therefore ^ V ' """ — " + 

♦ R a a' 
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♦--i±iL* 4. efc. to « Ploces continued is ( by Ohf. i. ) = 

to the Sum of the figurate Numbers of the 4th Order to n 
Places continued ^ or n: »th figurate Number of the 5th 

Order, which is f by Coroll. 2.) = i « — x ^ ' - ^ x 2ll^ 

.1.2 5 

X — ^-2.-- J ! s ^, ButiX:i* + 2* 

4 ^4- 

+ 3 * + 4* 4" &^* ^^ '^ Terms continued 5 is ( by J. II. ) = 

J X "iliii^ili^SL: And J X : 1^-2+ 3 +4 + &C. 

to n Terms continued : = y x .^^ '.^ (/^^5- 1.) J where- 

2 

fore I X ; i^ +2^ + 3^ -f-4^ +&'c.to«Tenns continued: 

"^ 24 *"" tf - 

-^ — ! — rr " ^ I ' ^ ■ ; confequently 
^ 24 

III. i^ + 2^^ + 3 ' + 4' + 5^ + &<^' *^ ^ Terms conti- 
nuedi or the Sum of the Cubes of an-^ whofe firft Term 
and coramoYi Excels are each equal to x^ and Niitober of 

Terms equal to«, }sz=: ^^n7,^.^lT:^..? • 

..." 4 

Again, fince ?l+g«^ 4-^^^H<^? is _ the n'^ figu< 

24 

rate Number of the 5th Order, it is evident ( by Oif.i. ) 

that ^"^^^^ l^ 4-11X1^4-^ >^t • ^'^^\-6iX z^ Jj^tt 

24 ' 24 , 

X2a4-<?X2 I 3^"f ^X 3^4-IIX 3^ + <^X 3 j^ 

" ' ' ^ - j ; ■' ' .. ■'. — i' ' .. Hh «c, contmuea to n 

Pkcw 



¥0fygonal ^mibtv^ 



r ^ T 



Places is =: the Sum of the figurate Numbers of the 5 th Or- 
der to n Places continued •=: to the nth figurate Number of 

the 6th Order, which is (by Caroll. 2.) = i x ^ x ^ii 

3 4 5 , 120 



»*-f-24« 



. But tJ X ; i^ + 2^ 4- 3^ 4.43 ^ &c, to« 



Terms contmued : 15 ( by $• I"* ) = T4 x ■ 

120 • 

4* + &c. to » Terms continued : = f i x «^+I«» + t» 

* • 3 

(by5II.) = --^ ~^ — -^-^^— ' 5and7|x : i -1-2^^3 

4-4 4- &c- ^^ ^ Terms continued : is (by §. I.) = ^4 x ^^ . ■ - 

z 

— ll£±±lil« s Wherefore si X : i* 4- 2* + 3* 4-4*-4- 

120 

&c. to n Terms continued : is = «^ 4-xo«-^ + 35«^-l-5o 

120 

120 120 

fequently 



con- 
120 120 



IV. 1*4- ** -^3* -V-44- 4-&C. ton Terms continued, or 
the Sum of the Biquadrates of an -^ whole firft Term and 
common Excels are each equal to i, and Number of Terms 

^qualto ^, ii= ' * — ' ■ • 



Mif9h 



^ I 



.«i4 IPf^gonal ISimAerjir. Part XIV, 

OnvUofy III. 

Iffbe'^ any Affirmative whole Huiobef greitet than 
I and M = to an * indefinite Number ; then 
,.+2M-3M-4^4'J'' + ««-to«Termi | '*;^'* 

continued is =: — f- i X »p ■• . Canon. 

J7S. Tho' the ad Term of thi» Canon namely ixn^ho 
indefinitely Icfs than the firft, viz. —r~ > yet it will be con- 
venient to have it inTerted for the great VCo we have of that 
Canon ( which will appear in Sooft II..) i And fince the third 
Term is indefinitely icls than the fecond, and the 4th Term 
indefinitely lefs than the ;d, ^e. it will be needlels to infeit 
the 5d, 4tb, f^e. Terms in it only by -a ; and therefore the 
faid Canon will Aand after the moft convenient Manner for 
our Ufe, as we have above defign'd it. 



PART 
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PART XV. 
Of theNatureof -Series?, or of 3le2?ojciiliattotMf, 



CHAP. I. 
The ^emonfitatton of Sir If. Ne^onh Theorem." 



LEMMA. 
TpF » be rrfoch a Number, that r, »i — x — - ^— x 
»— I X ^'^^ ,— X ^^^ X ^/^^ X ^^^. 8cc. beequaltcr 
the UncisB of the «th Power of a Binomial or Refidual 5 and 

ifmbe=«4-i5 Ifay thati,w,^x — — >— X--— 

2 1, ^ ' ■ 

V ^=2* ^ X ^=i X ^21:^ X ^=5 , &c. fhaU be equal 

5 I * 3 4 

ta Ae Unci* qf Ac wth Power of the Binomial or Refidual. 

fDemottfiratio», 
Iti»*videntby tlieGencfi«ofPowers[5^*lPtfg« 35i 3<fani 

37] If ,, „, « ^ 2_J,^ X -^ X — ,- X -^ X 

"^* X In? , See. be equal to tfaeUndie of the «th Power 

of a Binomial or Refidual, that the Unci* of the w-l-i*'* 
Power of a Binomial or Refidual will be equal to i , »+ ' » 

«— X 
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^ 'iZlf X 'l_i+ ^x 2ZIi X ^^— i,&c. 



* 3 4 • I a J 

cqualtoi,»+i,- X ^=i+ I f.^±l), « X 
— — ' » V a ^ I 

— -— X— I l-i ( — i— )> — X X X 

2lll 4- 1 ^?Lili^ , &c. refpcaively ( by the Nature of 

Multiplication ) 

equal to i, «+i , ~ — x — ^ — ^— x — x > — ^— 

' a I a 3 I 

X — X ^^^^ X ,&c. refpeftivcly (fincctf, ^, zzsAy^ 

a 3 4 

being equal to any four Quantities, — x — is = — x — ) 

. m w— I m m — i m — a m 

equal to i , 972 , — x > — x x . > — x 

. I a I a 31 

VLZl X 5!Z:i X ???— 1 , £^tr. rcfpeftively (fince wi8=» 
a 3 4 

-WO; 

And that they will be ib //{ infinitum^ fufficiently appears 
from the Nature of the Operation. ^ E. 2>. 

Scholia, 

If » be = I the Index of the Root, and nzzr^n-^ i == 
a the Index of the Square ; then, fince i , « ( = i ) > 

*- X —— (=0J,— X X (=oj, — X X 

I * la 5 I a 

2Z13 X ^mi. (= o), &c. are = to the IJhcijc of the Root 

of a Binomial or Refidual, i, iw , — - x j ( . — x 

I a \ I a 

X ^ — X — — X X i , &c, ) will be 

3 I » 3 4 ^ 

( by our Lemma ) equal to the Unci^e of the Square of a Bi« 

nomial or Reildual. 

Again, 
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Again, if«bct=:2 the Index of the Square, and»2 = « 
^^ I = 3 the Index of the Cube 5 then, fince i, « ( = 2 ) , 

n «— I r ^\ f ^ n-'X n — 2 r >, n «— r 
(=ij, (-r-x x^ (=oj^— X- 



12 123 12 

X 2II2: X -—2. (=: o ) , &c. ) are equal to the Uncias of 
3 4 

the Square of a Binomial, or Refidual, r, W2, — x , 

12 

12.3 I ^ 3 4 

will be ( by our Lemma ) equal to the Uncise of the Cube 
of a Binomial or Refidual. 

Again, fuppofing «r=: 3 the Index of the Cube 5 then, 
fince f by what has been already faid ) i, «, — x — 

X ^Hi X ^=^, (- X ^=:i X ^=i X 1=11 , &cO are 

2 312 3 4 

equal to the Uncia of the Cube of a Binomial or Refidual, 
fa wj— I m m — i m — 2 m m^-^x 

T tt2 • X X — X ■ — X ■ 

Jl^> 1^2>I 2 3>I a 

X t^nii X ^^^=^ » C &c. ) will be ( by our Lemma ) equal 

3 4 

to the Unciac of the 4th Power of a Binomial cr Refidual. 

£S?t?. Hence 

I. If ^ be 1= any affirmative whole Number, the «^th 
' Power of any Binomial or Refidual ^ 7*: a? is = /i^ ^- » 
»— I , n n — I » — 2 _^ . « « — I 

12 12 

Z-r— a ^Xrt^'-l X X X -a 

3 1234 

X + <*?*, &c. 

Again, if n and m be equal to any affirmative whole 
Kumberc, then ckziixY is (by what has been before laid ) 

♦ S =<» 
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-, If — I , n «— I » — * . «. 



m tn—t 



I 2 . . » 



And a :± xl"" X a z±M"' := a zt ^P*^" = a^-*-'" i± + m 



z 
m m — I 



Multip]. by : fl" :^ « a«* — * a? 4- J^ X ^ L d^ —* x *,&c: 



Whence : a'^'zt. ^i a"— ' a? + -^ x —^ a!^ — * ^*, &c s 

i ^ » 

Produces ^"'-^"r±w-|-« an^tn—t ^^ ^4-» ^^^ *^+«— i 

The Truth qf this will appear from Algebraic Multiplica- 
tion as far as you are pleafoj to continue the Opecatm 5 and 
that it will be fo in infinitum is manifeft frotp what ba^been 
already faid. ^ 

10* Now, fince this Produft is fuch as I have exprefs'd, 
it muft be fo, altho' n and m were equal to any lumbers 
whatfoever $ for this Mulupjicitibn doea not diftingi|ifli what 
Kumbers they are equal to 5 but, on the contrary, being 
Symbols, are to be confider'd therein only a« fuoh, that i«^ 
as univcrfal. Hence 

n t~^ f~^ «-"3 

^* r± V ^ ^"T" ^ "Ht" ^^ ^^ » ^^* '» infinitum t for 

this multipliqd by itfelf is (^riza-^x'^ ^ z=z a^ -4.— 

^« :>4-:L X ^^ ^'^ '^ ! x\ &c. ( by what is above 

-1-2 •...•-. J." 



laid ) 5 and this multiplied hy a^ x\^ \s {'=za'±^x\^ ) = 

A 5 JL I ^ ^ — I ^ 2 

gP ^^^a» , x + ~x -^ a^ ^» , &c, and there.. 

foje 
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■^ 



fore (fl rt— ^'^ ^ + T ^ "T* ^ ^ > &c. 15 = 

•«2L — — — T^ 



Hence it is nianifefl that m and » being equal to affirma* 
t]ve Numbers, 

«• *~* ji?* j &c 5 wherefore 

IV. o^j^r »" is == a ' »" ^ ~? a"^ "^~ ' 0? + 

-- X ^ a* • j^,!i ^ g^Q . fQf tliis multiplied by 

• m 

ii-+.ir|T, when OToWed as above, is (by wliat wa« before 









i|T*^ » ^ o = i> that is = art ^1 

Corollary. 

If anv Binomial or Refidual a r± ^ be rais'd to any Pow^r 
whoib uidez is n (^n reprefinting any Number whatibever) 
the nth Power of that Binomial or Refidual will be a** 4- 

I a 12^, 

X ^ a 'X :±^x^ -J X X X i 

5 1234 

« ^Hr^X X-- — X 2x ^a X 

^ . « » 3 4 5 

fSz Or, 



\ 
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Of, putting q——j then azt^ = a'±a x^ —a--** 



^ a 



flj'(r=^xi-Hhj')5 ^^^ a^ aq\* is = O* r±.na'^ 

X X X a^'q'^ , &c. 

* . 3 4 

Or, putting A=:iftTerm, B = 2^ C = 3^ D=4*\ 

&c 5 then it will be a^ aq^ -^.w 4. « A x ^ y ^ ^ ^ 

B X :=t ?+^-=^ C X fc^^^^rJD X M:y, &c. 

3 4 ^ • -* 

. If it were required to rajfe a Trinomial, Quadrinomial, 
55?^. or an Infinitomial to any given Power, it may be done 
by the foregoing Corollary : As for inftance, fuppofe the In- 
finitomial azA-hz'^ ^cz^ -^dz + 4- &c. were to be raifed 
to the Power whole Index is « 5 then 

az^-bz^-^cz^ A-dz-^^l-Sccl^ is = «»» jj" -f n a^*^^ 
x:bz^+cz^Ji^dz^4-8cci + Jix^^—^T^C'^^ X 

I z 



mt^i^mmmmmmmm 



CHAP. IL 

Of the Converging Series?. 

MR. Raphfofis Method in raifing parti- gr|a see Vuges 
cular Theorems for cxtrafting the 6f,66»and67. 
Roots of all Equations whatfbever is as fol- 
lows 5 viz. He fuppofes the Root in any Bquation^ whiqh 
he calls ti to be rb a Binomial of g a known, and x an un- 
known Quantity, and' then raifes the Binomial g -|- ^ to all 
the Powers of a in the proposM Equation, and with and by 
ttiefe Values of ^ and its Powers he reduces the pfopos'd E- 
quation to another exdufive of a. Then he rejefts, or 

leaves 



/ 
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leaves out all the Members of the new Equation wherein 
there is any Power of jb, exceeding the Root ; and with the 
other Members he makes a fuppos'd Equation, and there- 
by finds the fuppos'd Value of ^, or the Theorem required. 

Now if this Method be applied to an univerial Equation, 
an univerial Theorem will thereby be raifed which will in- 
clude all his firft Set of Theorems, and indeed all others 
of that Kind for extracting the Roots of all Equations what- 
foever : Let us therefore fuppofe the propos'd Equation to be 
reprefentcd by the univerfal one 

^ =±, f ^ ±19^ ±z^^ - !*r &c. = :i^ J?! 

In which Nis = the given abfolute Number. 
n ±= the Exponent of the higheft 1 NB. n muft be ndt 

Power of ^ = the Root fought. J *t3 1 . 

I,/, y, r^ &c. = to the refpeclive CoeflScients of the 
Powers of^ in the propos'd Equation. 

Let us alfo fuppofe g 4"^ = ^> ^hich g is =: the known 
Part of the Root fought a^ and ought to be taken as near 
the fought Root as may be, whether It be greater or lefs 
than the faid Root, and a? is =:; the unknown Part of the 
Root fought, whofe Value may be negative or aflSrmativc, 
according as that of ^ is taken greater or leis than the Truth : 

Then the foregoing Univerfal Equation will become 

i+^l :tz^x«+^P 'iz.q^S+A tzrxg'r^\ 
±:8cc.:=±:K 

that is, by Sir If. Newton^^ Theorem, 






' g xA X g ^Jif* + &c: 



1 



I 



%2i 




vmx% 



4-*r i=i=?x-g 






d£ r X g4- *i 



'=i:rx:j; ' 



4- 



«-5 U=:=tlft 



g 






Kow, by rejefling all the Members in the lafl Equation 
wherein any Power of ^^ exceeding the Root, is contained} 
we have 



g + «« ^ 



d6 



zLig 



»— i 






= =fc2^. 



.»-J 



And by Tranfpofition - 

n — 2 



— n— 4 






And by Divifion we have 



n 






i 



9— •! 



»-~J 



»~4 



&c. 

Which Theorem exhibits all poffible particular ones for 
extraSing Roots^ according to the firft iort of Mr. Rapb* 
Son\ agreeing exa£lly with them, as will be found on Trials 

always 
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always rcmembring tiiat the Signs ia the Dividend mttfl be 
contrary tp thoTe in the Equation, and in the Divifor the 
lame refpe£lively. And likewife it will be proper to take 
notice, that if any Term be wanting in the Equation, the 
lame m^ft be omitted in the Theorem. Thu$, 

Jf a" = N, then^ Ji:° (., and*=^L_l!. , which u an 

u^verfal Canon or Theorem for extra^ing the Roots of all 

pure Powers whatfoeyer. 

' Now the Method of finding the affirmative Roots of any 

Equation whatfbever by the above univerfal Theorem is 

this; 

Hrftj Deduce from the univerfal Theorem the particular 
one for extrafting the Root (or Roots ) of the propos'd E- 
quation ; then (uppofe^ = lome Number as near to the re- 
quired Value of a as you can guefs, and, by the particular 
Theorem, find the fujppos'd Value of ^, wmch add t6 the 
faid fuppos'd Value ot gy and call that Sum g, that is your 
a<* j? 5 with which 2<* g (by the faid particular Theorem ) 
find another at, and call the Sum of the lafl found x and of 
g the 2d your jdg i and fo proceed 'till fome g be found 
as near a, the true Koot required, as fhall be judged fuffi- 
cient. 

That this Method of proceeding will give the true Value 
of a proxime in the foregoing univerfal fimple Equation 1 
llemonftrate, thus 

The fuppos'd Value of g muft be either equal to the af- 
firmative Value of a (for it is manifeft it hath but one Va- 
lue that is afErmative, which is what we feek) , or lefsthan 
it, or greater. 

Cafe I. If it be equal to it ( that is, ifgz=za ) , then the 
Theorem we are about demonfiratinj?, to wit x = ^ 

XT n ^«''~^ 

will become x ni 1 that is to fay a? s- Ot as it muft, 

in that Cafe, evidently be, 

Caji 
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Cafe V If the Value of ^ be taken left than that of a 5 
dien»I fay the Value of the 2^^ will be greater than that of 

a; For 2^^ = ^^- ^-^5 anda=g-| ^|,^^ ' 



But, fince the Value of g ( which is fupposM to be aflSr- 
mative) is lefi than that of a^ the true Value of x will bo 
s^rmative 3 confequently ( n being fuppos'd not "^ a ) 



n — I w— a , „ 
N—g^ N—^ — mx g x^j 8cc: 



Therefore i:+ zt — *- ( = > <• g ) cr 

n- — 1 

ng 

«+^ — — ^— i — ' ^C=a) 

Caff 3. If the Value of anj; g be greater than that pf ^ ; 
I fay the Value of the next following g will ftill be CT" ^, 
but -a the foregoing 5: 5 for 



Following g-=g-\ ^— ^ 

72g 

n n-^i n — i^ n « — i 
N— / " i^ X 1 ^ ^ * — -. X 



2 
And a-^ig-^r : 



n — I 
ng 

It — z ^' — 3 3 o 



9 



Bat, fince giscr a, the true Value of ^ is Negative 5 let 
us therefore defign it here by a negative Symbol, viz> -rz ; 
then it is evident that 
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g— » is zr «-'«— ^^g~ * »' — * S?*^' fine fine 






tkatise— i&isc-g^—^g''""^!' 5 wherefore ^ — jBf 

V 'ft ■"*"* I ^ .— ^ — 

»"^ gn - 3 a^ S^t:. is cr g° --^S:'* ^ ' « • Whence ^ x 

.a * I a 3 

-o. " - 5 

And by fubftitiitlngr 4- * for — » we have ^ x -ii J 



Confequently g 4- "^"^f - r= following g^ is cr ^ 4* 

i— ~ ('=«): That i« 

to fay, if the Value df the foregoing ^ be c- a, the Valit* 
of tne following g *ill be glfo cr- a. ^ 

But^?±llls-^oVAe^forei4-^^^^ /= ^ 

lowing g; is ra j: : that is to lay each following g. is lc& in^ 
Value man the foregoing g : But; (by what has been aDove* 
ikid) ftill greater than the Value of ^: r f -v 

• Whence (fiiicetthe a** Cafe is reduced tatihc;,^^, as it is 
ty one only Renewal) the Approximations in t^e i^ aiid i^ 
^kfes are dembhftrated. ■' ^ *^ ' . :^ , ., - 

0' ^ Prom the foregoing Demonftration ft Is 6b- j 
wJ'^ ± v^^^ *** ^* ^ ^» feckding its Sign, js fm^ill in: 
^ refped of ^, the Series muft converge acccnrd^ 



'^mmtmmmtmim 



7 



i( p<fr "ju— ; or "— *- , or ^-*-, &e: is — Ncgrtirc, which X 

finnativc x- r« produces an AflRrmative; and this multiplied by the 
^^ l^^Nt *?»»' ^^^^ ^ ^*PtiYC wijl P«)diicc 9, Nc^^ 




ingly fwift^ for the Diflerence between g and a being only 
the faid x% that of the next g and ^ will be onlv-^!- — '-^^ 

c"^ ' ^^4- 5S?^. which, if the fiiid a? be but very fmajl in 
reipeft of ^.^ is but very little more than — -- sfx. Now 

this Quantity mud be much lefs than the faid x if the faid 
X. be much lefs than g. 

This Series converges (b f^ifi, not only in the foregoing 
fimple Equations ^ but alfo in all adfe£led Equations, when 
you have got fo many of the Figures 6f the Root you are 
about extrad^ing, as to free it m)m the Intanglements and 
Iticumbrances of the other Roots of tXc^i|gtipQ» g$ ^n. 
tirely or almoft to double the true Figures in the affiimed 
g by each Renewal. 

In the firft Edition of this Book I have ^emonflrated 
that g being affumed greater tjiao the gregteft V^lUQ^of 
the Root a in any Equation, the faid, g would converge to 
that created Value of a provided it w^§ nptt imaginary. 
But, becaufe of that P^ovilb, 1 wiU.not infert here \yhatX 
have alreadjT done upon this Suhjeft, but leave it tahcillL^ 
prbved by fuch as pleafe to do it. That Defeft may be 
remedied in feveral Cafes by particutsur Method^^^ a$ py '^. 
changing the Negative fiLoots. into ASjcmatives, aoii the a£- 
irmative Roots into Negatives 5 or by fuppofing a ftaftjpn 

Whofe Numerator is I, as \ = the Roof a. &c. But all 

thofe Methods do not extend the Denci.Q^ftiratipR ^, Univer- 
falityj and withal the Root fought may pptbe tXeQrcat^ft, 
nor any of them that may be reducUtp fuch.by, fhe above- 
mentioned Methods : Wherefore 

The fureft Way of extrafting the RofttiB of ^d:fecled Eqj.^r 

tions is to begin the Operation with or by the numeral jEx- 

^gefls, and Co go on with it till the Diyifor ti^ie§ Place, ' and. 

then purfue it by this Method, or by ^y of Dr. Halle f% 

/•Hieorems, either of which will ferve to find as many Fi- 

•-'.-.^res of the Root vou feek fit being, I prefumc, notimagl- 

. nary) as are requifite. 

^S<e^. 113. and ii^i 



Note, It will, for the mbft Part, be fufficient to find the 
firft Member of the Root you feek , for to apply thii 
Theorem thereto. 
I think it needleli to inffcrt here th^ Univerfal Theorem, 
frdm which Mr. Rapfjifba's i'' Set of Thfcorems are Reduci- 
ble; and therefore will only deduce from the foregoing Uni- 
verfal Theorefti foine particulal- ones, by feme of which I 
Jhall extrafi fotne of the Itodts of fnch Equations as I ftuiU 
chufe for Examples. 
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Example I. 
If ^ A = £ 5 what is a equal to? 

Suppofe ^=1, then^/^=?IZl?.^^_iIIll~ r , 

Therefore gJ^x = i + -5 = i -5 — a ' g. 
Then a: (or 2^ x) =-5lllilii =— .083 ...5 

Therefore 1.5 — .083^=1.417 = 3^5: 

ThenA?ror5^:.)=':Zil^ill!i2 = ^.ou2783...5 

2.8^4 . 

Therefore 1. 417 — .002 783 = 1.^:42 17:= 4^^g; 

■ Then^ror4^^"^) = f~"-^^^2^:^^ilg^=: 

2 .828434 

— . 00000343 7^22 . • . 5 

Therefore 1.4.14217 — .000003437(^22 = 
1 .414213 jd2378 -zng; the 5^^ = a fought nearly. Anfwer. 

Sample II. 

If fl^—^tf • = 138245 'tis required to find one of the 
affirmative Values of J. 

Firfilfuppofe^moj then ^* — 4^» (^=10000 — 4000) 
=r tfooo 5 but 6000 "-n 1 3824 5 therefore a CT" 10 . 

Again I fuppofe a-^io^ then a* — 4a* ('tnidoooo — 
32000) -= 128000^ butl28ooocr^ 13824 5 therefore a "^ 
, 20; but cr* 10, and nearer to 10 than to 20: Therefore fup* 
pofe^=2"io . 

^ Then .r f— ^~^^ ^^-^S ^ 13824 — 10000+4000 _ 
V 4g'~3/^^ 4000—1200 

2|^ = 2,..3 tl^erefore|;•-f•*•=IO+•^ = i* rrgthc 2* 

^aOO » . . . ^ ' '' 4; 

3= a fought. 

"Dr. Edmund Halley foun<^ two other Univiecfal Theorems 
for Evolving Equations, 'the one Rational, and t^^ other It* 
rational, which ai'e better than Mr. RafJrfon^ 5 for every 
Jlenewal of each of Dr, Halley^ Theorems Trebles the 
true Figures in the Value of e. The Method of finding 
wiiicn two Theorems IS as foUows. » \ 
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Let us reaffume the foregoing Univerfal 35quation 5 viz. 
fuppofeg4-Jtf = ^5 then the fai d Equ ation will become 

That M» by Sir Jfaac Keioton's. Thcprem, and Tran%o- 
fition, 

&c. 

Kow in this Eguatioi, for the Sum of allits Membra, 
wherein x or any of its Powers is not inferted, fubftitute —J-, 
that is to fay, let— * be =g» rt/g* " * ^^ r " * ^ ''«" ' 

Alfo fer the Sum of the Coefficients of the Root a? fubfti. 
tute+£j_Aatistofay . Let+g be=:gr~'^/«-"/^ 

Aaain for the Siim pf the Coefficients of xx fat + d. 

AUo for the Sum of the Cbefficientt of x^,x*,x*.y &c. \^ 
pm +/, + i., + *, &c. refpeaively. ' 

Then the foregoing Equation will become — b-x-cx 
Mdxx-\-fx^ ■\'bx*+kxf+8ic. = o. 
' Now b^reieaing all theMemberf in this Equation where- 
in any Power of * cxceeaiiig its Square is included, we have 

And, b^TranfpofitionandDivifioo, «=sj-r^: 

a:. . ;. ., ■ ■■■; '• But 



— » 
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But *•, by JS^.ItapI;JbH't fitft Set of I'hedi-tJttlj j that Is, 
by our foregoing Univer&l Theorem is =^ C for g being 

fuppofed near the Value of 41, x will be b^t fmalli *nd there- 
fore nearly =_) . confequchtlvT ^rt: —^^\^ ^- 

c 
which is Dr. Halley^s rational Theorem for ex- 



; c 



trailing the Roots* of any Equation whatfoever. 

Again — Z' + ^ rf + ^«'* 4" &c. is (by what was before 
faid) = o ^ therefore by rejcding all the Members of this 
Equation which include any Power 6f x exceeding x x^ 
and afterwards tranfpofing, we have dodxJhcx-ziLb. 

Aftd by dividiiig each Part by rf, v^e have 



xxA^-jXizz — 
4 d 



hd4-icc 

-~ dd 

Aftd,byEvoIution andTranfpofition,*=^l^i!^±i^!iZ*? 

d 

Th^t is td fay, if -^ I c be *^ o, then«=iili£li£fl~if , 

Buf if — ^c be t^' o, then a? = — V^^+l^^-rfg . 

which is Dr. jKi%'g Irfatiorial Theorem &f evolvrhg all 
E^iuatioris x^Katfbtver. 

A« to the Extraaion of the Roofs of pure Fo'ft^^r^ by 
thefe Theorems, it' is mariiferf, g being taken near rhte Va' 
lue of a, and; of c6hfequ(ince, ex, fedudihg theSign of tfifc 
Value of x, confiderably greater tlran the fdlloivihg Term 
dxx anJ this-. confrdet'abfy greater fhaa fx\ &c; that 
if z be taken- -a «, the Value of the next g found by the 

Rational 
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national Theorem is left, but that found by the Irrational 
Theorem greater lAiAnav fttt if ^l^ ukeocr^^j then 
the Valup of the nest g found by the Rational Theorem is 
greatei^~ but that found by the Irrational Theorem is lefi 
than a I 

h he 

For Xy by the Rational Theorem, = — = ^~y^-- 

t^ ("becaufe h is equal to cx-^-dx* + jf ^' -|- &c.) , 
ecxArcdx^fcffA-fc. _ ^_^ cf-JJ^^ ^ ^ 

€C J^cdx ^-ddxx-f-oLc. . f ^ 

of confequence, ddcr^cf) x- -r- a^n A$rm.ative Quantity 
much left tfian Xy if ^ be cr"o^ but — ji^-.[-» ^^ ^ ^^^ "Dp: 
confequently. wha^t i§ aljovefa^d ip Relatioii to the Ratio^^al 

Thto^em is true. 

/' 

An(l what is. abovi?f^id pf the Irjrational Theorem will 
prefeijlLy. appear by on|y viewing the true Valu^ of j^f, s^long 
with the fupp9,fcd Value of x exhibited by the {rratioijial 
Theorem : 

Wherefoyre thefe two Theorems are happily couppled, and 
worthy of that learned and excellent Author. 

By a few E>^iipiples thefe twoi Theorems will be farther 
explain'd. 

Exant^le L 

If rt' = 2, 'tis required to find the Value of a by Dn 

J&fW/^jV'^ Theorems* 

Let g -^ xhQ rr ir, and 
Suppofe g r=: I 5 then 

a} z=z I -i-xx-ir % X xA*- x^XzrzQ 

^11 ■■ II 



That is — b ArC x4r4^ x; 4rfx^ =t: o : 



"^fm^^mmtmHH^^mm'mir^mtfmimmmmimmmmmmmmmg 



• For the Index n kfuppoi^ i;;;" i. 

Then 



2^* app?oiciroaftoni*. Pakxv/ 

'■'.•'•■.'•.•- • t 

Thent hiDt. BaUey*s A^athMttl Theorem, xfrs \ 



H 



3^44 * 



=i = .a, 



a" 







Atod, by his Iff ational Theotem, xf= ^/'t'Hrpf}Zk\' 

t 

Therefore g.-f-d^ is, by the Rational Thoorenii = i • 25 $ 
or by the Irrational Theoreqi ^z i . 26. 

Either of which Valuers of £ t|- V iway be ta]^en for ^ th^, 
$ but the latter is neareA the 1f£i\x€ o£ a ^ Let us taerC'- 
fdre fiippofe g (or z^ g)^=z 1 . 261 Then 

/i' =i 2.oooj75-4-4.7tfa8;i?4-3.784P* + *^ ^ — q 

•!— N^dl — 2 > 

- — - ■ • 

/ .00637(^4-4.7^28 Jif 4^ 3.78 a(?A?+ »5 =0: 

Thati«— * J^ ex J^ dxxA-fx^ =0 

Then,'t)y the RatronalTheoremj a?^ = — 

^+- 

-, , •^^^?.? — - -= — . 00007895610492 ... J there. 

. •x'.Q >coo37<^X3«78 

4.7020 — "—T-Q 

fore g4-i3^ = I • ad*^* 0006789 joib49 = 1 . 25992x049895* 

= a nearly^ 

, • ,* ■ I" * 

Or, by thfe IrrationalTheorem, x (=: i^^^tjffzif^ ^^ 

. -^ . • 

y . — £2SlIf 4.. 39^9 :— .(53 =2 V •3P^0O529i0O529f0# 

:1 .—J . 6:3 = .(J2992io49^949- •• •~«<^3 5 Acteforcf +a?=s: 
J . 2 5 992 10498949 = d nearly. 

Examflell. 

^ . . ' • • ; 

Let it be required to find one of the Affirmative valties 
of a in this adfeSed Cubict Equation, VtZ. _< .^ 

•'4-438«' — 7^aj«— >8jo8430=5». *** 
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Let g -^ xhezr: a^ and 
1. fuppofeg equal 500^ then 

a^ =;: 27600060 4- 270600^1? -f- 900 XX -^-x^ 

+ 458 a a= 39420000 4- a^aSoo ^ -[- 438 ^^ ^_.^ 

— 7825^= — 2347500 — 7825^ 

— N = — 98508430 

— 34455P30-|-5i4975^ + i338^:x? 4*^^=0 
That is — b . 4- ca? + dxx^l-fx^ t=:o 

/ b 
Then, by the Rational Theorem, x f— - — ^ = jd... 

Therefore g + ^ = 3 5^. 
Or, by the Irrational Theorem, x ' 'i--4'^ I ~t ! 

= 57.-. , 

Therefore g-^ x t=i 357. 

a. Renew the Theorem, and fuppofe g (or 2^ g) = 3 5 7 j 
Then , 

al = 45499295 4- 382347 -^4- 1071 ^^4-^^ 

4-438^a= 55822^(^2 4-31^73^^+ 43^^^ ^—^ 

— 7825^ = -^ ^19^5^5 — 78*5-*^ 

— iN = — 98508430 

1 I I II - .111 - 11 -- - - I J I I r jj 

" 4- 20000 4-^^872 54 J>? 4" ^ 509 ^^4" "^^^ =P 

That is— ^ 4- ex 4- /^a?A7 4-/A?3 =« 

Then, by the Rational Theoretn, xf— j^r\ 

\ cJ{ • 

c 

= — .029103181(^9 . . .7 therefore g 4" jkj-rr: 3 57 — 
♦ 029103181(^9 = 35(^.97089^81850 = ^ n early. 

And, by the Irrational Theorem ^r= i — ^^^ —j 

= — •02910318180....; 
Therefore^4-^=3'5<^-97o89<^8i8i9 = ^ nearly* 

J^xarriple III. 

Let it be required td find one of ttie Values of' a in thi? 
adfefted Biquadratick Equation, viz. a* — 80 a^ 4- IP98 ^* 
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That this Equation may be the eafier managed, . fuj^pofe 
a = J^ 5 then the foregoing Equation will become nearly 
equal to a+ — 8 a' ^- 20 a* — 1 5 a + . 5 =p* 

And for the firft Suppofition, let f ^l- at be s a, and 
^ = 13 then 

— 8a' = — 8 — 24JK? — i/[.xx — tx^ , 

— 15a =2 — 15 — 13X 

+ .5 '=+-5 



— 1. 5-- 5^-1- ixx' — 4Jip'-l- x^ r=o 
is — h -{- cx-\- dxxA-fx^ -^-hx^ =0 



That 
Then, hy Dr. Halley's Rational Theorem, 



Or, by his Irrational Theorem, 

*(- 5 -^ - 1 *7- 

Whence 'tis manifeft, that 1.16 or i . 27 is nearly = a 5 
and'confequently 12 . d or 12 . 7 nearly zra. 

Now let us fuppofe 5^ + ^= ii, and 5- == 12 . 7 5 then 



^^ = + 26014, .4(^41 -f- 8ip3 ,532 ^ + 
967 . 74^* + 50 • 8 a;' ^- ^+ 
— $oa^ z=z — 1(^3870 . 64. — 38709. ^ii; 



- — 105070.64 — 35709. ^ii? — 
3048^1?* — So x^ l_^ 

^1^ 1998a* =^- 3^22 57 .42 4^ 50749.207 ^^ '^ 
-|- 1998 x^ 
— 14937 a =—189(^99.9 •^14937'^ 
' -f- N =1: -|-. 50G0 

— 298.5559-1-52^.134* —7 

82 . 26 XX — 29 . ixi\.\-x* S — 

— V ■\- cx 4-7 

Then, by the Rational Theorem* x, ^— ^ \ 

c 
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' ■ ■ — - ^ = . 05544.07 .... 5 therefore 



. 245(^7 -454334 

520(^.132 — _Ii-i_I^3^?--^ 

529IJ.I32 

g+^ = 12 . 7 5(J44> which is nearly = a. 
Or, by Dr. tlalley^s Irrational Theorem, 

^bdAr%C(^ — is \ ^/69%'^6%6 ^ 106012 — ^6^%.o6& 

— d y —82. 2d 

= .05(^440805 ? I . . . which really is lefs than the true Value 
of X : But, in order to correct it, fubftrafl: ' , - 7 . , , 

_ _ .0016201.... _ _ ^ ooooooppi 1 T ... from it, and 

2(>43 .423 .. •• 
you will have .05^44179448 r=Jt? correSed. 

And, if you defire yet more Figures of the Root ; from, 
the X correfted let there be made —dxifx^-l-hx'^'.zrz 

— .43io55o2423...5and— -^ "^ — 

— i6/^'^.o66+^ 69S 7 585.d749<^597577 "" _ 

■ — iz , 16 
. 05(^441 7 9448074402.. - = ^1? J wherefore g + ^ = 
1 2. 7 55441 79448074402 r=^ nearly. 

The Reafon or Demonflration of the foregoing Correc- 
tions is this ; Fiz. By what hath been already faid and 
done, any Equation may be reduc'd equal to the following 
one, viz/^b + cx+dx^^\-fx^+hx^+Sic.z=zO'., 

And, bv Tranfpofition and Divifion 

^'A-"2^ = -^ ^ 

By Comp. O. ,.,,,„ 

By Evolution and Tranfpofition x = 

^ iC^^^^4CC^J^d-dfx^-dhx^-S^C v j^j^j^i^ 



the laft Correftion* . , 
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And, by Sir If. Ne^joton't Theorem, 
5± V'-* 4 CC'\-bd—dfx^ —dhx* — Sic: is-=:-±^ ilcc-{-hdz 

^iAJj±±^ji±^l±^, &C5 therefore 

~f rz± ^ijcc-^bd — dfx^ —dhx^ — &ct 

2 r 

d zt^/'icc^-bdi 

Now, the Value of x being very fmall, this laft gffr. 
may be rejefled, as being abundantly lefs (fecluding tho 

Sign of the Value of x) th,miffL±lIfl±3^. 
and io you have the firft Corre^ion. 



■ « A—a »— ^»a^M»J»— aB^—— — — « 



CHAP. ni. 
Of Eoaarifljmiif. 

DEPINITION. 

Logarithms are a Series or Set of artificial [(Tumbers 
accommodated to an other of natural Numbers, in 
fuch fort that the Sum of the Logarithms (or artificial 
Numbers) of any two (natural) Numbers is equal to the 
Logarithm of the Produ£t of the two (Natural) Numbers j 
and confequently the Remainder of the Logarithms of any 
two Numoers is equal to the Logarithm of the Quotient 
of thefe twa Numbers 5 as alfo two, three, four, £^r. times, 
and one half, one third, one fourth, i^Cy The Logarithm 
of any Number is equal to the Logarithm of the Square, 
Cube, Biquadrate, ^c. and of the Square Root, Cubq 
Root, Biquadrate Root, ^c. of that Number refpeftively : 
Or, as the learned Pr. Halley defines them, Logarithms 
arc the Indexes of the Ratios of Numbers one to an 
other; 

L E M- 
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m 



LEMMA. 

If any Indefinite Root be extrafted out of each of any 
two given Numbers, and from each of thefe two Roots aa 
Unite be fubftrafted 5 I fay the Sum of the two indefi- 
nitely little Remainders i is equal to the indefinitely little 
Remainder of the faid Indefinite Root>of the produft of 
the faid two given Numbers, an Unite being from it fub- 

du£ied. ^ _ 

In order to demonftrate this Lemma^ I will fuppofe any 
indefinite Number = » $ as alfo one of the two given 
Numbers (which I fuppofe are Affirmative) to be = fome 
Binomial or Refidual whofe firft Member is i, as (fuppofe) 
I -i rrj that is to fay, if that given Number be cr- 1, then 
it is r= I + JK?, but if it be "n i, then it is = i — n? : And 
kt the other given Number be = fome (finite) Power of i 
:H: jp, as (fuppofe) Jz±ocV^* Then tho' the Value oii^sc 



were determined, that of i =»- ^I "" will notwithftanding be 
= anv Number you pleafe, x being not =0 , and m being 
indetermin'd : Thus tho' i +^ wer e = a ny given Number 
that is greater than i, 'tis manifeft i ^-^|"' ihall be = a, 
that is to fay = any Affirn^ative Number whatfoever, if m 



L a 



be =""=-: Oti—xr is = a, if m be = 

Jji^-Yx 

NB. L fiands for Logarithm. 
Now what we arc to demonftrate is, that 



L a 



Li — X 



DEMONSTRATION. 

By Sir If. Newton's Theorem, 



m 



m 



m 






X— X^ -1 X— - X-— 

5 » * 5 



IBP ^ 

XX -^-^ X . ■ ■■■ 



-.5 



x^y &c. 



But 



i3S 



ilj?p;to^imaeiotur. 
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con- 



But fincc « is indefinite, - is indefinitely fmall, and 

fequcntly _ being added to or taken from any finite Qjan- 

tity or Nutnfcer wiU not fenfiblv, that is, wiU only by wav 
of iincreafcordJmiiMfh itj Wherefcre ' J 1 

m 

^^ ^, &c. = 
x'^t &c. ^j there- 



X :«?5 d J- - X ^ X 1 X I 

5 « a 5 4 

I Zt — ^ — XX-^ ^5 IZ 

n X n ^n 

fore 



4» 



5 



t?2 



n? 



m 



n zn — 3 » 

&c. *• 
From the 3^ Step it is manifeft that 



■X' 



m 



'X^ 



^u 






i:±,xr — I 
&c. 0, 



I I 1,1 

IS = zt—X — — *j^A?-+- : X^ — •■ — A?4-^ 



n 



•1 + I 



2 » 



^ 



Alfb that I -jh ^trl » — iis = 3±- — ! — jp— . J_L_1 
^ -V :it X 5 Jip*, Seed, which is equal to the 



3 » 



4.n 



>«+ 



Sum of the 3^ and 4*^ Steps 3 that is i :±Xi » — i ^ = 



n 



SCHOLIUM. 

Hence if i be fubftrafled from the indefinite>Root of 
any Number , the Remainder may. be taken for the Loga- 
rithm of that Number had it not been indefinitely littld: 
But if it be multiplied by loooo &c. indefinitely (^which 
1 0000 &c. indefinitely, in the following Operations, is fup- 

pofed 



pofed to confift of as many Figures as n doth) the Product 
will -be finite, andasJthe i^ld SLetnainder } that is co fay, the 
Frodud will be the Logarithm required : As for Exan^ple* 

R U L E I. 

If tke'Logarithm of any "Number :pr:t?; that is, if the 
Logarithm of the Ratio of i to any Number = c be re- 

^ttifed. 

Firfi for the VaJue of c fubftitute i rt J^ (that is to fay, 
if c be CT* I, then it is =: 1 4- x^ but if it be "^ i, then 
itis-=i— ^): 

Then, by what hath been already faid, the Logarithm of 

I 

£ -j.jp (or of ^s = 10000 &c. indefinitely x : ::^: -^ — 

I II I . . I 

r-r jr«7-4. — tc^ — 7:L^*» &c: = P x:::+:^ ^ rfe V 

a» — ^n ^ 4^n ^ — a 3 

A?5— '-a?4- •::*: -x^ — -a?^^ &c:, jutting-^ 
1 0000 &c. indefinitely 

« 

By this you may fee that Logarithms may be of as many 
different Forms a« th&iadefiakc Number 5=^ n ^an ^ thus if 
« be= 10000 &c. indefinitely, then^ will be = 1 5 and the 

Logarithm of iHh^=r±^ XX':± ^x^ — •- x^y 

^c« which is cali'd the Lord ii/ii^fr's Logaiithm of 1 1±^: 
'But if « be = xjoi 58 5 Sec. indefinitely, • then g will be ==: 
. 434294, ^c^ anfd the Logarithm of i r!: o^ = . 4342^4 &c. 

X:-«-A? — -^*-4.-A7? x^ :=t "x^i &c : which is cal- 

— 2 --3 4-5 

led Mr. Sriggs s Logarithm of i r± ^ 

A^ain, putting the Terms of any Ratio equal to r and /, 

of which s is ttie greater, and 5 + r =: 2>, and s — r :=zdy 

s s 

we* hftve^he Logarithm if 7- ^= Logarithm of, — v~7— = 

Logarithm of i A^ ^rTTTZ = Logarithm of i + T" ") = 

Logarithm 
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Logarithm of i 4- ^» which is, byRule i. = ^ h : ^ ~ 

dd d^ d* ' r 

—^ A- -^ - :j^' &c • And the Logarithm of 7;^ = 

Logarithm of i-^ = /Jx-:-4-^4. -4 + -^. 
&c : . NoW if from the Logarithm of 7— you fubflra£l 

» 

the Logarithm of r- > you will have 

R U L E. - IL 



Thft Logarithm of jr ) IT = Logarithm of - = ^ x : 



T *+iP"* +f^ » + &c:=aP X:j3p + -X 



5 — r 



s-\-r 



4--X 



5 i+r 



+&c; = ^a-{-3;*aJ-l-;5)*a*+7; 

*»' + 9; *a9 4-&c, putting ^= 2 fi, and a = ~^fbt 

the Convenience of the Operation. This is an excellent 
Rule for finding the Logarithms of fmall Numbers, but, 
m order to find the Logarithm of a great Number by it, it 
will be very convenient to confider that great Number as the 
Produa of feme fmaU Numbers fudi whofe Logarithms ar« 
moll of them or all, if you can, already^known. 

\ Again, by adding together the L<^afifhms found, by 

s f 

Rule I ft, of j^ and of ~, we have the logarithm of 

r- X 7— viz, the Logarithm of ^ =« x — : ~ + 

zd* . 2d^ 

4** ^"tf«<' ^'^' ^^ ^y fubflraaing this Logarithm from 

(he 
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the LQg^ritJbm of i, that is from o, we have the Logarithm 
°^i^^ ' = Logarithm of — = M : J^ + ^+ 
7^ 4- &c:i And half this Logarithm, viz. 

R U L E m. 

^ ^ , _i^ 4. J + -^; +^+8cc'. is .== the Loga. 

*ithm of 4^» i.e. of the Ratio of the Geometrical to'the> 
Arithmetical Mean between r and s. 

Again— V.= ri "" ''^ ^ 

is __'*^^i:!!f J and its I^ogarithm is found by (viz. fubftitut- 
ing \di\-ri inftead of 5, and r J inftead of r in) Rale a, 



idM^;s—rs !^ * • - ^^"^ 



= * ^ ^ • idd-{-rsA-rs + "? "^ i/^^^ri ^"'''i.^^an 
+&C : 5 confequently, putting i = i </i^ and jy = i dd^'tr s, 

iz * 1 _L- L -i_ L. 

the Logarithm of ;^ is = ^ X ' 3, ^^ 5 j>» "*" SJF* 

Lr + Li- , „ 
-i-X&c: = Logarithm of i z - -—^ ^by theNa- 

tare of Logarithms) j therefore 

R U L E IV. 

The Logarithm of 4 . is =. ^^' + i^) ^'+ 5^'^^ 
+ 5 ^O .8 4- 7 J'^) M- &c. which Rule 4« or«««l{5g 
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Ufe for finding the Logarithms of prime Numbers having 
the Logarithms of the adjoining Numbers given. 

Note, T'baf i z is always = the Number ijohofe Zqga^ 
rithm you feek hy Rule 4 : jlnd. fince 4 dd-zzi^'.^d 
is = 2, and confequently t 21 -f" ^ = ^» and^z — i — r. 

And laftly, let /:=: | a be an odd Number whofe Loga- 
rithm is fought, and (d being = 2)^+1=5 and t — i 
= r be equal to even Numbers whofe Logarithms are 

Icnown. Then will the Logarithm of ~ (r=L5 — Lr)or 

t \ f T J 

of ' > which, by Rule 2, is = 2 3 X : -- + 'Ti + 

/ I » ^ ' f ^fS 

—J -f: &c : = f/, be alfo known. The Logarithm df 

* . ■ ; f = Logarithm of j-j^J is> by the Operation 

I 1 ' 

toRulc4, =3x : — — — 4-J-X ~ — ; -f&c: = Px; 

ztt—A'^^A'i^ 2/r— il""' +yx 2rr— ip^ 4: ^c : . 

Now this Series, divided by that above expreflxng the Va« 

/ ' t I 7 

lue of Uj yields in the Quotient — -] -r -1 — 7-— 7 -4- 

&c J confequently this laft Series multiplied by » = « x : 

fi + r^^"^6^7T ^ ^"^ • '' = *^^ Logarithm of 
-7-7- 1 \^herefore 

RULE V. 

ft 

The Logarithm of / is equal — — 4- 

II ? 

« X : — 4- ■— ;j 4- rr rrr 4- &« t 

4^ 24?' JOC^' ' 

This 
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f • 



This 5*^ Rule is only to be ufed in finding the Loga- 
rithms of great Numbers, of in enlarging a Table of Lo- 

ganthms : in which (:aie ^ ' . ^ "_ 4 — j is =. 

the liOgtrithm of / jiiificiently near. 

Examples. 

I. Let it be required to find^ NaJ^er*s Logarithm of a or 
^ to thirteen Places pf Figures. 

, s — r 
Here r = i, i =: a, and 7-7— = « = a, and confe- 

quently 9) 1 1= a a . Then, by Rule 2, Na^er^s Logarithm 
of X will be thus found : 

OPERATION. 



2 X f = * a = . 66666666666666 


* a r=: . 66666666666666 


^ 9)i'at2:*a3±= 7407407407407 


3)ia' 24(^91 3 5:024^9 


^)^a3 :^ia'!=: 8230452(^7489 
9)*a5 ==! Ja^ :-: 91449474155 


5)ia^ — :: 1(^4(^09053497 


7)/>a^ — 130(^4210595 


9)ia'^r=ia^= ioi5io52<J8'5 


9')>a9r= 1129005853 


9)ia» = ^a'' =: 1 1290058 53 


ii)ia* ' -rr 102(^36895 


' pj^a' ' =2ia^^ = 125445694 I3jia*^r=: 964,9621 


9)lfSL^^'=:bsi^^^=: 1 3938343 


I5)ia'^-^ 929222 


9)/'a»^ — bz^'^ — 1548704 I7j*a'^ — 91100 


9)b^^7=b3,'9— , 172078 I9)*a'9— 905<^ 


9)bz^9 — ira*»= 19119 2i)^a*' 910 


9)^a»' — ia*3= 2124 23)ia*3 ::3: p^ 


9)ia»3— /^a»^— ' 255 25)*a*J— . .9 


Nafer's Logarithm of 2 :;=. (^9 3 147 180 5 5 99]. 



jL. Let it be required to find Nafer's Logarithm of 4 to 
th'^rteen places 

Here r = 4, 5 = 5, and ~t — = a = i ; cpnfequcntly 

a a =: 81) X 3 then by Rule z. 

*Xa OPE- 



1 
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OPERATION. 



«X^=^a= •2&22112222X222 

^f.)*a=:^a' =? 274348422495 
i)ja'=ia5=r: ' 33870175^1 
i)/ra5=^a7=B 41815031 
Si^Ja^xsi^a^ss: . 515234 
iBi)*a5^=ia''= . <^37? 
*i)^a''=:^a'^= 78 



^ a =±.2222222222222 2 

3)Ja5=: 5)1449474155 

5)^a^= 577403512 

7>a''= 5973575 

9>a9= 57359 

iO*a''=r 57sj 

i3>a'5= 6 



Nafer's Logarithm of i i =.223143551314^]: 



§0* By thefe two laft Examples the LogaritTim of 10 
may be found 5 thus 
3xL2=L25 =L8s=: 2.0794415415797 

Li= 42231435513142 

2Tap. Log. of 8 X 1= JVa/. Log. of 10=2.3025850929941:1 

3. Let it be required to find the Value of the Index n for 
making ffr/^5's Logarithms, his Logarithm of 10 being !•• 

The Queftion proposed is the fame with this 5 viz^ 

10060 &c. indefinitely ^t ^ y r -.t r • 

— — X Napers Logarithm of !• is = i . 

^ere n . 

S O L U T I O N. 

loooo &c. indefinitely ^ 

"- ; — . ^ — - X 2 , 302585092994 &c. IS = I fby 

the preceeding R:?^) 5 confequentjy (^by multiplying each 
part by fi) iooqo &c. indefinitely x 2 .302585, &c. 3= « =: 
2302585092994 &c. indefinitely = 230258509^994045584 
ol799i454<^843542075oiioi488528772975o33328 &c. in* 
definitely as computed by others 5 therefore 

loooo&c. indefinitely 

.; ^ — I = ^ = • 434294481^0325182755112 

891891550508229459700580355555511445, &c I and con- 
fequently 2 ^ =; i» = • 8585889538055035 &c. 



Notey The Logaj:;ithm? of % and j may be expeclitiouily 
had by finding thef Logarithms of f atiid f ('byRule 2), whote 
Sum is iheLogar'thm of | x f = 2 ; And this Logarithni 
added to that of fis the Logarithm of f X 2 = 3 : Bdt they 
along wich the Logarithm of 10 may be fo<pner had by find- 
ing the Logarithms of i?, fl and fg-j thua 

Firft for Nafef's Logaritbih of H 

, 16—15 
Herer = 15, s= 16, and ^jjqp^ =a= ro Vaa » 

pdi) I • And, by Rule 2. 

OPERATION. 



* 



2Xj;r=ia= .0^45161290522 i)^a=»0^45i(fx29O32x 
p(^i)ia=/'a'= 671343694 3)fci*= 225781231 
5hJi)/ra»=:^a*= .698588 5>a'=: 139718- 

96i3*a*=l'a^= 726l7>a'= 104- 



Nafer's Logarithm of rv = •064538541137.5, 

/ . . * 

Next for Nafer*s Logarithm of 11 

,25 — 24 - 

Here r = 24, i = .25, and a = ;^ v_ = ^J^ v a a 

^5 + ^4 

= 2401) 1 5 wherefore by Rule 2. 

OPEtlATION. 

2X5f=^a=.04o8i632653o6 ia = . 0408163265306 \ ^. 
240i)*a=*a'= 169997195 3)^a*= 56(^65732- 
24oi)^a' = ^a«= 70802 53*a*= 14160 

240i)*a'=/'a^zi: 29l73^a^= 4 

Naper^B Logarithm of 74: = .0408219945202 



And next for Naper\ Logarithm of i^ 

^^ — 80 
Here r == 80, 5 B 81, and a 5=J gT+So'^*^^' 

and V aa ts 25921) i .Now by Rule 2. 

OPE- 
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OPERATION. 



1 K7ylr=:Ja=.OI24.%a5(ro2484 
ft59ai)ta=rJa'= 4792392 

2 59ai3^a^=r^a^=: i84r5)*a^= ?.7 



l»a!=r.oi2422 3(^02484 
5)*a'= I5974<^4 



57- 



Nafer^s Logarithm of ygr =-.0124225199^85 



i5*=L|4r=.-c^453852ii375 
a** =Iir4-= .0408219945202 
3^ =:LH= .0124225199985* 
,st^2*4-;^=4*^=IL. ? = vii7783035<^5<^3 • 
X»*4-**+4'^=5**'=L-|-- .2251435513140 
,8t^jth_^th_L .j_ .287(5820724517. 
4^»^^|-(^^^= 7*^=L ^ = .4054(551081081 . 
^th^^tb_8th_L ^ _ .(5931471805599. ■ 

7*^4-8*^= 9'^ =L 3 =i.098(5i2288d<58i . 

3 xL 2=io»^=L8 =2.0794415416798. 

5^^-io'^=ii*^=Lio=:2 . 302 5850929940 . 

JTote^ Naper^s LogAtithm of 10, and of any other Num- 
ber being known, Sriggs's Logafithm of the faid Number 
inay be found by this Proportion. 

: A« Nafer^s Logarithm of 10 = 2 . 30258 &c. 
Is to Sriggs^s Logarithm of 10 = i 

So IS Naper^s Logarithm of any other Number 
To $riggs\ Logarithm of the faid Number. 

But the Index s h being known, the befl way is to find 
J5r/^5*s Logarithm a-rew: Thus, 

Ex. L Let it be required to find Sriggs^s Logarithm of 
2 to eleven Places. 

Jfote^ The Index r:: h muft have a Figure, at leaft, more 
than the intended Logarithm is to have 5 therefore in thijs 
Ex. it muft have 12 or 13 Figures in it j viz. 

The mofl: expeditious Method of finding Sriggs's Loga- 
rithm of 2, that I know, is thus, 

2'"^ K 10245 and, putting r;z^ 1000 and s ;=; 1024, we 

have 



have L - s L I tvI?* whicb (vfhitxi found by the following 
Operation) being added to the Logarithm of r which is 3, 

will give the Logarithm of-^ x r, or of i, viz* of a'*^ and 

L5 * 

confequently — « the Logarithm of 2 fought. 

5— - f* 

jq;j^ a Ty|;i: ;- rlr S ^5 ^nd •-* 8tJ^ S 4a . Now by 

Rule 2« 

OPERATION. 

<J4005>)9fe=*a5= 144815P 1 5)*a^=r- 482719 

d4009)9M^=ia^= ^203)5)^a^rr 41- 

Sr^i's Logarithm {ffV,^=; ^'-^^P^^^e^^SP 



J&r/«5'8 Logarithm Sf^" *"=^3 .01029995^^39 
^ ^ . ?Vof2=± 4301029995^^^39 

Ex. II. Let it be required to find Sfiggs^ Logarithm of 
3 to ten or eleven Places. 

Since Sriggs^s Logarithm of 2 is known, his Logarithm 
of 3 ma^ be foon had by finding his Logarithm of i -f , by 
Ruk II, and adding it to the Logarithm of 2, which Sum 
will give the Logarithm of 11x2 = 3: But it may be 
fooner found by Rule IV. Thus : 

TJ&being=:3, and^-=2, 5will be =4, andr=2 5 ^"^ 
therefore ^dd-^z ri=j; = i + i6= 17, sindyjy:=:%Sp. 

O P ERA T I O N. 

Lr + Lj 
By£A;.L =.45154499349 

i?)-434a9&c.=jv;^= 2554(^73423- 

y)^\ 3x289=3^3;^= 2^/^6566 

iy^f i ix289=5j'^;3= dii8- 

55^^)3 -h|X289=7J^0g= 15 

Jffr/^gji'sLogarkhm of 3=.47 7 12 1 2 547 1 

jEjir. iir. 



i48 Mm^i^f^^^Wi^^ P»t M* 

jEx^ III. Let it be required to find Sriggs^s Logarithm of 

»oooi, by Ru^e V- 

Here t rr 20001 5 and Sriggs^a Logarit-hm of ~ — = 

i* frl^o^ = L f|44^ = L 1 . 0001 is fuppolcd to be known, it 
being = .00004342727587 =« : 

-,^ L:^ + i:4-L:f — I: L a00024-L 20000 

Alio f -= 3= 

a 2 

L2+L 1 000 t-l-L2-l-Li 0000 

^ -« =4*50105170930241^ 

^^^ 4I ~ ^^^^^^ 

J5r/jg:i'8Logarithm of 20001 =4 . 30 10 5 1709845230 

Ex. IV. Let It be required to find Sriggs*B Logarithm of 
the prime Number 17. 

I. Since Sriggs's Logarithm of the adjoining Number 
j6 (z=z z^) which is, uy Ex. L = 4 X . 301029995(^(^39=: 
1.2041x9982^559., isxnown, that of 1-7 is Toon found by 
Rule Ih from the Logarithm of |^$ for this added to -the 
Logarithm of i<^ gives the Lqgarithm of 1.7. 

Herer=i5, 5=175 

therefore ^^ . ^ - ^ = jf = a 5 and •/ 1 089 j i = a a . 

OPERATION. 

.858 58&c.Xrf=i:**= • 02^3208775911 I *a=.p2532o877(^9i 1 
io89jM=:i'a'= 241^97583 |3j^a'= 805(^5894 

io89)^a3=^a^= 221944 5)*a<= 44389- 

io89)^a5=^a^z=: 2P3 7)^a7=: 29 

Sriggs's Logarithm of i7=:i.a3Q4489ai378z 



a, Or, 



2. Or, fince i?r/^j's Logarithm of 16, as alfo of 18 
(t=zIj ^^ ^Ij 1) is known, that of 17 may be found bV 
Rule IV5 thus ^ 

i z being = 17 and d = if s will be = 18 and f* = ftf ; 
and thererore | ^f/i -[- 2 r J = 1+ 57^= 577 =yy.'yy:z± 

OPERATION. 

=:i .iaptfptfa+jSyp 

577), 43429 &c.=:jvj^= 752^7(^745 

JF)13 4-3x332929 = 3^5)3= 754- 

5r/jg5*s Logarithm of 17 = 1 .230448921378 / 

» 

Thcfe two Methods (viz. the 2*^ and 4^^ Rules^sLto exaft,; 
and expeditious enough in all Cafes ; and therefore I will 
not fpend any more time in finding fuch * Methods as are, 
in fome patricular Cafes, more expeditious than either of 
them ^ thofe which I mean being not eafily reducible to any 
certain Rules. 

SCHOLIUM. 

Hence allb the Logarithpfi of any Number being given 
along with the Index «, tlie Number itfelf may be found 5 
thus 

: i±ix\^ — I • X loooo &c. indefinitely is =r Logarithm 6? 

, *. ■ — i]r Logarithm of i±ix 

t -^ xt wherefore i ir -v -^ i = — ° — 5 — ^~j— !=-•. 1 - 
— ' ' looooocc.mdefinitely 

which fuppofe =/; then i+zxj" = i +/; and ("by equal 
Involution) t -^ ;c = I + /I =i + «/ + -x -/* + 



^ See £x.l: in Pages 246 and 147. 
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— /♦, &c.^rbeca*fe n is indefinite). 

Note, That as n is indefinitdj great, fo / is indefinitely fmaD j and 

therefore «/, — /*, -t-"^*> &c« ^c equal to finite Numbers, 
a o . 

But this Series converges very flow efpecially in great 
Numbers : Wherefore when the Logarithm of any Num- 
ber is given along with the Value of the Index n^ and 
the Number itfelf required, your better way is this 5 vii&. 
feek in the Table of Logarithms the * neareft Logarithm, 
to that which isjgivcn, without their Charafieriflicks 3 and 
the Number anfwering that and the Charafteriftick of the 
given Logarithm call r, if lefs, or 5, if greater than the 
given Logarithm 5 and the Number fought, or that whofe 
Logarithm is given, fuppofer=:». And if the Logarithm 
of i or r in the Table, oe not exa£l enough for your Pur- 
pofe, you may by the 1^ ot /\}^ preceeding Rule find it to 
what exaflne/s you pleaft. 

Then the Logarithm of u — Logarithm of r, or Loga- 

rithm of 5 — Logarithm of « = Logarithm of - , or of — 

r u 



is (by what hath been faid in this Chap.) zr : — 



u 
r 



— X : X 



looQO &c. indefinitely or rz : — 

u 

nitely 5 wherefore 



— I : X locoo &c. indefi- 



at e 

the Logarithm of - the Logarithm of - — ^ 

^ r ^ « . « " 

or TT — rrTTF— " 18 = - 



loooo&cindef. * loooo&c.indef. r 



— I, 



s 

AT =- 

U 



r 1 



n 



I ; confeq. — »or = 1 + /I is fby Sir 

r u 



* Thus the neareft fuch Logarithm to -1 . 8^26627 in a Table of Lo- 
garithms for any Number not exceeding loooo is 3^. 8^x6629: And 
the Number anfwq;ing 1 .85-26629 (viz, . . 85:26629 and the Cbaraile- 
xiftick I of the given Logarirhmj is ''{^ ;::: 71 .23 , 



J 



Chap. III. Stofiarifbnws. 251 

Jf. Newton's Theorem, fince « is indefinite) = i >^ «/ 



«» .. 1 «' ij I «* 



z 6 24 

Whence «^ = r x : i-\-nl + in^ l^ A-^ i n^ Z^ + ^iw^ 

Or fince i+/p is = -^5 therefoi^ iT^l'V ' =Tf / 

5 \ n 

IS = ~ y I = -^. that is, by Sir Ifaac Newton's Theorem, 

fince «is indefinite, i — »/ + !»*/*— i«^ /' + «4«''^/* 

*— T^ «' /J, &c. ^ = — c Whence u-=is x i 1 — nl-\-i 

s ' 

Again thefe Values of u may be contrafted thus 5 for In- 
fiance , u being = r A- mlA-i r «* /* + y r «3 /3 ^ 

Firft find a Frafiional Quantity whofe Numerator fin 
order to the defign'd Contradlion) is to confiftonlyof one 
Member r«/, and the Denominator muft have at leaft 
two Members, which fuppofe z=z a -^ e. Now the two 
firft Members of the Quotient of the Fraftional Quantity 

^^^^ towit?ll^ — ?1^^- muftbeequaltor«/ + ir«*/» 



^ -j- ^' a a a 

refpeftively 5 whence a is nr i and e :=. — inli Wherefore 

the Fraction required is : And its Quotient is =: 

I — !•«/ 

jFr«*/* -j^&c: From which fubftrafl the above Value 
of «, except its iirft Member r, and the Remainder is tt 
r«J i}+^fr»*/+ + T4-|r«J P -\-r\\Trn^ /< + &Ci 

Whence » is *t3 r + i — j *hat is o = r -4- 



I— i«/' i—inl 

* Y a Again 
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Again the Denominator of another Ftaftion wbofe Nu- 
merator is tt rw^ /3 ^the firft Member of the foregoing 
Remainder) and the two firft Members of whofe Quotient 
are vt r?;^ l^ A~ rk rn^ /t will be found, by the foregoing 
iAlcthod, to be I — nh^ And f'therefore) the Quotient is rr 
r 71^ l^ +jir n^ /+ -I- tt r «M^ + i4 r n^ /« + &c .5 
frcm which fubflrafling the foregoing Rcniainder there Re- 
mains T4-0- r n"^ r ^- rll-^ r n^ l^ J\-^ &c :' Wherefore the 
next Fraftion (tJo r/i^ P being its Numerator, and ^hrn^ 
V + illorn^ l^ the two firft Members of its Quotient) 
will be found (by proceeding as before is taught) = 



2 4 o 



jf— I iiji 

Whence « is = r J ?llL- _ rJrnU^ rhrnU^ ' 

Or » will be found ^by a Procefs like the foregoing one) 

Step of which namely n — rA- ^^^ — ^4- 

r/><ioooo&c. Indefinitely c/ 

~ Z ' or u = s— _ii_ isan Apr 

: -^ — a/: X looGO Indefinitely * i i/ * 

jroximation near enough for Prai^ice. 

T'ake one Example of this Scholium, 

If" ^ " ^'^ — I- cdj the Queftion is what a is equal tp? 

The Value of a may, with^ much FaciHty, in rcfpcd of orh'^-M^ 
thods, be found by Dr if./^s Rational Theorem K^^^ 
Roots of Equations, by fuppofing^ e , , for proceedina^hv f^^^^^^ 
rem wirh that Value of ^,%4li of X Ulir^td^i^J:;,^^^^ 
and conrequently^ + je fe 2<t»ic ^ , koAt^o/: .A- l • •"^"'rPO, 

e,ual to 1 VaU of . f But. 4 Vbe VoTn^f ^^ugh 'for ''vTu? p"S 
pofe you may renew the Theorem with this Value oFV andX S 
^ will be nearly = * But the Value of * may be foon'er Sad by fuf 



Cfaap.III. itoftatttUmj^^ »53 

I will now (hew hdw to find the Value of a C3cpeditioufly and cic- 
aaiy enough by the foregoing Scholium y thus: 

^»*5 __ I o^, by Hypothefis 5 therefore (^by the Nature 
of Logarithms) ^6$ xlja:=zlji .06 which, by Rule 2 . wttl 
jbe found = .02 530 58(J5^<J477 J wherefore L a = 

.02 5 3.0 &c. 

— =.oooo5p33ii3.77i- 

365 

Having thus found the Logarithm of ^, a it felf may be 
difcover'd by the latter Part of our Scholium by the help of 
a Table of Logarithms, thus : 

Seek in the Table the neareft Logarithm without its 
Gharafteriilick, to the above Logarithm of a^. and you'll 
find it to be 4^.0000454, whofe abfblute Number is i .0001 
znr: But the Logarithm of i .0001 is ("expeditioufly found, 
by Rule 2. to be) 1= . 000043 42 7 27 d'S^^, which fubftrafted 
from the above Logarithm of ^ leaves. 0000259058^084. 

Therefore _i£2?°ii?£l^?^=/:And»==fli8=r+ 
^ loooo&c. indefinitely ^ 

r/x lOoo&c. indefinitely ^ ^^^, i_ 

■^ r= i>. cooi -|- 

: i /: X loco &c. indefinitely 

n 

.00002590(^4512 ^ -_ ^ o ■ 

: ^^^^ ^' b= 1 .000150^^535874., 

.43429440190 — .00001295193 - 

Sefore I finijh this nohle SuheEiy it will not he improper 
to injert the follomng Appendix : Stit here obferve that J 
fuppofe the Reader knows how to find by his T'able the Lo- 
garithm of any Number ^ whether an Integer or a FraSiion 
(f any Sort within the Limits of the T'able. 

APPENDIX. 

J. Tq find the Logarithm of any Number confifling of one 
0r two Places of Figures more than your Table extends to 
by the Help of a Table of Logarithms ftom i to at leaft 

yoooo. 

Since the greater any Numbers are in refpeft of their Dif- 
ferences, the nearer thefe Differences and the Differences of 
{hejr Logarithms approach to a Proportionality 5 therefore 

Rul^ 
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Rule. Take fo many of the firfl Figures of the propofed 
Number as your Table of Logarithms extends to 5 and to the 
Kumber exprefs'd by thefe Figures add i : Then place fb 
many Cyphers after this Sum, as alfo the fame Number of 
Cyphers after the faid firft Fig,ures> that thefe Numbers may 
be one of them greater, and the other lefs than the proposed 
Number. Now the Logarithms of the greater and left 
Numbers may be found by the Table, and from the Confi- 
deration that the Logarithms of a x 10, ax 100 are equal 
toLa + i> Lj + * refpefti vely : Wherefore fay 

As the Difference of the greater and lefs Numbers is to the 
Difference of their Logarithms^ fo is the Difference of the 
propos'd and left Numbers to the Difierence of their Loga^ 
rithms, which added to the Logarithm of the lefs Number 
gives the Sum = the Logarithm fought of the proposed Num- 
Ser nearly. 

£xamfles. 

I. Let it be required to find the Logarithm of 123459 by 
the Help of a Table of Logarithms from r to looooo . 

The firft Figures of this Number which this Table extends 
toarei2j45, to which i being added, theSum is 1234^2 And 

the propos'd Number is 1234595 confeq. 

The greater Number is 12 54d^o, whofeLog.is 5.0^152^5 
r=: L 12345 4-1 

And the lefs Number is 123450 whofe Log* is 5.0974911 
= L 12345 + ' 10 ^'."0000352 



Wheref asio.* .0000552 ::9.. .000051^8 rr .0000 317- 

The Logarithm of 1^3459 is 5^.091 5228* 

jinf. 

2. Let it be required to find the Logarithm of £234598 by 
the help of the abovementioncd Table. 

The firft Figures of this Number which this Table ex- 
tends to are 12545, to which i being added the Sum is 
12346: And 

The 



■ * .WWIIl 



The proposed Number is 12 34598 5 confeq. 

The greater Number is 1234^^00 whofe tog. is (^.0915255 
= Li234^ + a 

And the iefs Number is 1234500 whole Log. is 6.091^9^^ 
r=:Li2345 + a 100 .0000352 

£ 

Whcref. as IOC .00003 52::98.. .00003449^= .0000345- 

The Logarithm of 1 2 34598 is C.09 1525^- 

Note, THoe Logarithm - fine of anyNumher of tDegrees^ 
Minutes^ Seconds y and^ mJbmeCafcSy thirds may he found 
hy the help of the above Rnle^ and of the common "Table of 
Logarithm - Sines^ &c. infiead of that of the Logarithms 5 
thus 

Suppofe it v/as required to find the Logarithm - fine of 



n m 



38 40 55 51 

The firft Figures of this Number, which this Table ex- 

tends to, are 38 40, to which i being added, the Sum is 38 41 : 
And 



i it M 



The propos'd Number is 38 40 ^'^ 515 confeq. 
The greater Number is 38 41, whofe L - S is 9«79589C^ 
And the Iefs Number is 384O2. whofe L - S is 9'7P573^Q 



o 01 .0Q01579 



o 00 ^^ 51 



M* 



n m 



Now fay as i •• , 00015792: 5 j 51 . • , .0001479- 



n ///. 



The Logar. - fine of 38 40 55 51 is 9.7958800 

Nearly Anfww, 

2. To find the Number that anfwers to any given Loga- 
rithm to one or two Places of Figures more than your Table 
extends to, by the Help of a Table of Logarithms from i to 
at leafl loooo. 

Kule. When the Logarithm given cannot be exaflly found 
by your Table, take the two nearefl Logarithn\s that are 
greater and leis, as alfb the Numbers anfwering thofe Loga- 
rithms, from your Table : Then fay, 

As 



i5(^ ^pfi^OJCimationi*. Part XVj 

As tke Diflference of the neareft greater and lefe Loga- 
rithms is to the Diflference of the Numbers anfwering thefe 
Logarithms, fo is the Diflference of the given and lefs Lo- 
garithms to the Difference of the Numbers anfwering thefe 
Logarithms, which, added to the Number anfwering to the 
lefs Logarithm, gives the Number required nearly. 

Examples. 

1. Let it be required to find the Number anfwering the 
Logarithm . 4<^dp347 by a Table of Logarithms from i to 

iooooo. 

The given Logarithm is .4^<^9347 

The neareft that is greater is the Log. of 2.9305 = .^669^iy 
And the neareft lefe is the Log. of z.9304~ »4<^<^92(^9 

.0001 .0000148 

.0000078 
AS.COOOI48.- -oooiti .0000078.. >oooo5?- 

The Number required is 2.930453- ^ ^7^^^' 

2. Let it be required to find the Number of Degrees. Mi- 
nutes, Sec. and Thirds anfwering the Log. - fine 9.7958800 

The neareft greater is theLog. fine of 38 41 = ^-7958909 
And the neaiSft lefs is the Log. - fine o f 38 40 = ?'7P5733o,. 

001 .0001579 

.0001470 - 

/ / // /// 

As .0001 5 79-. i:- .0001470.. .93i- = ooo 55 5^ , 

The Number of Deg.&c. required is 38.40.5 5 -51 

Nearly Atifostt. 



PART XVI^ 



PART XVI. 
Of INTEREST. 

Interep w the U/e pad for the Loan of Money 
may he either Simple or Compomd. , 
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Chap. I. Of Simple Interest. 

SIMPLE Intereflis that which is paid for the Loan 
of any Principal or Sum of Money lent out for fome 
time at any Rate /^r Cent, agreed on between the Borrower 
and the Lender ^ which formerly according to the Laws of 
England^ was 6 Pounds for the Ufeof loo Founds for one 
Year, and 1 2 Pound for the Ufe of 100 Pound for two Years; 
And fb on for a greater or leiTer Sun^ proportionable to the 
time proposed. 

There are feveral Ways of computing (ot anfwering Que- 
fiions about) fimple Intereft • as by the fingle and double 
Rule of Three. Others make ufe of Tables compofed at 
feveral Rates /^r Cent. But I fhall in this Traft Ihew that 
all Computations relating to fimple Intereft are grounded 
upon Arithmetical Frogreffion ^ and from thence raiie fuch 
general Theorems as will fuit with all Cafes. In order ta 
fhat 

SeSion i. 

{p rs any Principal or Sum put to Intereft. 

Let .^ ^ = ''^^ Ratio of the Rate/^r Cent. per Annum. 
y f rr the Time of the Principals Continuance at Intereft 
^ A c= the Amount of the Principal and its Intereft. 
Note, the Ratio of the Rate is only the Simple Inter efi of 

I Voundfor one Tear at any given Rate^ and is thus found 

Viz. ICO .. 6 :: I .• 0.0^= the Ratio of 6 per C. p. Att. 

Or 100 .. 7 :: I .. o .07 = the Ratio of 7 per Centy Sec. 

Againioo..7.j:: i .. 0.075 = the Ratio gf 7 |*^rCr»^,&c. 

* Z And 
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And if the given Time be whole Tears 4' then f = the 
Kumber of rhofe Years .: But if the Time given be either 
pure Parts of a Year, or parts of a Tear mix'd with Tear», 
thofe Parts muft be turn'd in^ Decimals; and then t = thofo 
Decimals, &e. 

Now the common Part.^ of ^ Year may he cafily turn'd Of 
converted into Decimal P^rts, if it be confider'd 

(Day is the ly? Part of a Year =r .00274 fefQ; 

that one^^®"^^ '^ ^ ^^^^ ^^ * ^^' ^^ "^^^ 3 3 33 -&€•! 
^ Quarter is the i Part of a Year rz .a 5 

C Haifa Year = , 5 . And three Quarters r;;: . 7 j ^ 
Thefe Things being premifed, we may proceed to raifiag 
the Theorems. 

Let r = the Intereft of i Pound for one Year as bc&re^ 
Then ^r^==. the Intereft of i Pound for two Years. T 

And 3 r = the Intereft of i Pound for thre? Years^ 
± r—x\k^ Intereft of i Pound for four Years, 
Apd fo on for any Number of Years proposed. 

Hence it is plain that the fimple Intereft of i Pound (hi: 
any Time, or number of Years fignified by ; is rr: ^r Pounds, 

Then T^^ ^ Pound, is to the Intereft of | Pound 5 fo is any 
\ Principal or given Sum, to its Intereft* 
That is I .. tr : : p.f ptr^ the Intereft of f. Then 
the Principal being added to its Intereft, their Sum will be 
cr: a the An^ount required : Which gives th^s general 

Theorern ^ r r -|-/ =^^ 
From whence the three following Theorems are eafily. d6« 
duced. 

Theprem z{ 77^,=/. Theorem j^^^^r. 



Theorem. ^^^^=r. 



Thefe four Theorems rcfblve all Queftions about fimp^ 
Inteteft. 

^left^i. What will i$6l. los* amount to in 3 Years, 
X Quarter, 2 Months and 18 Days, at 6 fet C^^* f^ 

Hereis given/rr:2 5(J. jf, rzzo.o^, and It =13. 4(^599"^ 
'For 5 Years = 3 ^Wr^ a /^r Theorem ^^ 

Qite Quarter =x . 2 5 
* a Months rro.itfdi? rs: .08333X2 
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Chap.t Sicnple !2;^ 

i8 Pay s = 0.0493 a = .00274x18 
HehCe ^_^3^4£599 
Then / rp— 5 .4^599 X o .0^ X 2 5^ . 5 = 55 . 541 58* 

And 53-34i58<^^-2 5d.5=309.84£58(jrr=:rr/+/=^ 
fir; 309/. itfi. 10^. jinfwer. 

" ■ » 

^lefl. 2. What principal or Sum being put to Interefl will 
i^ife a Stock of 309/. 16 s. 10 d. in 3 Yedrs, i Quarter, s 
Months and 18 Days 5 at 6 per Cent, fer Afi ? 
Or the fame Queftion otherwife flated thus s 

What is. 309/. \Si. tod* due 3 Years, i Quartei*, i 
Mbntbs and 18 Days hence worth in ready Money, abating 
or difcompting 6 fer Cent, fer Annum fimple Intereft ? 
Here is given a-rz. 309 . 841 585^ r = . otf, ^= 3 ; 4^599 
('found as before) thence to find / per Theorem 2. 

3 •4^599X.od4-i=r I4z079594 = ^r 4- I 
A»d 1. 4079594) J09 . 84l58^('2 5tf. J=/:r:2 5(J/. lOJ* 
The Anfwer required. 

^Uefi. 3. A* what Rate of Intereft per Cent^ &c. will 
45^/. 10;. amount to 309/. \6s. iod. in 3 Years, i Quar- 
ter, 2 Months Und 18 Days? 

Here is given / rz 2 5^ . 5, /1 = 509 . 841 586", and / = 5 ^ 
4^5995 tonndr, /^Theorem 3. 

Firft 309.84i58tf-r-2 5<^, J = 5^.34158^ = a — p 

l^Text 3 i 4^59^ X 25* . 5 ±r 889 . 02^43 $ :^tp 
And 889. 62(^435) 53- 341 58<i» ("0.0^= r 
Theii i . . o . od : : 100 . • 6 the Rate required^ 

^ue/l. 4. In what time will 2 y <^ /. 10 J.' raife a Stock of (ot 
timountto) 309/. 10 J. 10^. ^tdperCcnty &c? 

Here is given/ = 25d'; y, ^=309.84158^ and rr=.odJ 
To find / per Theorem 4. 

titft 359.84158^'— 2 5d.5i=: ^3.341585 = ^-^^ 

And 25^.5 x.o(J= 15 .i^-nzpr 

Then 15. 39) 53. 34158^^(5. 4d599r=:f5 thatis/z= J 

^Tears and 4<^599 Decimal Parts of a Year, which may fed 
litought into uit common Parts of a Year 5 thus 
. > -2 5). 4^599 (i Quarter 1 Hence r — 3 Years, r Quarter^ 
* q83^3). 21599 (^2. Month.^ ^ 2 Months and 18 Days. Thd 
■ 00274). 0493 3 - (18 Days. ) Airiwer required^ 
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It muft needs be eafy to conceiVe that «rhat k here done 

VvH£l"LTl^ **^® " any other Rate of Intereft. 

by torming the Ratio^ vat. r acconllngly. 

SzOi. 1. Of AtmuitUs or Pmfims m Arrears -, 
computed at jtmple Intereft. 

Annuities or Penfions, &c. are faid to be in Artcars, wherf 
fhcy are payable or due eitberTearly or Half-yearly, &c.and 
are unpaid for any Number of Payments : Therefore th« 
Bufincft IS to compute what all thofe Payments wiU amount 
unto, aUowing any Rate of fimple Intereft for their Forbear- 
ance from the Tinie each particular Payitaent became due. 
Now, m order to that 

C"~ the Annuity, Pcnfion, or yearly Rent, &c. 
PuO ' = *?« y "c 0* i w Continuance (or being) unpaid 
J r = the Ratio, or Intereft of i /. for one W, as^foi* 
C » = the Amount of the Annuity and its Intereft. 
Then, If o = the firft Tears Rent, due withont Intereft 
r « = the Intereft J Due at the end of the fecond 
And a « = the Rent i Year 
r « 4- 2 r « = the Intereft^ Due at the end of the third 

3« = the Rent J Xear 
ro+aro+3r»=: the Intereft) Due at the end of 

4« = the Rent f the fourth Year 
r«+2r«4-3r«+4r« = thelnte. IDue at the end 

A jr £. „ 5"— theRentJofthefifthTear. 

And 10 on for any Number of Years 

Hence 'tis evident that r « 4, a r « 4- 3 'r « + 4 r » + &c 
continued to ^- 1 Terms J^~tuU=a-, that n (by ParTviII. 

Chap. I. Step, it*,) *•— ixr«4 



'—I xru — * — txru 



(ttrtt — tru\ . 
= — j4"'«=«« Hence 

T:\ieo.iA— —ru-^tu— a. Tbeor.a.r-— —1— =tf 

C a ItT—tr-X'lt 
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Chap.L Simple 261 

^uefl. I. If 450/^ yearly Rent (or Penfion, &c.) be for- 
born or unpaid 7 Tears 5 wh^t will it amount to in that 
time, at 6fer Cent, for each Payment as it becomes due ? 

Hete is given » = 250, ^ = 7> and r = .6(^ To find a 
<^r Theorem »i . 

Firft 250 k 7 = i75o = f/^5 and 1750 x 7 = 12250 = 

Again 12250 — 1750= io500 = ^^» — /«: And ^5.?^ 

ttur — tur ^ 
x.o(J = 3i5 = "■ ■ J " 

Laftly 31 5 + 1 7 50 = ^^^5 = ^ ^ ws. 2055 /. is the Anfwer 

required. ^ ' r^ ^ * i . t 

But if the Annuity Rent or renfion is to be paid 

by Quarterly or Half-yearly Payments, &c. then — =.05 

• 06 
trrfor Hal^yearly Payments > And — = . 015 = r for 

Quarterly 5 or 0.045 =r for three Quarterly Payments. 

Example of Half-yearly Payments. 
Suppofe 250/. fer Annum to be paid by Half-yearly Pay- 
ments were in Arrears or unpaid for 7 Years; What 
would it amount to, allowing 6 per Cent, per Annum for each 
Payment as it became due? 

In this Example there is given f/= 125 = *2-, r = 14 the 

0.06 
Number of Payments, and r=.03 = ^7~* Thence to 

find a 

Firft 125x14— I750=«?* 1750X i4=2450O = »// 

Again 24500— 175^= ^^750 = ^^^"^^ 
22750 ttu^tih 
Then-^x. 03 =341-^5 = ^ ^ 

Laftly 34i.254;i75o = ^o^i-2'5 = ^5 thatis2opi/. 55. 
is the Anfwer required. 

N. B. Hence it may he chferved that Half yearly Pay- 
ments are more advantageous than yearly. 

For 2091/. 5i. cr- 20<^5/. by z6L 55. Confequently 
QuarterlyPayments are more advantageous than Half-yearly 

Payments. , « • . ^ » 

^left. 2. What yearly Rent, Penfion, &c* being forborn 
or unpaid 7 Years will raife a Stock of 206^5 /. allowing 
€ per Cent. perAnnvm for each Payment as it becomes due ? 



%6i t^tnt PartXVt 

Here is given a =: 20^5, ^ = 79 and r = . 0(^ to find u fef 
Theorem a. 

yiift 7X.p^=s.4z=^rr: And.42X7 = 2*94=:r/r 

Then tir^tfzzzi. 52 : And ;^r~rr-f Zi^mtf. 52 
Xaftly itf'.52)4i3of25o:i=2tf-7 :/rr— Tf^+ifi rrftf 

T^t is 250/. icr Annum^ &c. will raife zo6^t Stock. 
' ^^A'5* In what time wHl 2 50 /. yearlv Rent raife a Stock 
of 20*5 /. allowing 6 per Cent. &c. fbrtnb'Forbe^ance of 
the. Payments) as they become due ? 

Here/i«given fi=:;2jo, a = 20(^5, andJ-tr-oeT. To And 
r/^r Theorem 4. ' 

1^5rft^ = -^t=: 33.9535- And33.3J33 — i = 32.}53j 
~jtf. Then 16 . i€666 -zzzi x i And 2^1. 5do5^c.=:ijcji? 

* Again -jj- =«75'3335 = *<«-s'''«' Anda7j.533j 

— 2 ^ ^jt 

..j-liiJi . 3<^05= 55^-<^P58 = — + — • Then y/ji6 . (TpjS 

2 4P XX 

Laftly 23 . 16666 '--^ 16. 16666 = 7 = v^ i ^ -K — s -^ 

r V 4 

-- :=s « ; yiZf. 7 Tears is the time required^ 
2 
. ^^Jl. 4. If 2 50 /. yearly Rent, l^ing forbore 7 Tear^ 

will amount to 20^5 1* allowiaig fimple Intereft for every Pay- 
ment as it becomes due 5 What muft the Rate of Intereft 
he fer Cent. &c? 

Herearegiven tt = 2 5o, a 1^=20^5, aiid'/^r). To findr 
fer Theoreni 3. - ' , ■ 

** - l:-*-/«= — 1750 3 — 3 500= — zfu 

ttu^-^tu-rziQ^Qo) ^30= 2a — 2^»(o.o^r=r^ 
Then i • • 0.061: 100 • • 6 the Rate required. 

Sed. 3. The prefent nvartb of Afmuitiesy or 
Penfionsy &cc. comfuted at fimpklnterefli 

TheBufinefs of purchafinc Annuities, or taking of Leafes 
&c. for any afligned Tirile de|>ehdi upon the trUe Eqiiating 
of the Principal, or Money laid out on the Putchafe, wTtn 
the Annuity ox Yearly Rent,^ by allowing (cr difcomptii^) 
the ikme Rate of Intereft £0 botn : which may be eafiiV per- 
form *cl 
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Chap. I; Simple \ ,, / 'z6f 

forip'd by duly applying the refoefliye Tbeorieini c>f p^^ 
Vf^ laft SedioQs together 5 as will fiilly appear by th^ fbll<:^- 
JDg Qucftioiu ^ \ , 

^i^^A Wbati^^j/. yearly Rent to continue 9 Teart 
^rth in ready Money at ^fer Cent, fer Annum finiple tn^ 
tereft? : '■ 

J, %. 9er Theorepci I . of the lafi SeB^ find what the pro-* 

?>s'd yearly Rent would amount to if it were forborn 9 
ears at 6fcr Cent. 
Thus«=75, t:=x% zxidr^.o^.^erea 

/ f/ ;rz 7 5 . 00 3 * ' 

>f ^75= r» 

2. Then by Theorem 2. 4S?fif. i. Find what Principal be- 
ing put to Intereft for the fame Time, and at the fame Ratei 
win amount to 8 3 7 /.=: a . 

Thusrr = 9 x.o5 = .54V^r4-i = I • 54 

And 1 . 54) 837 (543 • 50^4 = ^ . 

That is / = 543 /. I o J. 1 1 //• which is the Worth of 7 5 U 
tf Year, as was required. 

i?rom thefc two Operations f'duly confider*dj it muftnc'edfi 
be «afy to conceive, hbv the two Theorems by which they 
were performed may be combin'd into one. ' 

Fori. — 4-^«= ^- And i.ptr+.fsaa 

/^ r 1^1 ttru—truA^itu ^ 

Coniequcntiy / / r + / ^ . And from 

this Equation may be deduced the following Theorems. 

rTheorem i . < ■ ■ ^ « u^p. By this Th^rem 

c 2 * r-j- 2 * ^ 

all Queflions cf the fame Kind with the laft (vi«.that ajbfve) 
fnay be eafily and readily aniwer'd at one Operation, 



% %p %P 

Let^ — ^ — I = ±: ^} then will tt^z^t^ jrt 

which gives this Thcor. 4 • ^^ V* r? -4 '-zz'r = t. 

By 
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By the fecond and fourth Theorems two u&ful QucfiioiK 
may be eafily tofwer'd. 

1. As for Ififlance : If it be required to find what Annuity, 
er yearly EUnt^ &c. may be purchafed for any proposed Suai« 
to continue any aiBgoed Time, allowing any Rate of Interefl. 

This Queftion may be anfwcr'd by Theorem a. 

2. Again: If it be required to find how long any yearly 
' Rent, renfion, or Annuity, &c. may be purchafed (or en- 
joy 'd) for any propofed Sum, at any given Rate of Intcreft. 

All Queftions of this Kind are^fily anfwcr'd/^r 
Theorem 4* 
In thefe Queftions it is fuppos'd that the- Purchafe or 
yearly Rent is to commence or be immediately enter'd upon. 
But if it be required to find the Value or Purchafe of any 
Annuity, or yearly Rent, &c. in Reverfion ; that is, when 
it is not to be enter'd upon until after fome time, or Number 
of Years are pafl 5 then firft find what the $um proposed to 
be laid out in the Purchafe would amount to, if it were put 
to Intereft during the time the Annuity, £cc. is not to be in 
prefent Pofleffion -, and make that amount the Sum for the 
Purchafe, proceeding with it as in either of the two la(l 
Queftions, &c. 



CHAP. II. 
Of Compound Ji\izxt% and %m\X\i\t»^ &c. 

/COMPOUND Intereft is that which arifes from anv Prin- 
^ cipal, and its Intereft put together as the Intereft ftili be- 
comes due 5 fo that at every Payment, or at the Time when 
the Payments became due, there is created a new Principal ; 
and, for that Reafon, it is called Intereft upon Intereft, or 
compound Intcicft. 

As for Inftance 4 fuppofeioo/. were lent out for two Tears 
at 6 per Ce^u. per Annum compound Intereft. Then at the 
end of the firft Year, it will only amount to 10^/. as in 
fimple Intereft. But for the fecond Year this 10^/. becomes 
Principal, which will amount to 112/. 75. i^d^ at the ie^ 
cond Years End, whereas by fimple Intereft it would havo 
amounted to but 112/. 

And 
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Cfaap. II. Compound ±6% 

And altho* it be not lawful t<> let out Money at compound 
Intereft ; yet in purcha£ng of Annuities of Penfions, &c. and 
taking Leafes in Reteriion, it is very ufiial to allow conlr 
pound Intereft to the Purchafer for his ready Money ^ a^ 
therefore it is rery requifite io underflatid it. 

Sed. 1 ; of Compound Interejf: 

r fr=. the Prindpal put to Ihtereft. ^ . , , 
\ / = the Time of its Continuance: ^ is befbr<^« 
Let V a := the Amount of the Prin.^nd Int, v 

R ==: c the Amount of i /• atid its Int: for i Tear ik 
I any given Rate; which may be thus found# 

Viz. 100 .. totf :: i .• i • o^ == the Amn^unt of i /; at ^j^er centl 
Qt loo .. lot :M *. 1 .07 = thq Amount of t /; at 7 fer cent* 
And fo on for any other afligned Rate of Intereft. 

I'hen }f R = the Amount of i /. for one Tear at any Rite. - 
R R ==: the Amount of i /. for t#o Tears. 
R R R = the Amount of i L for three Tears* 
R^ = the Amount of i /. for four Tears. 
, R* = the Amount of i /. for five Tears. Heiis^ i-^zi^ 
l?ori..R::R..RR;:RR..R^::R^.R*:iR^.R^&cinJ=i. 
C As I /, is to the Amount of i /. at one Tears end i 
That is <fi> is that Amount, to the Amount of 2/» at two 
C Tears end^ &c. 

Whence it is plain that compound Irite^efl is groufided 
upon a Series of Terms increafing in geometrical Proportion 
continued 5 wherein t (viz. the Number of t*earsj ooe^ al- 
ways aifign the Index of thelaft and higheft Ter^; tiz. the 
Power of R, which is R*. i >. . 

. Again i .. R* ::/ ../ R* =; a the Ambuhi 6t f fdr ihe 
Time that R* = the Amount of i /. . . ^ ', .. ,. 

r A* I /, is to the Amount of i /. fo/ a!ny given/ 
That is < Time J fo'is any ptopos'd Principal (or Sum),' 
I to its amount for the faine Time. 

From the Fremifes the Reafon of the following TEeofe^j^ 
may be very eafily underfiood. 

Theoreni I . / R* =?: ^. , v », 

From hence the two follovfiring THeoYeM^ kfe eafily de-' 
jbced. 

Theorem 2 • «^ = / . Theorem 5 • r = ^^' 
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By thcfe three Theorems all Queftion* about compound 
Intcrcft may be truly refolved by the Pen only, viz. without 
Tables, tho not fo readily as by the help o\ Tables calcu- 
lated on purpofe. 

But here 1 will /hew how to folve fuch Queflions by the 
help of a Table of Logarithms : thus 

/> R* = J, as above 5 therefore, by the Nature of Loga- 
rithms. ^ 

Theorem i. L/+^^LR = Lrt 
Theorem 2. Lfl — ^xLR = L^ 

Theorem 3 . -^ = L R 

r«L I'^ — ^P 

Theorem 4. — • - p - r=:f. I 

i 

^efi.i. What will 575/. 105. amount to in 9 Y^rs 
at 6 per cent, per annum compound Intereft ? 

Herei8given/=:375.5, ^—9, andR=i-o<^. Tofind 
a per Theorem i. 

The Logarithm of 375.5 is 2.574^099 
9 X Logarithm of 1.06 is =1. 227753 1 

2,8o23d3or=L/4-^xLR=lj^ • 

Therefore a is = 634.4 fere = ^34/. 8 s. The Anfwer 
required. 

^efi. 2. What Principal (ot Sum) muft be put to Intereft 
to raife a Stock of ^34/. 8^. in 9 Years at 6 per cent, per 
annuniy &c! 

Hereis given ^ = (^34.4, R = i,o5, and/=9. Tofind p 
per Theorem 2. Thus ^ 
The Logarithm of (^54.4 is 2.8023^^32 

9 X Logarithm of i.o^ is = :. 2277531 

2.574(Jioi=Lfl — /xLR=L/>- 
Confequently j5 is— 375.5 + 5 that is/^575/. 105! 
which is the Principal ("or Sum) as was required. 

^left*^. In what time will 375/ 10s. raife a Stock of 
('or amount to) 6i^L %s. allowing 6 per cent, per annum 
compound Intereft ? 

Herrisgiven ^= ^34.4, p— 375.J, and R = i.o<f. To 
find t by Theorem 4. 

The 
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The Logarithm of 6^^^ is 2.80^3^31, 
The Logarithm of 375.5 i s 2.574(^099 

•0255059) .2277533 ('9+==--^-|^=r J 

that is ^ 18 =: 9 the Number of Years required. 

^eft.i^. If 375/. 10^. will amo^nt to ("or raife a Stock 
of) ^34/. 85. in 9 Years 5 what muft the Rate of Interefl 
be per cent, per anmim compound Intereft ? 

Here is given a = (^34-4> / = 3 7 5 .5> ^nd ? r= 9. ^ere 
R per Theorem 3. 
TheLog. of ^34.4 is i,%oii6^z 
The Log. of 3 7 5.5 is 2.574(^099 

La— L/ 

5))-2277533r-0253059=- — j- =LR 

And the natural Number which anfwers the Logarithm 
-02 53059 in the Table is i.o5 9 
Then i . . i .06 — i : : 100 . 4 6 the Rate^^r cent required^ 

Note> Ijf the Logarithm of the givtn JSfamhr i or, if the reqmrtJ 
KutuBor ef the given Logarithm^ be not exaH emngh fir your Tstrfo/e 
in yo$ir Table of Logarithms, you may find them ftfflciently exoB hy the 
jfffendix /0 Chap. III. Part XV. or make them as exaH as you fleafe by 
the /aid Chapter, 

Sed:. X. of Annuities or Penjians in /irrear 
computed at Compound Interejf. 

When Annuities, &c. are faid to be in Arrear, fee P. 2(^0* 

And I ibail here make ufe of the fame Letters to repre* 

fent the fame Things as before in that Page, fave oi^y that 

R is here = the Amount of i /• for i Year, as in $ i. of this 

Chap. 

Suppofe u z=z the firA Years Rent of any Annuity without 
Intereft 

C The Amount of the firfl Years 
Then will R«+«=^ Rent and its Intereft 5 more the 

. ^ fecond Years Rent, &c. 
TThe Amount of the i** and 2* 
And RR tt + R « +«s=s Years Rents with their Interefl» 

t- more the 3^ Years Rent, &c. 
Here RR tt + R« 4"^= tf the Amount of any Yearly Rent, 
or Annuity being forbom 3 Years* And from hence may 
be deduced thefe Proportions. 

♦ A a 2 V?«, 
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?7i. »..Rils:R«..RRf/::R*«..R^ w, and fo on in 
~ for any Number cf Terms, or Years, denoted by /, 
wherein the hit Term will always be wR^""* 5 wherefore, 
hy Part VIII. Chap. II. Step 15. 

Thcor. i.a=z ' ^_' — . cohfeq. L:R^ — i:-|-Ltt— L:R — 
Theor. a^ilrr --^7-^ — : cenfeq.L:R— i:-l-L4— L:R*-- ' 

Thc©r.3.R*— — — -— : confeq. ; v — '— ^=^ 

Theor. 4.R*— - R4-^— i =0. If this Equation fee re- 

folved hitQ Numbers, onc#of its Roots will fliew the Value 
ofR. 

^^efi. I. If 9o/. Yearly Rent, or Annuity, &c. be fof- 
bom ("W^. remain unpaid) 9 Years 5 what will it ^pc^ount to 
at f per'cent, fer annnm compound Intereft ? 

Here is given f/zrjo, t-zz^^ and Rm.o^j to find 4 
fer Theorem i. 

And the*Number anfwering to this Log. is 1.6894805=9/; 
Confeq. Rt— i=.68p4.8, whofe Log. is ...... 1.8385211 

Ltt=L;.o:rii.477Ui3 

Sum i'3iJ^43P 
3L:R — i2=L.Qd=r.778r5i5 

Lrt=a.53749i>: 
And the Number anfwering to this Log. of a is 344»y4 
=riJ=544/. 14J. ^id* The Amount required. 

^iefi.z. What Yearly Renti or Annuity, &c. being fer- 
born, or unpaid <> Years, will raife a Stock of 344/. 14K y^i. 
:::» 544-74 /• at 6 per Cent^ &c ? 

Here is given a = 344.74, ^ = p, and R=?= i.o^ ; fiwj 
« by Theorem a. 



* Sec the Appendix to the LogaritbmSi t'i^. to PiftXV. Chap.IlL 
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Ltf==L J44.74i:=zvj5749i7 



Ii;R«— i: is ('a* beforp found) =^ ^^-8385217 

L«=: 1.4771213 : 
Consequently « = 30= 30 /♦ Anfixer, 

J?«^^* 3t' In what Time wiW 30/. Yeariy Rent raife a 
Steele of, or amount to 344/. 14 i- 5>t^. allowing CferCent. 
per Annum for the forbearance of the Payments, &c ? 

:Hereis given f^= 30, 4=:344.74» and R=i,otf 5 tofiod 
ffer Theorem 3. 

R^ — ^+2^ 5x;3<^5,4a44— -344.74+30:^=50.5844 

And the * Logarithm of 50.584415 1.7048743 

Lz/zrLsorz I^77iai2-H 

" '■■■ ' ■' * 

LR=Li.0^rJ=.O253O5p,And,oz53O5p) .2277531 (fizzt^ 
that is 9 Tears is the Time required* 

^eft.j^. If ^oL fer Annum being unpaid p Years will 

•amount to 3^44/. 145. 9^^. allowing compound Interefl for 

every Payment as it becomes due ^ what muft the Rate of 

Intereft oe per cent^ per Annum t . ' 

, Here is given u = 30, a=: 344.74> and jr = p 3 to findR 

by Theorem 4. 

u ' a 

-- =ii,49i333-F, and ■ — 1 = 10.491333+: Hence 

there is thisEquation R^ — 11.491353 R + 10.491533 =0. 
The Root fought of, and in, thisEquation will be found, by 
Extraction to be i.od^ but not fb eafily as may be expelled 
at firft Sight : For if *^ be fuppos'd = i, x will be 
found rr o, by either Halley*^ or Raphfbn^s Theorems ^ be- ^ 
caufe one of the Roots of that Equation is 15 wherefore , 
you mufi fuppofegrr 1.05, i.o5, or 1.07, &C5 viz.&zj&to 
carry the Series beyond the Limits of the Root i $ &c 
giO* See the 4th ^uefthn of the nMtfolhwwg SeSl* 
And I., i.od — I ;: ibo .. 4 the K^tcfef emi* perj^imuim 

jequired. 
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Sed. 3. To find the prefent Worth of An- 
nuities^ Penjions or Leafes, dec. at compound 
Interejl. 

Let/= the prefent Worth of any Annuity, orLeafe, &c. 
and the reft of the Letters as before. ' 

Then, from what has been faid in 5 3. Chap. I. about pur- 
chafing of Annuities at fimple Intereft, it will be eafy to 
form the like Theorems here at compound Intereft, viz. by 
combining Theorem I. Page itfS, and Theor.i. Page x6^. 
into one Theorem. 

» R« — » ^ '^^^ Amount of any Yearly Rent being 

For =^3 ""P^^^ any Number ot Years^ fer 

a~i ^ Theorem i. of the laft f. 

^ The Amount of any Principal, or Sum be- 
And / Rf = rt < ing put to Intereft for the fame Number 

C otYears, pr Theorem i. of 5 i. 

Hence it follows that /R* = — ;— — 5 viz.fSj-^ ' — ^Rt 

=rl^R^ — f/. 

Or this Equation may bfc rais'd from the confideratioa 
that purchafing Annuities, or taking of Leafes, &c. is 
grounded upon a Rank or Series of geometrical Proportio- 
nals continually decreafing5 

Thus - is the firft and greateft Term, R the common 
Ratio of all the Terms, and /is the Sum of all the Series: 

'Jr until the laft Term = -;. Then rbyPartVIII. Chap. II. 



At, - xR : 

-D -at 



Step."i5.) willj^ be= ;^ : confequently / Rf^-i-- 

/ Rr = « K' — fi as above. 

From this Equation may be deduced thefc following 
Theorems. 

Theorem 
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jl — i-:X» 



Theor.i./= '^ •» confeq.L:!— -:4-L«— L:R 

— I : = L^ 

Theor.a.« = - ''^^'',^ 5 confcq.LzR — l:4-L^--L:i 



'-T^ 



I - 

: =L« 



Theor. 4.R«+ 1 — jR*— R* 4-- = o. The refolving of this 

Equation will difcover the Value of R. 

^eft. I. What is 30/- Yearly Rent to continue 7 
Years Worth in ready Money allowing 6 for Cent, fer An- 
««wi compound Intereft to the Purchafer? 

Here is given n = 30, t=. 7, and R = 1.06 -y to find p 

per Theorem i . / r 

LR*=/xLR=7xLi,o5=7X.0253059= .17714x35 ^onleq. 

theLog.of-=:o—. 1771413= 1.8228587 ; And 
the * Number anfwering to this Log. is .^^5055* 5 there- 
fore I •^=i.j34P432whofe Log. is 1.5249711 

L«=;L30=:i*477iai3 

Sum 1.0020924 ' 

L:R — I :=L. 05 = 2.7781 51 3 

L/ = 2.223941 1 : ccnfeq. 
/ = 1(^7. 47 15 = 1^7/. 09s* fd. being the Anfwer re^ 
quired. 

^efi. 2. What Annuity or Xqarly Rent to continue 7 
Years may be purchafed for l6^ U 09 5. 5 d. allowing Sper 
Cent, per Annum compound Intereft to the Purchafer ? 
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In this Qaeflion there is given f — l6^.^^l6^ t-zz % and 
Kziz ii06i to find u by the %^ ilieoreni. 

LtR — I : = L. 0^=^.778151 J 

Ii/i=:L 1^7.471^= 4.2239411 

Sum i.oo20ji^24 

liJi — -;: is T" befiwe found) =7.5249711 

i» 

1 . ,• . ^ ^«^=i-477iH3s confcq. 
tf r= 305 that IS 30/* IS the Aniwer required. 

^^yf. 3. How long may One hare a Leafe of 30 /. Yearly 
Rent for l6^L 09J- $d. allowing 6 per Cent, ftr jinnumi 

compound Intercft to the Purchafer ? Here is given * 

t= 1^7.47 iM= 3o,andR= i^^j to find thy the j^^Theor/ 

FirftL» = L30±= 1.4771213. 

»%/ + «— i97-47«^ 

ABd/lL=i77-5iP9- 

^4-tt— /R= ipipjij^and its togi is iappp79p + 

LR=Li.otf=r.C25305p. And .0253059). 1771413 ("7=^3 
that it feven Tears is the Anfwer required. 

^eft. 4. Suppofe one fhould give 220/; for the Purchafe 
of an Annuitv ot 20 1* fer Annum to continue 21 Years. At 
what Rate ot Intereft/^r cent* fer Annum would the Pur- 
chafe be made, allowing compound Interefl to the Pur- 
chafer ? 

In this (Jueftion there is given /= 220, ttrrao, and /==: 
II 3 To find R by Theorem 44 

u %o t 

T*= rr:= —5 whence, /fr Theorem 4, you have this E- 

jp 220 II * y ^' / 

quationR»» — ixfR^'-frfUoj or xfR»» — . iiR»'4- 
1 = 0- 

Tho' this Equation is of a high Degree, yet the fought 

Root therein being but by a fmall Matter more than r, one 

may think, at ^rftSi^t, that the faid Root may eafily be 

cxtrafted by fuppofing *^ = i,' and by Dr. 

* See the Halle fs Irrational Theoretn and its Correflions : 

Converge But if ^ be fuppos'd C3 i, then x will be found 

h^ Series, k 05 becaufe i is one of the Roots of that E^ 

quation : And tho' g be fupposfd IbjEne what more 

than^ 
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than I • yet the Root i does fo retard the Series from con- 
verging' to the feiight Root, that this cannot be- by that 
Theorem readily ex trailed r And, if in order to get rid of 
the Root I, the Equation were divided' by R — i (z= o), the 
Quotient would confift of a great m*ny Terms j fo that I 
think it much mesfe-cligible not to deprefs thcEquation lower 
by fuch Divifion $ but reduce it to another Form, &c. thus 

X r 

Suppofe - = R 5 ^A the foregoing Equation wiltbecome -jir 

— JL?-^- I = 05 confequently n — tiy-l-y** =0* 

y 

• Now Suppofe ^4-^= JK 5 then 

If gbe fuppos'd = .9, the Value of jr, which will be found, 
as well by Dr. Halley's Rational, . as by his irrational 
Theorem, is only .034 -h , which is too fmalJ, the true Value 
of X being then .03^ + . 

Suppofe therefore 5 = .p 3 <J. Then, by the Logarithms 
the Log. of .9 3 6 r= » L 3 . p -I- L • 2 4) =: T . 9 7 1 2 7 5 848 Sec* 

22L5;="i . 5(^80587 .Number .2333827 

L 22 rr I . 3424227 

alL^.r^r. 39<^7P'-8 

. • 

' Sum .7392155 Number 5.485491 

L242r=2. 3838154 
aoLg = I. 4*55170 

Sum 1 . 8093 5 24 Numbei' ^4 . ^66 



'1 4 
• ic^Sberwir$*s Mathematical Tshks ?$ge 18. or, &c, 
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Therefore 
— iiy = — 11.23a -^12^1? V"^^ 



4- .0013827 — 6.5I45o8;l^4-^4•4^<^^A;, &c. =0 
•— i 4- CJi? 4-" ^^^i &c. =0 

And» by Dr. Halley^s Rational, or Irrational Theorem, x 
t:=.ooo2i2d+5 therefore g 4"*=- 93^2125=^^ nearly^ 
Confequently R = i .06S 1 3 3 + . 

And then it will be i.. 1.0(^8133 — i :: zoo.id.8133 
the Rate/^r Cent. &c. as was required. 

Thefe tour Queftions include all the Variety that can be 
propps'd about purchafing Annuities, or Leafes, &c. which 
are either immediately to be entered upon, or in Pofleffion 
at the Time when the Furchafe is made. 

But Theorems for folving fuch Queftions as relate to An« 
nuities, or taking Leafes, &c.in Reveriion may be raifed in 
the following Manner. 

X. Suppofe it was required to compute the prefent Worth 
of 7 5 /• Yearly Rent which is not to commence or be entered 
upon until 10 Years hence, and then to continue 7 Tears 
attter that Time, at 6fer cent. Eic* compound Interefl ? 

Here «= 75, ?=7, R= 1.0(^5 andmppofeT= 10 the 
Number of Years the Annuity is not to commence, or be 
enter'd upon : Then 

By the i^* Theorem of this $ 3. the prefent Worth of u 
]f ounds Yearly Rent to continueT ^|-^ t Years at R — i fer 1^ 

u 

&c. will Ke found = - ^ ■ 

And by the faid Theorem, the prefent Worth of u Pound* 
Jearly Rent to continue T Years at the fame Rate of Inte- 

u 

u -= 

reft will be alfo found = -^ 

R — I 

-9^ this in Can- * Confeq. the prefent Worth required, w«. 

eJufim, is the ^ ^^ ^ 

fame with Mr, U ~ — r— U = I •— • — 

W^d'sMethcJ. . ^^*\^ ^ K^ ^^ 

^ ^' Theorem. x« 

Where* 
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Wherefore L : t — -7 : -1-L«— TxLR— L :R— i : =L^, 

By this Equation the preceeding Queftion may be folv'd 5 

thus 
LR» =r3<LR=:7 xLi.o(^=7 x. 0253059- = . 17714103 

f-L — = Li — ^LR= 1.8228590 

And the Number anfwering to this L,og. is . (^(^50572 5 
V L : I — — i : = L . 3 34942^8 =!• 5a4970<J 

L« = L75 = i .8750515' 

Sum 1 1 40003 19 

T xLRmox. 02530585= .2530585 

L:R-- I :r3L ,05 1=^.7781 5 12 

Sum 1. 0312098 

2.3588221= 

li^: Confequent]y/ = 233.788 = 233/. 155. 9^. thepre. 
fent Worth of 75 /. ^^r Annum in Reverfion, &c. as was 

required. , 

£a?. 2. What Annuity or Yearly Rent to be enter'd upon 
10 Years hence, ind then to continue 7 Years may be pur- 
chafed for 233 /. 15^* 9^* ready Money at 6 per Cent. &c. 
compound Intereft? 

l^e Theorem for folving this Queftion deduciblc froni 

^1 : ^RTx:R— -i: _- 

the foregoing Theorem i. is^^ ; =«. Theor.2. 

Confeq. I /+TxLR4-L : R— r : — L : % —• ^^ : =L«f 

L/ = L 233. 788- = 2. 3588221 
TxLR= -2550585 

L:IL — I: = 2.778i5i2 
Sum 1 .4000319 

L« = i. 8750513 v«= 75 5 thatifi 
75/. is the Yearly Rent required by the Queftion. 

*Bb2 Thefe 
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Thde twoExumpJes of finding/ and n do fully ihew the 
Method to be ufed in refolving the two general, and indeed 
mo^ • u(^iil Quefiions about Annuities or Leafcs in Rever- 
ficn: And, if there be Occafion, either the Rate or the 
Tiinc,,?;/)5rR, ^ or T may be found by a due Application 
of their r^fpe^ive Thecrems. 

Kote, y the Rents or a^nnuities^ ^c. are to Ic paid 
,U(ilf'Tcarly^ or .garter lyy that 

Then Rrr; ^ i.o6 for Half Yearly ^ Payments r*t 6 per 
And R = y I . c(5 for Quarterly 5 Cent, &c, 

&c. 

Sed. 4.' Of purchajtng Freehold or real Eftates 

at Compound Interejl. 

All Freehold or RealEflatcs are fuppos'd to be purchas'd 
or bought to continue for ever (viz. without any limited 
Time) 5 therefcrc the Bufinefs of computing the true Value 
of Tuch Eftates is grounded upon a Rank or Series of Geo- 
metrical Proportionals continually decreafing ad infinitum : 
' Thus let/, u^ R denote the fame Data as in the laft 
Scdlion J 

U ti U It u 

Then thfc Series will be ~-> ~i» — > — ^> — s» &c. and fo 

B^ R* R* R* a^ 

u 

^xR~o 

R 

on in -^•- until the laft Term =:o. Then will — 7i 

r=/ (by what has been prov'd in ^) = • 

This Equation affords thefe following Theorems 

u 
Theorem i. /= —;;;;;^yUt[tipra. Theor. 2./R— ^=« 

R' '1 . • 

Theorem 3.^-— =R 

Example, fuppofe a Freehold Efiate of 7 5 /. Yearly Rent 
w^re to be fold 5 what is itSvorth, allowing the Buyer 6 per 
Centi ^c. compound Inte^eft for his Money t 

In this Queftion there is given »C5 7J, R H i.0(^; to 
HxAp per Theorem i. Thus - ' 
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R — i = .ofi) 75 = Hf'i25o/. =s/ the Anfwer required. 
And fo for any of the Reft as Occafioa requires. 
But, if the Rent is to be paid either fay Half-yearly or 
Quarterly Payments} 

ThcnR= -J I. otf for Half-yearly I Payments at tf/irr 
Aad R=v'V ' 'Ctf for Quarterly i Cent. &c. 

cR= 1 . 08 for Yearly i „ „^ 

OrH== V 1.08 for Half ^rly^Py'"*=';*'l8/a- 
l^=^^x .08 for au«terly J Cent.perAnnmu 
The like is to be underflood for any other propos'd Rate 
of Intereft either greater or lefs than 6 per Centi &c. 

The Application of thefe Theorems to Praflice is fo very 
eafy, that it is needlefs to infert any n:)ore Examples. 
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PART XVIL 
Some of DiophantusV §uejlums. 



IT may be expeftcd that 'tis poffible to folve the following 
Quettion if ^ropos'd in more uni verfal Terms ^ viz. that 
'tis poffible to divide any given Number into two Rational 
Squares : But that it is not Mr. Thomas WallH of , the City 
of Corfe^? has demonftrated; thus 

Lemma . i . All even fquare Numbers are divifible [viz. 
diviiible without leaving any Remainder] by 4. 

2)emo72jlration. The Roots of all even Squares are even 5 
• MR ^11 A therefore divifible by 2, Let*2«be = the 

ursinthefeLm' ^^ 4««7 wherefore all even Squares are divi- 

;w**i, anil in the fi^le by 4, 

follow'mg Con- Lemma 2. Any odd Square Number divid- 
fia . and Scho' ed by 4 leaves a Remainder of i. 
imm Are fup- Demonfiration. The Roots of all odd 
ITLZ^r^^um ^q«areNumbers areodd. Let2 «+ 1 be=r 
t.^mte^cr^um- .^e Root of any odd Square. The ^uare of 

t .,-^^ + i=4«»+4« + i? therefore any odd 
Square divided by 4 leaves i. [for 4»«-|-4«^l-i divided 
by 4 gives n7zJ^~n for the Quotient, and' i for the Re- 
mainder.] 

Lemma r If* a Number confift of two even Squares it 
will be divifible by 4. "this is evident from Lemma i. 

Lemma 4. If a Number confifling of two odd Squares 
be divided by 4 it will leave a Remainder of 2 by the 2^ 

Lemma 5. If a Number confifling of an even and an odd 
Square be divided by 4 it will leave a Remainder of i. T'his 

Lemma is'evide72t from the f' aud 1^., 



ConfeBary^ 

Hence it follows that any Number which divided by 4 
leaves a Remainder of 3 5 as 3, 7, 11, 15, ip, &c. cannot 
be compofed of two feeger Squares. 

Scholium. 

Moreover, Ifay that any fuch Number cannot be compos'd 
oftwofquareFraSions. For, ftrppofing it can, let fuch Frac- 

tions be equal to - & - 5 their Sum will be -^-jj~; 

("=4 W2+ 3, by Hypothefis). 'Tis manifeft the Denomina- 
tor aaee is a fquare, which muft be odd or even. 

Cafe I. Suppofeit odd and = 4«« + 4^H~i> therefore 

'^•^ — r i — = 4 w + 3, and yyee-f-xxaazzz i6mun 

• 

Now, fince the latter Part of this Equation being di- 
vided by 4 leaves a Remainder of 3, it cannot be compps'S 
of two Integer Squares (by the foregoing Confect.) But 
the firft Part of the Equation is, according to the Suppofi- 
tlon, compofed of two Integer Sq^uares 5 confequently the 
Suppofition> in this i ** Cafe^ is ablurcj. 

Cafe 2 > Again let the Denominator aaee be fuppos'd 
evenj then the Numerator yyee-^xxaa being a MuU 
tiple of aaee ffor the Fraftion is equal to an Integer, viz. 
=4^ + 3) the Terms of the Numerator will be each of 
them an even Square too, and confequently (by Lemma 1) 
divifible by 4 (tor, if one of the Terms was odd, and the 
other even, or if both of them were odd, their Sum 
would not be divifible by 4, by Lemma's 5^^ and 4^'^, nor 
confequently by the Denominator or even Square zsaaee^^ 
Let the Numerator and Denominator be therefore divided 
by 4 s and, if tbq Denominator of the Fraftion thence 
had De even, divide the Numerator and Denominator of 
this lafl FraSion by 4 ; and fo proceeding 'till you have 
a Fraction whofe Denominator is odd, this Fra6:ion will be 
equal to the Former, and its Numerator will likewife con- 
'fift of two Integer Squares, and its Denominator of one 

Inte- 
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Integer odd Sqaare. Kow this Fraftion being = 4 f?2 -|- 3 • 
if each Part of this Equation be multiDlied by the Denomi* 
nator, you^U have an Equation whofe firft Part will con. 
fifi of two Integer Squares^ and the fecond Part will not 
confift of two Integer Squares^ by the i^c Cafe, which, a- 
mounting to a Contradi£lion, proves the Abfurdity of the 
Suppofition in this 2"^ Cale. 

By the foregoing ConfeSi, any Number which being di- 
vided by 4, leaves a Remainder of 3, cannot be divided 
into two Integer Sauares. 

And» by the firlt and fecond Cafes of this SchoL it ci^n- 
not be divided into two fquare FrafKons. 

Confequently it cannot be divided into any two Rational 
Squares, "jo. w. 2). 

^eftion I. 

To divide a given Number which is composed of one or 
two known Squares, fuppole ddz=s the greater, and bh s:^ 
the lefler, into two other Squares. 

ffS^Here Note that^ if the given Number be =z dd^ viz. 
a fquare Number^ then b b = o. 

Solution. 

I. Take two • unequal Numbers s = the greater, and 

r = the leffer, with this * Caution, viz. that 

• lor tfj be ^ jjg ^^^ j^ Proportion torzsd+b tod — b-y 

T.:d\b.fd^hl ^"^ ^^^ the Side of the firft Square fought put 
then the fqmres ^^4'*-_ , ^ . __ ^ _^ 

that wosfd be 2. And for the Side of the fecond Square 

found iy the C/h- fought put sa^d 

nons -wouU he 5. Then the firft Square fought is ^ rrfl a 

the fame with ^irbaA'bb. 

the grven ones. ^ ^^ j ^^^ f^^^^ j 5^^^^ f^^gj^^ h^SSaa 

— zs da-^dd* 

5. Confepuently the Sum of thofe Squares is rrtf^-|- 
ssaa^-zrh a-^zsd a-^-bb^dd. 

6. Which Sum muft be equal to bb-^-dd. Hence the 
following Equation viz x\ s -^rri x a aJ^i %r b — i sd xx a 
Ji^dd+bb^dd + bb 

7. Which Equation, after due Reduction, gives asz 

i sd — irb 

^ ssA-rr 

8. Thert- 
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8. Therefore, from the 7^^ and i'* Steps, jtheSide of the 
firft Square fought is now known and found 

— ^^^^4-55^ — r r b ^ 

9. And, ''from the 7*^ and 2^ Steps, the Side of the fe- 
cond Square fought is like wife' known and found 

zssd—^rrdic/^zrsb 
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But if ^ = 0, then the 8^^' and 9^^ Steps will become re- 
Ipeftively, 

Z f S d 

to. — i = Side of the firft Square fought 1 and 

ss-f-rr ^ 

J j^ i--- --. Side of the fecond Square fought. 

From the io*l» and ii«h Steps arifeth the following Canon 
for dividing a given fquare Number into two other fquare 
Kumberi?. 

Canon. , 

Take any two unequal Numbers, multiply feverally the 
double of the Produfl: of their Multiplication^ and the Dif- 
ference of their Squares by the Side of the given Square ; ' 
then divide thofe Produfts feverally by the Sum of the 
Squares of the two Numbers firft taken, and the Quo- 
tients fhall be the Sides of the two Squares fought. 

And the 8'^* and 9^^ foregoing Steps give this Canon for 
dividing a given Number corapos'd of two known Squares 
into two other Squares. 

Canon. 

Take any two unequal Numbers, with this Caution, that 
the greater may fiot have the fame Proportion to the leffer, 
as the Sum of the Sides of the two Squares given hath to 
the Difference of the fame Sides. Multiply the double 
Produft of the Multiplication of thofe two Numbers firft ta- 
ken by each of the laid two given Sides, and referve the 
Produfb: Multiply alfo the Difference of the Squares of 
the faid two Numbers firft taken by each of the faid two 
SrdcxS giyen, and referve thefe Produfts. Then add the 

* C c greater 



I 
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greater of the two firft referv'd Produfts ^o the Jeffer o^ the 
two latter, and referve the Sum for a Dividend. Take 
alfo the DiiTcrence between the leffer of the two fi^ft 
Produfts and the greater of the two latter for a fecond 
Dividend: Laltly divide fcverally the faid Dividends by the 
Sum of the Squares of the two Numbers fird taken: So 
fhall the Quotients be the Sides of the two Squjtres fotght, 
S^ijejl, 2. To find two fquare Numbers whole Difiference 
jhali be equal to a given Number, fuppofc ■z=,hc* 

I, Let (bme Number whofe Square Js left thaft die 
given Difference be reprefented by Z'. 

a. For the Sic^e of the lefler Square fought put a, 

5. For the Side of the greater Square Ibught put aJ^h 

4. Then the lefler Square is = a <i. 

5. And the greater Square is zn ^^-f- 2 ^^ + ^^. 

(5. And the Difference of thcfe Squares is tah^\~bb* 

7. Bat the faid Difference muft be equal to the given-Dif- 
ference ; thereff )re zah-^-hb^z-^hc. 

8. VvHiich, after due Reduftion, makes known the Value 
of the Side of the Icfier Square • viz. a-tz^c- — 4^- 

9. And from the 8^^^ and 5^ Steps the Value of i^ipiSide 
Qf the greater Square is alfo difcovcr'd 5 fuifi. a-}- b •:^i'Cr\-ib. 

Take two fuch unequal Numbers that the Produft df their 
Multiplication may he cqual'to the given- Differences then 
half the Sum and half tiie Difference of thofe two Numbers 
ihall be the Sides of the two Squares fought. 

^neft, 3. To find two fuch fquare Numbers that, if tq 
the Produfl: qf their Multiplication a given Number :rz4 be 
addedj the Sum may be a Square, ' 

Solutio72. 

I. Fpr one of the Squares fought take any known fauare^ 
Number, which may be reprefented by bh. 

z. And for the other Square fought put aa» i 

5, Then the Produfl: of their Multiplication is hh^'4. 

4. To which Pradu^ ?he given Number 4 being addei 
the Surp \^ bbaa-^d, 

5. Which 
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€uc(fion«. aSj 

' y. V/hicfe Sum mufl be equal to a Square, the Side wner2-* 
of may be fuppos'd to be b a — any known Number greater 
than ^/l 5 fuppofe^^ — 'C^ then the Square of /^ 4 — Cj that 
is bhaa — zbeaA-cc being equated to bbaa-\'d^ thU 
' Equation arifeth, viz. bbaa-]-d=:bbaa — zic^-^-cCi. 

6. Whence, after due Reduction, ar= — -, — ; 
' 1 bo 

from the Pretnifes arifeth this following 

Canon* 

For one of the fquares fought take any fquare i^umber j 
then from any fquare Nutnbet fubftrafl: the given Number^ 
and divide the Remainder by the double of the Produft 
made by the Multiplication of the Sides of thofe two Squar6si 
So the Quotient; fhall be the Side of the other Square 
fought. 

^iefi.4. *to find two Numbers in a given Rati6, fupp^fc 
the greater to the lefler as /» to r 5 and that either of thent 
added to the Square of the other Number may make st 
• Square. 

I. Suppofe the greater Number (Ought zn^ae* 

2* And the lefler of them ■z:za — e. 

Then 'tis manifefl: that the greater Number added to the 
: Square of the leiTer (viz, aa — zaeA-ee-^/^ae^r^aa-^ 
K- %iieA^ee} is ^r a (ijvhok Root is a -j-^) whereby one Part 
of the ^eftion is fatisfied. 

5. "Sow (fer ^ejlion) b..C::^ae..a — e: 

JL. Therefore ^a — bezizAcac. 

ba 
' ' 5. By Tranfpofition ind Divifion e = j~y — z 

6. From i^* and 5*^ Steps the greater Number foughi U 
^baa 

b-^^'ca 

7. From the 2^^ and 5*^ Steps the leffer fought Niimbe^ 

4.caa . 
is = T-; • 

But, befides the Limitations between! the 2^ and 4:*^ 
Steps, the ^ueftion likcwife requires that the lefler Num'- 
ber added to the Square of the grealtef fhould be 2L 
Square j viz: 

* Gc X S.* That 
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8. That .-rj-.-]^\'~ 4. //"^ = 

bb^\^%bcaJ^i6ccaa ^^"^"^ be = q . in order to 
which 

p. Suppofe the Side of this Square = ^^^'^^f / ^ 

being taken = any Number cr* 2 ^/bc.^ 

10. From 8^'^ and 9^^^ Steps id^* rt*+ idc*a»-4-AAc/i* 

11. The Equation in the lo^^ Step, being reduc'd, gives a 
— ^^ — ^bc 

~ H bd^['i6cc* 

.12. a being thus found, two Numbers fuch as are required 
will be given by the d'^' and 7^^ Steps. 

Example. 

Let ^ be = 3, and c = 2 : And fuppofe d~ 10 ; then 

dd — 4^^'\ 100 — 24 

— ^bd'\-i6ccj — i^Srp^ = i 5 wherefore the 

greater Number foueht { != r-i ) — I- \_L » » 

And the leffer fought Number (r=z -IfliL V ' ^c — 



j-y .— a ©• 



Alfo 4^ + t4^ = 4vt' is a Square ( whofe Root is tI). 
And ifh-\-ri — 4o is a Square (whofe Root is r5> 
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PART, xviir. 

of the Ahemationt and Combmatians of 

Quantities. 



Chap. I. Of the Alternations of OtjantIties. 

^Definition. 

A Ltemation is a Word ufed by Mathematicians for the dif- 
^^ ferent Changes, or Alterations of order in any Number 
of Things propos'd taken one by one, two by two, or three 
by three, &c. 

Lemma. 

The Number of Alternations of w Things a^ V^ c^^ &c. 
taken »by «, is equal to the Number of Alternations of the 
w— I Things a'^-' b"^ c\ &c. 

+ the Number of Alternations of the wz — i Things 
^p *^""' c\ &c. 

+ ^^ Number of Alternations of the fw — i Things 
/jp i^q c'- % &c. 

4-&C. 

Taken \n — i:by \n — x: 

Demonjiration. 

It is evident that by placing the Thing a in any determined 
Place, as fuppofe in the firft Place, of every Alternation 
which can be made of the m — i Things ^p^' b"^ c\ &c. 
take n — i by « — i j that each Alternation, by fuch Pofi- 
tion of a produc'd, will confift of n Things 5 and that all 
thefe Alternations, in Number equal to the Number of Al- 
ternations of the m— I Things a^""' b^ cS &c. taken n — i 
hy n-^l^ are all the Alternations that can be made of the 

rw Things 
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fn Things a^ h"^ c^t &c. taken n by «, which will have any 
a in the brft PJace of ea^h Alternation of them. 

For the' fame Reafone, the Namber of Alteroationa of 
the tn Things a? ^ c^y &c. taken n by «, which will havje 
^ in the firft Place of ^ach of them is equal to the Number 
of Alternations of thefw-^i Things a^i^^' r% &c* taken 
n — i by n — i. 

Alfo me Nuniber of Alternations cff the m Things a^ b"^ ^% 
&c. taken nh^n which will have c in the firft Place of each 
of them is equal to the Number of Alternations of the 
wa— I Things a^ h"^ e^'^-S &c. taken »— i by » — i; 

&c. 

Wherefore the Number of Alternations of the m Things 
a^ h"^ c\ &c. taken n by », is equal to the Number of Al- 
ternations of the W2 — I Things ^p~' b"^ c*", &c. 

4- the Number of Alternations of the i« — i Thifigs 
aP*^-' c\ &c. 
-|- the Number of Alternations of the Wi — i Thing* 

Taken « — I by« — i. ^. E. 2). 

Scholium. 

In order to find the Nuniber of Alternatimis of m Tl>ing^ 
a^b^c^^ &c. taken one by one, two by two, or three by 
three, &c. by the help of our Lemmai l^et the Number of 
the Indices in the faid tn Things, which are each not lefs 
than I, 2, 9, 4» &c. be fuppos'd equal to A, B, C, D, &c. 
refpe£tively : Then the Number of the Indices in the faid 
m Things which are each equal to i, 2, 3, &c. is equai to 
A— B, B — C, C — D, &c. refpeaively. Then 

1. The Numbewof Alternations of w Things aPb^ c% &c. 
taken one by one is manifeftly -=1 A. 

2. The Number of Alternatiens of w Things flP^(;', &c. 
taken two by two^ is by our Lemmas -= : A — B : x Number 
of Alternations of m — i Things, wherein A — i is equal 
to the Number of all the Indices 

4-B X Number of Alternations oi m — i Things wherein 
A is equal to the Number of all ifhe Indices. 
Taken one by one 
c=:;A— B:X;A— i:+BxA, by Parag. i, =Ax:A--i:-fB. 

3- The 
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' • ' , ' 

3 . The Number of Altcrnatioas ^{ m Things. a^P^ <?% &c. 
taken there by three, is, by ow:Zemina^ =r : A — B : x Num- 
ber of Alternations of W2~i Things, wherein A^t^i, and 
Rate equal to the Number of the Indicof whicji are each 
not lefs than i and z refpeSively 

+ :B'— C: X Number of Alternations of «i~i Things 
wherein A and B — i are equal to the Number of the In- 
dices which are each not lefs than i and z refpe£tively 

-[-^ C X Number of Alternations of tw — i Things, where- 
in A and B are equal to the Number of the Indices whicli 
are each not lefi than i and a relpeftively. 
Taken two by two, 

= A' — B X : A-— ixA— 2^-B:4-B— Cx : A x A— i 
+ B — I : - 1 - C X : A X A— I + B : , by Parag. 3^ , =: A X A— i 

xAr=^+sAB-^3B4-C, 

4. The Number of Alternations of tw Things aPi^(^% &c. 

taken four by four is by our Lemma = 

:A — B:x Number of Alternations of fTi — i Things, 
wherein A — - r, Band C are equal to the Number of the In- 
dices which are each not lefs than i, z and 3 refpedlively 

rl- : B — C : X Number of Alternations of w^ i Things^ 
wherein A, B — i, and C are equal to the Number of the 
Indices which are each not lefi than i, 2 and 3 refpeftively 

+ : C ^ D : )^ Nutpber of Alternations of w — i Things 
wherein' A, B and C — i are equal to the Number 
of the Indices which are each not lefi than i, 2 a^id 3 
irefpeSiveJy 

+ D X Number of Alternations ofm — i Things wherein 
' A, B and G are equal to the Number of the Indices which 
arc each not leis than i, 2 and 3 reipe£lively 
Taken three by three 

=A-^Bx;A^xA^xA^+3BxA^--3B+C: 

+B— Cx:Ax A^ixA^2+3AxB^— 5><B--i+C: 

rfC=Dx:Ax A=TxA=7+3AB— jB^l-O^i: 

4- D x:Ax X=^xA^'-lr3AB---3B+C:,ByParag. 3. 

_ A X A=^i X A==^x A=3+^ A» B— 1 8 AB-.^5>B+5B '-I-4C 
A— 4d4-D. 

fixampe; 
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Example. 

• 

Let It be required to find the Number of Alternations of 
q} h^ c"^ (that IS of the ,8 .Things aaabhb a) takvn 4 by 4, 

Here A is= 3, B= 3, C — 2, andDz^^roj wherefore, 
by the 4^^ Pamg. of our Scholium, 3x2x1x0 (^o) 4-^x3* 
X3(i(^2) — 18x3x5 f'— 152)4-9X3 (l^)+ix 3» ^27) 
-4-4x2 X ; f24) — 4>* 2^— ^) + o = 7'^ is the Number of 
Alternations of a^ b^ c^ taken four by I'our. 

Cor^ary. 

From what hath been iaid in this Scholium^ it is 'plant 
that the Number of Alternations of m Things different 
from each other, 9iS abcdy Sic. taken « by « is f becaufe A,' 
in this Cafe, is -= to fn, and B, C, D , &c> a re each equal 
to o)=AxA — IX A — 2X A — 3 X A — 4 x &c. conti- 
nued to zz places z=mxfn — I xm — 2xm — 3XWI — 4X&C. 
continued to n places. 

Examples. 

1. Let it be required to find the Number of Alternationt 
of four Things dififerent from each other, sls abcd^ taken 
four by four. 

Here wz r= A is zir 4, and «rrm=4; wherefore, by our 
Corollary t^x :4 — i : x .-4 — 2: x 14 — 3 : rr 24 is the Num*- 
ber of Alternations of the four Things abcd^ different frota 
each other, taken four by four. 

abcd^ bacd^ cabd^ dabc^ 

abdCj badCy cadb^ dacby 

acbdy beady chad^ dbac^ 

acdby bcda^ cbda^ dhca^ ' 

adbCy bdaCy cdab^ dcaby 

adcby bdcUy cdbuy deb a, 

2. Let it be required to find the Number of Alternations of 
the five Things ab cde different from each o|her taken two 
by two. 

Here r?2 r=: A is := 5, and nz=.z^ therefore, by our Corol^ 
laryy 5x4=1:20 is the Number of Alternations, of fiv^ 
Things ditfcrcnt from each other taken tw.O by two. 
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ahf ha^ ca^ da^ edi' 
aCj bc^ cb^ db^ eb^ 
ad^ bdy cd^ dCy ec^ 
ae^ bCy ccy dey ed. 

Jo* Note, WJ^en n « = m, or =:: m — ^ i the Number of 
Jllterndnans of m T'hings aP b^cS ^*c. t aken n b y n, th at 

, . • , . m X m — I X iti — ax 

ts m by m, or m — iby vA — i /^ = 



P xp— IX p 



•— aX 



m* — 5'xm — 4.xtn-T-: 5xm — 6i<vi\ — 7 xm — -8 X tn — 9K 
p — 3 xSfTc. xqxq — I xq — 2Xq— 3 xe?c.xrxr— i x 

t^g. continued tomor m^^ 1 Places 

r — axr — 3X ^c. x gft?. continued to p, q, r, 55?c. Places 

^fh 3 Iv * '"'^^^^ '^ ^ "^^''^ regular and fitnple Series thati 
tbofe that are^ or may be^ exhibited by the former Method* 



CHAP. IL 
' Of the Combinations of <i^ndXii\t\Zsii 

^Definitions 

T^ H E feveral Ways or different Cafes of taking any rd^ 
^ ouired Number of Things propos'd; without regard j^ 
ing their Order or Places,* are called the Combinations of 
thofe Things. 

Scholium i. 

Vtoxxi thd Nature of Alternations and Combinationi 
rightly confider'd and cbmpar'd, it will appear that the 
Numoer of Alternations of 7» Things ab c de^ &Ct different 
from each other, taken n by n^ is equal to the Number of 
Combinations of the faid m Things taken /? by « multiplied 
by the Number of Alternations of n Things diflerent tront 
each other^ taken nhym But the Number of Alternations 
of the faid m Things taken « by n is, by the Corollary in the 
laft Chap«.r=!:mx:m — i:x:m — 2: xim — ? :x h.ci con- 
tinued to n Places : And the Number of Alternations of n 
Things different from each other taketi n by n is, by the (aid 
Coro//^^, rr»X:»— '1 :X:;i — 2: X:»-— jrx &c. conti- 

'^ P d nued 
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nued to « Places 1 therefore the Number of Combinations 
of the faid m Tnings taken « by « is = 
vix'^m — iix .m — i\x\m — %\X'.m — 4; - - 

nxiu — iiXiw— 2:x:« — I'.xin — 4: * 
Series continued to « Places or Terms. 

Let It be required to find the Number of Combinations^ 
of the five Things abcde different from each other taken 

three by three. 

5x4x5 . 

Here m is = 5, and n =3 ^ therefore — — — rr 10 is the 

^ X 2> X X 

Number of Combinations required. 

ahCy acdy ade^ bcdy bde^ cde* 

abdy ac e^ bee, 

abcy 

Scholium z. 

It Is eafier to find th^ Number of Alternations of iri 
Things a^ i** (?S &c. taken n hyn by the firft Method in the 
latt Chap, than to find the Number of their Combinations 
by the like Method : And, when » is±:any great Number, 
it would require an impracticable Calcxilarion to find the' 
Number of their Combinations or^Alternations by that Me- ^ 
thod : Wherefore, 

In order to find the Number of Combinations and of AJ- 
ternatiors of m Things a'^ b^ c\ &c. taken n by », if n be 
r=z m or :^f)i — I, then the Number of Alternations re* 
quired may be eafily had by the Remark in the latter Part 
of the lalt Chap. But if n be lefs than m — i, and that 
the Number of Combinations of fuch Things fo taken i» 
not many; then write down all thefe Combinations diftinft- 
]y, and then the Number of Alternations of each of tbofe 
Combinations taken n by « will be found by the faid Remarks 

In order to which it will be convenient, in fome Cafes, to 
obferve that the Number of Combinations of m Things ta- , 
ten n by 71 (n being Icfs than m) is =: Number of Combina- 
tions ot the faid m Things taken m — n by m — n^ for the 
Things compofing each Combination of thefe taken frorja , . 
the faid m 1 hings leave ihe Things compofing e^ch Com^ . 
bination of the former^ Tfhus 

. Suppofe 
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Suppofe It was required to find the Number of Combi- 
nations and of Alternations of the eight Things a^ b^ c^ 
taken fix by fix. 

By the above Obfervation the Number of Combinations 
required is = that of the ComWnations of the 8 Things 
a^ b^ c^ taken 8 — tf by 8 — d, viz. a by a : And the Com- 
binations themfelves of the faid 8 Things taken 2 by 2^ arc 
^*; aby ac^ b^^ bc^ and^;*^ confequently 



\bc \ a^b^c \ 



From a^ b^ c» take j ^ ^Remains < ^I J3 ^ 



ab 



a^ 



a^b^-c^ 
^a bU^ 



which Combinations, being in Number fix, are all the Com- 
binations which the eight Things a^ b^ c^ taken fix by fix 
are capable of. 

Next it will be proper to take Notice that four, and no 
more, of thofe^ Combinations, viz. the 2% 3'S 4.^*', and 6^*^ 
have the fame Indices 5 and therefore the Number of Al- 
ternations of one of them is equal to the Number of Alter- 
nations of any other of them. 

Now, f by the Remark in the latter Part of the laft Chap.) 
the Number of Alternations of the firft Combination, viz. 

,,, - f . 6,x 5x4x5x2x1 

a^ V taken 6 by d is = ^ — = ao. 

^ 3x2x1x5x2x1 

Alfo, the Number of Alternations of the fecond Combi- 

,,, t , (JX5X4X3X2X1 
nation d^ b c taken ^ by d is = - — =r 60 

^ 3X2.XIX2XIXX. 

rzNumbcr of Alternations of a^ ^c*, asalfoof a* ^^ ^, and 
of a b^ c^y feverally, taken <^ by 6^. 

And the Number of Alternations of the fix Things in 
the fifth Combination, viz. of a^ b^ c^ taken 6 by d is = 
<^X5X 4.x 5X2x1 

2X1X2XJX2XX^ 

Conftquentlv the Number of Attemations of the eight 
Things aaa bbi cc taken fix by fix is = 20-j-5oX4+p®r=:3 50. 

Z believe it was from a due Cmjideration tf the like Examples with 
this, that Col, Thornyaoft deduc'd his Method or Theorem for fi»diag 
the Numbers of Comlinations and Alternations of any ^^uantities exfo^d 
tfiken n ^ n j to uhich Method^ it being inferted in PhiLTranf. N^ 299. 
I refer mh Mathematicians as have a Mind to know more of this DoSlrine. 
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P A R T XIX. 

« 

Of Magick .Spareiar. 

^UEST'. I. The Numbers, i, 2, 3, 4, 5, <?, |, 8, 4n4 
^^ 9 being given ^ tis required to place theni in a M^ck 
Order ^ viz. in a fquare Form, fo as counting. each Rank up 
and down, as alfo {rom one Hand to the other, and Diag07 
nal-wifc 5 thaj: thofe Ranks may be equal to each ether, o 
Suppofe it done and reprefented in its proper FQna by th^ 
following Symbols thus plac'd ^ ^/ir. 



/ 



The Sum of the proposed Figures is 455 and H =15 if 
= each Side or Rank r=: (fuppofej x. 

Then i^ + ^-f-/rr:X"^ 

e 4- b:=. 5 >By the Nature of thc^cjl^ 



I 

2 



3 
1-1^2 + 3 4 

I 5 
4—5 (^ 



^-i- 3 



c 

a 



e 
b 

^e = ^s 



\'r=T 



c 
c 



2S:=zS. 



f = 5- 



The Value of e being thus found to be 5„ there remain 
eight Figures more, viz. r, 2, 3^ 4, <^. 7, 8 and 9 ; But 
which of thofe is equal to any corner Letter, as fupp<£e a^ ^ 
to be further fought. 

. Beginning therefore' with the Icaft Number 1 5 I fay the 
corner Letter a, and confequently any comer t^ttof ^$^ c^ /, 
|, cannot be equal to it : For, if a was = i, then / i^ould 
be = p ; and b-^cz=. 1 5 — i = 14 ^ alfo t=::i.yVg s/B\^ 
there remain no two Numbers ("after 5, i and pj whofe Sum 

is 



Is 14. but (J and 8 5 therefor^, if either of thefe Figures were 
r=z h, the other would be = c 5 and» then no Figure wpuI4 
remain for the Value of either d orgi Wherefore a is not 
r= 1 5 neither is /, nor, confequently, any corner Letter c- 

qual to I or 9. ., ■ - , 

2 May be r= ^, as will appear farther on. 
5 Cannot be equal to ^ 3 for, if it were, then i fhould be 
= 75 and^ + <? = i5 — 3 = ii,asalfo = ^4-^: But there 
remain no two Numbers (after 5, 3 and 7) whofe Sum is 
H bur 8 and 4, which cannot anfwer.to k and Cy and i and^ 5 
wherefore n, or any other corner Letter is not = 3 5 neither 
i$ /, nor confequently any other corner Letter = 7. 

From what hath been faid 'tis plain that fif the ^eflion 
proposed is capable of . being folv-d) the corner Letters are 
artl equal to even Numbers 5 wherefore, placing one of tbem^ 
as 2 for a, i will be = 8, and c muft be either equal to 4 
oT6-r \Qt\t(viz.c^ be =4i then^ = dj *=95 ^=7> 
/= 3 ; and /^ = I : and fo the Square is corapleated as re- 
quired. 
^ a 9 4 



6 X % 

r « 

But if c were '^6 {a being = 2) 5 then ^ = 45^ = 7; 
^--.p^ /=i5 and hz=z/i: And then the Square will 

ftand, thus 

27^ 

« 

458 

&c. 

^iejl.i. The Numbers r, 2, .3, 4, 5» <^» 7, 8, 9, 10, 
ir, 13, 13, 14, 15 and i(^ being given 5 *tis required to 
place them in a Magick Order, viz. in a fquare Form fo as 
counting each Rank from one Hand to the other, as alfb up 
4^nA down, and Diagonal wife, that thofe Ranks may be 
equal to each other. 

Suppofe it done and reprefented in its proper Form by th^ 
fallowing Symbols thus plac'd 5 viz. 

tih Qd 



»P4 



Magick 
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/ s 

k I 



d 



m 



3 

5 

5 

7 

8 



o 
I 

2 

4 
5 
(5 

7 
8 

9 

20 
21 

22 



The Sura of the proposed Figures is ijtf ; and -^% =54 
is = eacli Rank = ^fuppofc) s i Then, by the Nature of ^ 
the ^ejlion^ 

In Jike Manner ^■4-^+^-|-/=/-\-/4"^^^-7 

But the Sum of the two Parts of the 5*^ Equation is 
r=r 2 5 5 confequcntly either Part of it is = y z= 54 

In like Manner ^ + -y = ^ + i 
Alfo «+yz=:^-|-f 

Alfo c;-!-/— /+ife 
Alfo B-i-o=g'\-l 
And /+g=/^-w 

Likewife/-l-/=iii+z?, 

Having thus far proceeded, arid the Queftion propos'd 
being (probably) capable of a great many diflerent Solu- 
tions j 'tis to be prefumed that a may be eq^uai to any of the 
given Numbers : Beginning therefore with the leaft of then?, 
viz^ I, ^nd putting a equal to it viz. -r:! 1 5 the next Thing to 
be done is to find the Value of another corner Letter as «• 

72 (?anqot be equal to 2 5 for, if it was 5 then /&^-f/i being 



— ■ — •■' "V 



(feriz^ .)t=:a^n ( = 1 + 2.) fhould be = 3 5 but there 
are no remaining two Numbers of tbe given ones whofe 
Sum is 3 • confequently n cannot be = a (^ being = i.) 

Neither can n be equal to 3 : For fuppofing «= 3, then 
h-^-m being (per i2^.) = ^-|-« (m + 3J inou'd be=:4s 
But there are no remaining two Numbers of the givep 
ones whofe Sum is 4 5 therefore, f^c. 

But (for ought can be feen yet^ « may be equal to 4 • 
putting therefore « =: 4 5 then h4^m (z=: a -|- «, per 12^. 
== I ^-4) = 5 5 that is hy m are equal to 2, 3 Which are? 
the only two Numbers remaining whofe Suih is 5 ^ and 
therefore //+{'=: 34 — $'=^i^'=ie'\'i {per 13)5 th^tis 
^, q are equal to 13, 16 or 14, 155 and accordingly p, i are 
equal to 14^ 15 or 13, i5 only 3 for no other couple amounts 
to 29- 

Let us now fee what the Confequence is of putting ^=13 ; 
then rf is rr Id: And then the Square may be defigned, in 
part, thus 

,ii c 16 

f 

' k I • . 

The four corner Letters being thus defign*d j and confe- 
quently ey i equal to 1 5, 14, as alio h^ m being ej^ual to 2, 3, it 
is manifeft./ cannot be equal to 5, 'tf or 7 ^ for, if it was, I 
fhould be equal to 15, 14 or 13 which are Numbers already 
difpos'd off: But (perhaps j/ may be, and therefore fuppofo 
it, = 8, and then / will be = 12. 

Again g-f"^ = 14 j^'^d there remain no two Numbers 
whole Sum is 14, only 5 and 9 : But k"\-l ot k'\'tz\s like- 
wife {per 17°) ■=.e-\rh^ wis. equal to 16 (2-f- 14), 17 (2-|-. 
1 5 qr 3 -I- 14), or 18 ("3 -f- 1 5 j 5 confequently k is equal tp 4, 
5 ot 6 (Not equal to 9)^3 and therefore it (viz. k) is = 5^ 

k^i(ti=s-^iz) beiog thus found =17 muft likewifo 
be =^-j-/:7 {per 17***^, which may be efiefted two Ways 5 
viz, by putting ^ = 15, and then h will be =r 2 5 or^ put- 
ting ^r= 14, h will be = 3 : Let' us chofe the former 5 
and then 1 will be =t: 14, and m will be = 3 : And then the 
Square will be farther defignable, thus 
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X h C t6 

9 

15 8 9 ft 
14 J I* J 

4 / 15 

It remaios to difpoffe of the feur Numbers d» 7, 10 an ^ 
II infiead of i, c^ and /, fo as ^ -f^ c may be = 17, atf 
alio o-^^p == X7> which may be done by coupling 6j 11 zm 
alfo 7, 10: But C+ f muft be (by 18**) =jk + / = 15, 
which will be e£Ee£led by ^ + 7 • From whence / being 
"z^C^ c will be r= 7 $ and then = 11, and confequently 
^ t:^ 10 : And then the Square will be fully compleated^ thus 

z 10 7 i^ 
ij 8 > » 

14 5 la 3 

4 II d 13 

Of patting ^ rr 7 ; then c==:tf, then 3= |0» and h =s Hi 
And tnen the Square will fbind, thus 

I II ^ i<; 

15 8 9 2 

14 5 i» 3 

4 10 7 13 
&c. 
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PART I. 

Of ^imt %vism(mmvi 

De f inz tions. 

j^ I. A Circle is fuppos'd to be 
/A divided into 3(^0 equal 
•^ Parts, called Degrees 5 
and each Degree into 60 equal 
Parts, called Minutes 5 and each 
Minute into 60 equal Parts, cal- 
led Seconds^ (^c. Any Portion 
A of whofe Circumference is cal- 
led an Arch, and is meafured 
by the Number of Degrees it 
contains. 

2. A Chord or Subtenfe is a 
ftraight Line, coi^iieding the 
Extremities of an Arch 5 as 
BE is the Chord of the Arches BAE, BDE. 

9. A Sine (or Right-fine) is a ftraight Line.drawn from 
one End of an Arch perpendicular to that Diameter paifing 
thro' the other End 5 or k is half the Chord of twice the 
Arch 5 fo BF is the Sine of the Arcs B A, BD. And here 
it is evidenr, that the Sine of 90 Degrees (which is equal to 
the Radius, or Semi-Diameter of the Circle J is the greateft of 
all Sines, the Sine of an Arc g^^ater than a Quadrant being 
]efs than the Radius. 

4. The Difference of an Arc from a Quadrant, whether it 
be greater or lefs, is called its Complement 5 fo H B is the 
Complement of the Arcs BA, BD ^ BI is the Sine of that 
Complement, aud therefore it is called the Co-fine, or Sine* . 
Complement af the Arcs B A, BD. 

5. The Secant of an Arc is a fkaight Line drawn from the 
Center thro* one End of the Arc till it meet with the Tan- 
gent, which is a flraight Line touching the Circle at the Ex- 
tremity of that Diameter which cuts the other End of the 
Arc 5 fo.CG is the Secant, and A G the Tangent of the Arcs 
B A, BD : And C K is the Co-fecant, and H K the Co-tan- 
gent of the faid Arcs, tf • A 




6. A Verftd Sine is the Segment of the Diameter inter- 
cepted between the Ai^fand its Sine : Thu« FA is the' Vcr- 
fed Sine of the Arc B A> and FD of the Arc B D. 

7. Whatever Number of Degrees an Arc wants of a Semi- 
Circle isifialled its Supplement, 

8. That Part of the Radius which is betwixt the Center 
and Sine is equal to the Co-fine ; thus CF is =; IB. 

9. If an Arc be greater or left than a Quadrant, the Sum 
or Difference :pf the Radius and Co- fine is equal to the Ver- 
fed- fine. 

.In a Triangle are'fix Parts, vh. three Sides and three An- 
gles : Any three of wftkh beinff ^iven, except the three An- 
gles of, a plane Triangle, th^.other three may l^e found either 
mechanically, by the help of a Scale of equal Parts and Lino 
of Chords, or by an Arithmetlck Calculation, if, fuppofing 
the Radius divided into any Number of equal Parts, we know 
how many of thofe equal Parts are in the Sine Tangent, or 
Secant of any Arc proposed ; The Art of inferring wnich is 
called Trigonometry^ and is either Plane or Spherical. 

A Method of computing the natural Sine, Tangent or Se- 
qint of any Arc immediately, from the Length of the Arc 
being given. 

The Length of any Arc is readily obtained from the Ratio 
of the Diameter of tne Circle to its Circumference, exhibited 
by Van Ceukn^ fince prolonged and confirm 'd by others, which 
is As I To 3. 141592(^5 35§9793a38,'&c. {^See the firfi %chol. 
to Sol. 2. Prob. 3. Chap. 3. Part III.] This Number, the Ra- 
dius being i, is the juft Length of the Semi-circle or Arc of 
1 80^ ^ whence any lefs Arc is eafily got by Divifion. That 
the Number of Minutes in 180^ is 10800 5 by which j . 141 5^ 
&c. being divided, gives * 000290888108^^572159 + for the 
Length of the Arc of i Minute, which being multiplied by 
the Number of Minutes contained in any omer Arc, ferves 
readily to give its Length. Hence, by Sir ^. Neixfton^s Series^ 
publifhy by Dr. Halky, ivi Vbil. Tranf. N^ 219, the Sine, Co- 
fine, Tangent, f$c. of any Arc are had. 

Thus if the Length oi any Arc be put =: ^, and Radius 
r^ 1, then is the Natural 

Sine=^ — i^)aaa — io)aaB — ^i)aaC^Ti)aaD—ii6) 
aaE^ 8cc. putting B, C, D, E, ^c. fot the fecond, third, 
fourth, fifth, ^c. Terms. [48?^ Schol.i. to Sol u Prob. 3* 
Chap. 3. Part III.] 

Co-fine=i — i)aa ^12) aa7i'-^^o)aa IE — $6)as8D'^9o) 
aa^ty &c. putting 30, C, fi>, (P, ^c. for the fecond, third, 
fourth,- fifth, ^c. Terms, fSee Schol. t.Htf^h^ mntiorii 
Prob.J *Y 2 Tangent 
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Tangcnt-=rtf 4.0^'+i5)a^'+ 315) ^7 ^' + 2835) 

Co-taogcnt ~ a) i~7;)a~ 45) a^ — 945) a^' — 47^5) 
^— 93555r)2^'~<J^85i2875) 1382/*"'— &c. 
Secant = 1 + 2)^* + 1^) fa"^ + yio^ 6ta^ + Sec. &g. 

Examples, 

I . Let it be required to find the Sine and Co-fine of 5 Mi- 

iiutes. 

. 000290888208(^^5 72 = Arc'of GO®. 01'. 

5 

. 001454441043 328^0 = Arc of 00®. 05' =^¥ 

3^ow, /r/?, for the Sine of 5 Minutes. 

^= .C0145444104353 ~ 
-w — 6)aaai= — ■ 51279 — 

The Sine of CO®. 05' = .00145444053054 



a^/y, For the Co-fine of 5 Minutes, or the Sine of 89®. yyV 

1=1 

— 2) aa = -^ .oocooio576'9937 
■ — ii)aaJ3='\' 18 

The Co-fine of 5 Min. = .99999894250081 

2. If the Sine of 29®. 55' be required. The Number of 
Minutes contained therein is 1795, by which -000290888 
&c. being multiplied, make the Length of the Arc =s 

•.52214433455497=^- 

a= -5^214433455497 
— 6)aaa=^ — -0237257778^(^21 \ 

— io)aaB = ^ 3'23423t2378 r 
-— 42)/^^C=— . ' 209943993 ' 

— Ti)aaD=: 19^9U f 
*— iio)^^i5E = — . ip7o 

•^ 15(^)4:^ Fs=; -f- 5 

•' . '■ 'I ' 

. 5224(^7 7^(^02850 — • .02372787732584= 

• 49873988870255= the Sine ot 29®. 55'. 

« 

Since thefe Series converge the fwifteft near the Beginning 
and £nd of the Quadrant 5 for raifing a Table no more thaa 
the firfl or lad 30 Degrees need be calculated. The reft are to 
be obtained from. the;n by fuch Methods as fhall be ^ewn far- 
ther on, * * I. B F 
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1 . B F the Sine of an Arc being given 5 
to find its Co-fine C F. 

SO=* N. B. T'he Radius is aPvoajs fuj^- 
foi'd to be give7i. 

CBq =BF^+ CFq(hy4,j.iZiicl 

Therefore v^:CB? — BFf : =CF, 

by Tranfpofition and Evolution 5 that is C 

2. BF the Sine of an Arc being given; to find AN the 
Sine of half" the Arc. 

C F the Co-fine is known ( by the firft ) and confequently 
FA : Then ^ : BFi? + F A^ : = B A (by 47 i. Euci. El.) 
and 7 B A = A N (by the third definition ) 5 i. e. i^ :Sq 
^ v.qi==Si Arc, 

. . 3?vTo find the Sines of doubly, treble, quadruple, quintu- 
pie', Sf?c. of any Arc, whdfe Sine is given uiccefiively. 
'^ I^f from A, the End of the t^ 
Diameter Afi of a Circle 
upon its Semi«Circumference 
A M B, you make the Arc 
A E equal to twice the gi- 
ven Arc AD, and AL, A M 
and AN equal to « — i, 
n and n'\-i times the Arc 
AE (or in — 2, a«. and 
2 « + 2^ t™c« t^c Arc AD) 



_\_ 




refpefti vely ( n being = any 
Num.ber not lefs than i ) : I 

fay, Radius is to double the -J 

Co-fine of the Arc AD, as -"^ C - A 

the Sine of n times the Arc AD is to the Sum of the Sine» 
of » — I times the Arc A D, and « + ^ times the Arc AD. 

Draw the Chords AN, A M and A L, which A L produce to 
T, drawing MT= MA. Drawlikewife the Chqrds LM, MN, 
as alfo BE, and the Radius CE 5 and laftly GF X BE. 

By 20. 3 EucL JSl. Z-ECA = 2ZL EB A j thcrefigt 
S Zi E B A =? S Arc D A ^ confequently the Co-fine of the Arc 
DA, orof ZiEBA isBF, wbichis^FE; whereforcBE 
is = 2S ArcDA."" Again, the AngleLAM =MAN=: 
EBA aw27. 3 EucLEl.) =CEB= LTM (by 5. i. 
&cL J9||And the Sum of the Angles A N M and A L M is 
(by 22. 3 £ucL El. ) = 2 L = AL M -f TLM 5 wherefore 
the Angle AN M = T L M 5 alfo L M = N M : Confequently 
the Triangles A N M and TLM are fimilar and equal to one 
, ** a rothcr 
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another : Whence T L = A N. The Triangles B C E and 
AMT arefimilar: V/hereforcCE •• BE ::AM .. AT:s 
JAM- i AT 5 that is, (by 3d and 4th preceding 2)efini- 
tionSy and by what is above faid) R(CEJ •* aS Arc DA 
(BE):: Sine of « times the Ate A D ( or Sine of y Arc AM, 
which is I AM) •• Sine of «-^i times the Arc AD (or 

Sine of i Arc A L, v^hich is i A L) + Sine of « + ^ ^^^^^ 
the Arc AD (or Sine of i Arc AN, which is I A N) = s AT. 

W.^. 2). - 

By this onfc Rule, after the firft Sine, and confequently 
(by the £rft) double its Ce-fine are obtained, the whole Work 
may ( if need ) be accomplifh'd. Thus 5 

R •• zlSDA :: 
S D A •• $ 2DA. Ni>te T> A, or Arc D A. 

SzDA..SDA^S3DA« Then SDA-f S3 D A — SD A = S 3D A. 
SsDA^^SiDA-f $4DA. B2DA4-S4DA— SiDAr=:S4DA«, 

&c. 

And it has thcfe Advanh^gcs, the two firfi Tems are inva* 
riabJe, the firft being thf Radius t= i, Divifion therefore i« 
wholly excluded 5 the fecohd being fix'd, a ftnall Table of k« 
Produfts, to 10, tunis MtiltiplicatiOH to Jddithn. 

4. Having given the Sines of all the Arcs, from the Begin- 
ning of a (^adrant, to any Part thereof diftant from each o- 
ther by an equal interval 5 thence to find the Sines of all Arcs 
to the Double of .that Part.. 

Let BF, the Sine tX the Arc AB, 
be given 5 as alfo E O, the Sine of 
any Arc A E kfs than A B, and 
E I = I D, the Sine of the Arc 
B E ( =: Ak B D) the Diffei^nce 
of the Arcs A B and AE 5 and 
let DH, the Sine of the Arc AD, 
the Sum of t!ie Arco AB and B£^ 
be required. 

The Radius C B being drawa 
win kiterfea D H in M, and will 
G A fee JL to, and bifeft the ftraight 
Draw I K and E L lis the Radius AC. 




H F 

Line D E in I. 

Then the As D I K and D E L being fimilar, and D E 

iDI, D Lmuft therefore be = a DK. TheLd AsCBP 

(CMH, DMI) and DIK arefimilar 5 wheiefore CB - A 

•• CF::DI:-EI •• DK.5 therefore R - aCFrrEl 

••2DK=:DL = DH — EG: Cpnfemiently E G + 

IlX2CP_p 

R — ■L' ±1* Scholia. 



f;ti0otfi»metcp^ 
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I If A B be 30 Degrees, then 2CP(r=r2S so^^mStfo^) 
will* be = il X ,/3, and EG + EI X ^3 :== DH : That 
is to fay, the Sine of an Arc lefs than 30 Degrees, added to 
the Sine of its Defea X V" 3f i« — the Sine of an Arc fa 
much- exceeding. 30 Degrees, as the other wanted of 30 Dc- 

£r.£r- Si9^ + Sii^Xv^3-S4X^ 

2. If AB be 60 Degrees, then 2 CF will be = R (for 

2 2 Vo° = 2 S 30** = Chord of 60^ is = R, bv r 5. 4 EucL 
0.) and EG + EI=rDH: That is to 6y, the Sine of an 
Arc lefs than do°, ^dded to the Sine of its Dfefeft, gives the 
Sine of an Arc as much exceeding 60 Degrees. 

£v.5r.S4i^ + Si<?^:=S79^5-;'S7P^~S4i°=Si9^5 

Qj S 79® — S 19° = S 41*^ 5 that is, if from the Sine of 

an Arc exceeding 60 Degrees, the Sine of the Excefs be fub- 

trafted, there w5l remain the Sine of an Arc wanting fomuch 

of 60 Degrees. 

Having found the Sines and Go-fines, the Tangents, Se- 
cants, ^c. may be found by the following Proportions. 

The As C F B and C A G C 4?^^ Fig. in Tdge 322 ) are fimi* 
larj and theZlsGIB and CHK are alfofimilarj there- 
fore 

CF 
CF 



gA 

04 
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Ffi" AG? CS-R::S-T. 

CB- CG^thatis^2-R ::R\/r 
<:H -HKi dS •. X :2R- T. 

Vlane IrigonomeTry- is folv'd by the Help of four funda-* 
mental Propofitions, call'd Axioms. 

Axiom X. 



In ^ Right-angled Triangle 
ABC, if one Leg of the Right- 
angle, as A B or C B, be made the 
Radius of a Circle, then (hall the / 
other Leg C B or A B be the Tan- / 
gent of the Angle oppofite to it, / 
and the Hypothenufe A C (or Side j 

pppoike to the Right-angle) its Se- ^ g 

cant ( by 7)efinition 5 .) 

But if the Hypothenufe A C be 
made the Radius of a Qrcle, then 
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vill the Legs (or Sides including the Right- angle) to wit 
CB and AB» be the Sines of the i\ngle8 oppofite (by Defi^ 
nition 3.) 

Upon this j^xiom depends the Solution of the feven Cafes 
of Right-angled Plane Triangles. 

Note^ That the three Angles of a Plane Triangle make ^wp 
Right- Angles, or 180 Degrees, by 32. i JEufi. Ill 

tor the more eafy making the Proportions for the Solution 
of Right-angled Triangles, obferve, that as different Sides 
are made Radius, fo the other Sides acquire different Names, 
which Names are either Sines, Tangents, or Secants, and are 
to be taken out of your Table. 

To find a Side, any Side may be made Radius : Then fay. 
As the Name of the Side given, Is to the Name of the Siae 
reqiiired 5 So is the Side given, To the Side required. 

But to find an Angle, one of the given Sides muft be made 
Radius ^ then. 

As the Side made Radius, Is to t^<e other Side; So 
is the Name of the firft Side (which is Radius) To thq 
Name of the fecond Side 5 which fourth Proportional muft 
be found among the Sines or Tangents, ^c. to be determin'dl 
by the Side made Radius, apd againft \t is the Angle rQ? 
quired. 
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'The Proportions for the Solution of the fcven Cafes of Plane 
Right-angled Triangles. [ See the next foregoing Fig.] 



Given. [Reqi- \ 

Tb 

Aand BG 
G 



'Proportions. 



I Rad. iCafe. 



2A"SA:: AB-BC. 

R*TA::AB"BC. 
tA" R :: AB-BG 



AC 

AB 
BG 



AB 




A and 


AC 


G 




AB 


A 




and 


BC 


G 



\%A" R :: AB-AC. 

R" /A:: AB-AC. 

tA" (tA:: AB" AG 



AC 
AB 
BG 



AB"BGs:R"TA. 

Complement is G 
BC"AB::R"TG 

Complement is A. 



AB 
BC 



AB 
BC 



AG 



AB-BC:: R "TAj Then. 
sA-t ll :: AB-AC, or 
y-. AB^-h BC?: = AG ipr 
47. 1 Eucl.El.') 



AB 
AG 



AB 
AG 



A and 
G 



AC-AB :: R" 2 A. 
AB-AC::R"/A. 



AB 
AG 



BG 



AC-AB:: R -sAjTheri 

R-TA:: AB-BG, or 
V^:ACf — AB^:=BC. 



AG 

A and 

C 



AB 



R" sA:; AC-*AB; 
/A" R :: AC-AB; 
»^A" tA:: AC-AB. 



AC 
AB 


AC 
AB 


AG 
AB 
BG 



J 



jixiom II. 
In any Triangle the Side* are proportional to the Sines 6f 
the oppofite Angles. 
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Produce the lefler Side of the Triangle A B Q to wit A B 
to F, making A F = B C : Let fall the Perpendiculars B D, 
F £, upon the Side C A producM, if need be ; then will F £ 
be the Sine of the Angle A, and BD the Sine of the Angjie 
C, to the Radius B C = A F. 

Now the Triangles A B D and A F E, having the £^ A 
common to them both, and the Z. D = Z. E = L , are fimi- 
lar ; wherefore (by 4. 6 Ettcl. Elem.) AF (B C) •• AB : : FE 
••BD5 w«r. ::SA-SC- ^E.2). 

Otherwife thus ^ 

'BvAx.l. AB"R::BD-SA,andBC"R::BD..SC} 
Therefore AB x S A (= R x BD) = BC x SC 5 
WhereforcAB •BC::SC-SA. ^E.D. 

Axiom III. 

The Sum of the Legs of any Angle of a Plane Triangle^ 
Is to their Difference, As the Tangent of half the Sum of the 
Angles oppofite to thofe Legs, Is to the Tangent of half their 
Difierence. 

iDemmftrofm. 

In the Triangle 
ABC produce CB^ 
the leflferLeg of the 
Angle B, till BD 
becomes = BA, 
the greater Leg » 
andthenbifcaCD 
in E 5 join AD, 
and bifed it alfo 
in F; draw BF, 
Vihkh (by 8. i EticlJEkm,) will be JL AD* and draw 
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EF, which (by a. 1^ Eucl Ekm.) will be || AC. Then will 
the Angle ABF = FBD=iABD, which external Angle 
ABD is (by 32. 1 EticL Bern,) = B AC + C, that is to the 
Sum of the oppofite Angles required. 

Draw then B G parallel to C A, fo will the Angle G B A 
be (by 29. i Eiicl. Ekm.) equal to its alternate one B AC $ 
and if from half the Sum of the oppofite Angles you take the 
lefler Angle, /. e. If from L ABF you take the L GBA, there 
will remain Z. G B F = half the Difference of the oppofite 
Angles : And fo alfo, if from CE half the Sum of the Legs, 
you take C B the lefler Leg, there will remain B £ equal to 
naif the Difference of the Legs. And then, fince the A A B F 
is Right-angled, if B F be made Radius, A F will be the 
Tangent of L ABF (/. e. the Tangent of half the Sum of 
the oppofite Angles) 5 and in the little A GB F, F G will be 
the Tangent of the Zl G B F ( 1. e. the Tancent of half the* 
Difference of the oppofite Angles): But the Segments of the 
Legs of any Triangle cut by Lines parallel to the Bafe, being 
{\i\Schok to 2. 6Eiicl.El.) proportional 5 EC-EB :: FA 
•• FG 5 that is in Words, half the Sum of the Legs, Is to 
half their Difference, As the Tangent of half the Sum of the 
oppofite Angles, Is to the Tangent of half their Difference : 
But Wholes are as their Halves 5 wherefore the Sum of the 
Legs, Is to their Difference, As the Tangent of half the Sum 
of the Angles oppofite, Is to the Tangent of half their Diffe- 
rence. ^E U). 

Jxiom IV. 

The Bafe, or greateft. v^ 

Side of any Plane Trian- ..- \ 

gle, Is to the Sum of the y' \ 

/Legs, As the Difference of /' \ 

the Legs, Is to the Diffe- B..>* ' ] 

rence Sf the Segments of : v/T''^^*'"'*'-^ I 

the Bafe made by a Per- \ Kyr \ — ^^; U 

pendicular let fall from the Z V / j) /^. 

Angle oppofite to the Bafe. X-'** / 

jDemonJiration. 

From the L B, on the Bafe A C, of the A A B C, let fall 
the Perpendicular B D 5 on B, as a Center, with the greater 
Leg BC, as a Radius, deferibe the Circle BxCyZ^ and pro- 
duce A B to j^ and y^ and C A to Z. Then, 

*Z 2 By 
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By the 35. ; Eucl. Elem. Ay xA«iss=ACxAZ; viz. 

:BC— BA:X:BC+BA: = ACx:DC~DA: 
Therefore AC "BC-j^ BA :: BC — BA-DC — DA. 

The Proportions for the Soladon of the fix CsSes of Plane 
oblique Triangles. £ See the iafi Fig.3 



Given, \Req^\ 



Trofcrtiotts. 



\Jv.\Cafi- 




AB..BC::SC"SA. 



AB 




AB-BC::SC-SA, 1 1 


BC 


AC 


Hence, by Subtra6lion, the A B will 




m 


and C 




be known/ 


X 


z 






SA--SB:: BC" AC 







andBcl-'^^ 



SA"SC::BC"AB. 



B 
AB 
BC 



A and 
C 



BC4- AB •• BC — AB :: Ti 
Sum of the Ls oppofice •• T 4 Dif- 
ference of the 4-^ oppolite. Then ' 
Suin -\- 7 Difference = greater L 
A ; and i Sum '— { Difference = 
leffer L C, 



3 



B 

AB 
BC 



AC 



Firft, find the Anjgles by the lafl j 
then SC" SB :: AB-AC. 



3 

2. 



AB 
BC 
AC 



A 
B 
C 



BA 



AC-BC + BA-.^BC- 
DC — DA: 

TheniAC+|DC— fDA=DC. 
AndiAC— :iDC— ^DA:=DA. 
ThenAB-AD::R"SA. 
And CB-DC:: R-SC. 
And 180" -.^A-— 4-C = /.B. 



I 



PART 
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PART 11. 

The Solution of fotne ^^O^DltmS in 

WHen you have a Geometrical Queftion, or ^robkm^ pro- 
posed to be refolv'd by Algebra, the firft Thing 
you are to do is to illuftrate it by a Conitruftion, or an 
exa6l Defcription, if you can do it 5 but, if you can't, de- 
fcribe a Figure as nearly reprefenting the true one, and as 
folly fetting forth the feveral Parts ot the ^robkm^ as you 
can guefs y and fuppofe this Figure to be the true one, in 
which, fome of the Lines being known or given, and fome 
of them unknown, the fame Problem may therefore be fblv'd 
after various Ways or Manners. Next, having confider*d 
the Nature of the ^robkm^ you are thence to take a curfbry 
View of the moft obvious Ways of folving it 3 and, having 
chofen the beft in your Opinion, then defign the unknown 
Line or Lines you have chofen along with the given Line$ 
or Quantities ( or as many of them as are fufficient to deter- 
mine the ^rthJem^ and moft fit for your Purpofew) in proper 
Symbols. Afterwards, if it be requifite, prepare the Figure 
by drawing and producing perpendicular, parallel, flraight, 
^c. Lines in fuch Parts, and after fuch Ma^nners, in and about 
' It, as are fuitable to the Nature of the ^roblem^ according to 
the Method of Solution you have before chofen, in order, by 
the Help of thefe Lines, or Mediums, to deduce a Connexion 
in the Operation, between the Lines and Quantities in tho 
Figure defign'd by the Symbols: And then proceed to the 
Operation, wherein the foregoing Rules and Methods, in this 
Treatife (with a competent Knowledge in jEtu:lid's Elements) 
will be your Guide, 

Now, as the mofl fimple reducM Equation is beft, you are 
always to endeavour to attain to it in the eafieft Manner pof- 
j(ible : But, as it can't be reafonably expe£led that you can 
fucceed in this, in all Cafes, at the firft, you may repeat your 
Endeavours in another Solution of the fame (Problem 5 and 
fo on, till you hit upon the beft. Thefe Repetitions will, in 
mDft Cafes, be needlefs to you after ufing yourfelf, with due 

Application, 



\ 
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Application, to the Solutions of various Sorts of ^robkms^ 
beginning with fome of the eafiefi, and proceedit^ gradually 
to more difficult ones, which (I believe ) is the beft Rule that 
can be given to a young Mathematician^ in order to enable 
him to make a Progrefs in this moft noble Science. I will 
dierefore now proceed to fuch Vrobhms. 



CHAP. L 

Qf pjoUermt producing dimple (S^uatfortjS^ 

PROS. L 

T^O infcribe ^Khom* 
^^fG **• ^i in a given long 
.,^--"* / Square, i.e. Having 
/ the Sides of the L d 

/ en, viz. AB and B C 

/ given. To find the 

U Segment B F or D R 

which being cut ofl; 
the Remainder FC 
or A£ will be the 
Side oiF the Rkombm 
fought. 




ikiMM** 



Let 



! 



Suppofe 
Confequcntly 



I 

2 

3 
4 
5 

7 
8 



Solution^ 

AB = *( = DC) = 2o. 
BC=c(=AD) = 4o. 
BF =a?(=DE)5=? 
FC=c— af(=BC— BF): 

^i»+ apj(?= FA^= cc 
icx=icc — bb. 
bb 



:FA=idEC=EA. 

•^ ICX -{- xx^ 



X zs=:;^C — 



IC 



= 15 



2 C •• C -f- ^ : : C — - i •• X. 



ConftruRion. 

By 12. 6 EuclJEl MakeBG = 2C.. BH = ^ + ^ -^BI 
— c~b^' BF = Jk? = DE. Then draw the ftraight Lines 
A F and C E, and you will have the Rhombus A F C E in- 
fcribed in the given L d C3 A B C D, as was required. 

PR OB, 



acMbta 



Chap. I. producing 8im|plg (JftlttatfOllSlt m 



PR OB. II. 




'**""—'-- ■im^imiii 



•• ,^ ^^^ 



'*•••'* ^^ 



\ 



**- ^ 



s. 



•-...:vjg 



Let| 

Suppofe 

And 

Then 

47. 1 Eucl. 

JEkm. 



3 

4 

5 
6 



The trimeter ( «?i5. the Sum of the Sides A B, A C and 
BC) of any Ld A ABC, and the Perpendicular CD let 
fall from the Right-anele C to the oppofite Side A B, being 
gtTen s Thence to find the Triangle. 

Solution^ 

AB + BC + AC = ^=i2o. 
C D = c = 24. 

AB===A?=? 
BC—y. 

A C = ^ — X —J?. 

^^(= AB^) = ^^' — li^x -^xx-^ihy 
-^2xy^zyy(=ACl + BCq). 

The Ld A s A B C and C B D are fimilar 5 confequcntly, 

^(AB).. l^—x~yCACy.:j(BC)-c(pC)^ 

ex = by ^ — xy — yy. 
.icx = 2^j? — 2^^ — zyy. 
XX -\- zcx '^=:^bb — ' ibx -^-xx. 
zbx -^zcx ^=^bh. 
_ bb 

^— zb+zc — ^ + (;-^^^* 
b -^^c-^b II ^b**x. 

Ftrft, By iz. 6 Eacl El. Jfeke, As AE = A-f c^ AP 
=i*:: AG = |A-. AB=s^. *Thfiii o» AB* as a Di- 
ameter^ defcribe the Semi-ciitle A c C B. At the DifiaaCA 

* N. B. Thus far the Problem is Simple j huf in the following Part 
thereof (a CkcU being necejjarily m'd in the Confirn^lon) it is a Plane 
Problem. ;s 



A'6. 


Eucl B. 

8x r 


7 
8 

9 

10 

II 

12 


11 V- 


xb-\-zc 


Confeqnently 


13 



^bh 
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Part IL 



D C = tf draw C C || A B, which \\^ will interfeft the Semi- 
circle in the Points c and C. From either of the Points of In- 
tcrfeaion C let fall CD J. A B. Draw the Lines AC and 
B C| and the Triangle is conlkuded. 



In an Acute-angled 
Triangle, having the 
three Sides given fe* 
verally ; to determine 
the Foint where a 
Xine perpendicularly 
let fall from the Ver- 
tex fhall cut theBafc 5 
I. e. Having AB, AG, 
B C feverally given 5 
to find BD in the 
F annexed Fig. 

Solution. 
Suppofc it done, and the Line ( o«» ± ) A D drawn j then 

BC = *= 9- 

CA = Cz=: 8. 

A6 = i = irv 
BD = ^ = ? 

D C = * — ^. . 

dd — aa = ADq=cC'---lfb^zha — aa. 

id—cc _ _ 

+ i^ = ^ = 7f. 

dd — cc^ 




Put- 



'i 

2 

i3 



And fuppof® 4 

47. iEucL£l.6 
^. 7 



Confequently 



8 



%b 

2.b •'d ^ c \\ d 

dd — cc 
And - 



— ^ib^a. 



ConflruElion. 

Firft, By 12. cEucl.El. MakeBE=;2*" BF 
::BG = ^ — c-BH. Then BH + JBC = 
fought 



4 = 



BD 



PROa 



Ghap. I. producing dimple ©IttatfOnUt 3 3 7 



PR OB. IV. 



..•'' 



•tK,K 




H D 



tn an Obtufe-angled Triansle, having the three Sides given 
ieverally $ to determine the Point where a Line let fall per- 
pendicularly from the Vertex Ihall cut the Bafe producM, /• e. 
Having given AB, BQ AC, feverally in the annex'd Fig. to 
find OD. 

Suppofe it done, and A D drawn 3 then 



Suppofe. 

And 
Then 
47. lEucl.El. 

7-^-2^ 
Confequently 



I 

2 

3 

4 

5 
6 

7 
8 



Solution. 

BC = ^ = io. 
KC = c—i6. 
AB = /^ = 24. 
DC±=^ = ? 

dd — aa — zab — bb=:DAqz=iC6 
dd — cc — bb=izab. 
dd — cc 

— i^ = ^=:il. 

dd — CC 



a a. 



zb 
lb •'d^ Ci; d — C 



And 



dd — CC 



— i b = ^9 



ConftruSion. 

Firfi, By II. 6Eml.B. Make CE = 2*- CP=i + tf 
::CG = i~(;..CH. Then HC~JBC =:^=DG 
the Segment fought. 

N.S. The As ACB in thefe wo'Troblms being defcrib*d 
(by 22. 1 Eud. Elem. ) the Segments fought may be Geome- 
trically deter;nin'd only by letting fall the X A D on the BaJTe 
S C produced, if need be, 

l>Iote likewifi^ There are other Methods of conftrufting the 
foregoing Trt^kms^ but I don't think it worth while to in- 
fcrt any more of them. 

*Aa A 
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A ^lObltm, producing a JbmpU^ 

Equation. 

LJAving given the Square 
^^ AD, and a ftraight Line 
B N, you arc to produce the 
Side AC to E 5 fothatEF 
drawn from £ towards B fhall 
be equal to B N. 

It will be evident, if you 
'^ f V\ i*Mtgioe a Sfemi-ciicle to paft 

.— .« ,...?. ^^4 thl^ the Points B and E, mat 

® H Cr the moft commodiousWay will 

be to find the Litae D G, thar you may have the Diameter B G, 
upon which, having afterwards defcrib'd a Semi-circle, theie 
will be need of no otheif Operation to fatisfy the Vroblem^ 
than to produce the.Side AC, till it meets the prefcrib'd "Pe- 




riphery, 



Makc|l 
Suppofe I 

Then 
And 



I 

2 

3 

4 

5 
6 



Solution. 

BD = ^ = DC=:3. 
NB = (; = FEr=r4. 
DG=^=? 

BF =jK. 
BG^zb + x. 



47. lEucL El. 

10 — 9. 
II — cc. 
12 = 9. 

i3> 

14 w* ^- 



10 

II 
12 

14 
15 



*rBD)..j(5F)::^CEH)-j^(EG). 
X (BG) .. y (EG) : ly+c (BE) •• b (EH) 



The As BFD, GEH, and BEG are fimilar^ whei^fore 

7 

^ b+i 

9 bb^ bx =yy -^yc^ 

bb-^zbx-^ XX (BGq) = yy (^EGq) 

+ yy + icy + cc(^BEq). 
hx-^ XX ^=yy -^.cy -^-cc. 
bx-+*xx — cc =yy *^ cy. 
bx-j- XX — cc(^z=:yy'+'Cyyz=:bb-^bx. 

XX:=: bb -i-CC. 

ConftruSion. 

r^^^n^?^^^^'^ ^^^ ^^^^ ^^ ^^^ Square B A to N, fo that 
BN ihall be equal to the given ftraight Line B N ; then, fince 
BDis==^, and BN = r, the Hypothenufe DN will be 
?=/;^^ + C(;:s=^, Having therefore made D G = D N, 

and 



Ciiap. I. prodaciDg ^ftUffe Cquationjaf* 5 3 9 

and defcrib*d a Semicircle upon the whole Line fiG, if AG 
be prolongM until it meet the ^erifhery in E, you*ll have 
done that which was re(}uircd. 



T^ 



CHAP. IL 

P2a&Iim0 prodacing aDfeiteti Cl 

PR OB. I. 

TN the Ld.A ABC, theP^- 
'*• pendicular BC, and the altjer- 
nate Segment of the Hypothenufe 
(made by a Perpendicular let lall 
from the Right-angle} v'm.Kl) 
being givcp,; to find the oth^ 
Segment DC. 




Let I 

Suppofe 
4. 6 Euci, El 



• • 



7 -^aa 
Comp. p. 
9 tw. a. 1 
10— i&l 



Solution. 

I BC =/ r= the X = f 5^ : 

2 ^=AD = 4i8. 

3 ^ = D C = ? 

4 i^ •• BD::BD-«^. 

5 ^^ = BD?. 

'^ bazzipp — tftf. 

8 aa-^ba —ff. Cafe j. of adf. Quadrat* 

^^aaJ^bar^-^bb =:fp':^lbl^* 

ConfiniBhn. 



Make BM=i^, and 
ereft the J- B C, which 
make r=z p On M as 
a Center with the Ra- 
dius MC, defcribe a Se- 
mi-circle NCL, inter- 
fefting the ftraight Line 
B M proc^c'd both ways -^ 
in the Points N and L. -^ 




1 
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I fay, that the flraieht Line NB is the afiinnative Root, and 
L B the negative, ot the Equation aa + ia:= ff. 

For feeing B M is half the Difference of the flraight Lines 
NB and BL 5 if NB be put for a, then BL will bea + h^ 
anddiexdbre, fince NB- JBC :: BC*«BL(/^ ii.6Eucl 
JE/.),i.e. a^'p II f*» 4+ b^aa^ ba :=//, as before. 

In Uke Manner, if — LB be = ^f , and confequently 
LB = — ^, NB will be —a— b ; And (by 13, 6 EucLEi.) 
NB xLBisrrBCf $ thatis, aa^ba:=zpfx Where^ 
fore the Conftruftion is right. 



PR 




Let 

And 
Suppofe 

4. 6 Eucl El. 



m • 



i^^.iEticlB. 
7-8. 

to uv. 2. 
II +/. 



3 

4 

5 
6 

7 

8 

9 
10 

II 

12 



OB. IL 

The Difference A£ between 
the Bafe A B and Perpendicular 
BC of the Ld A BAG, and 
the Perpendicular BD, let fail 
f|iom'the Right-angle AB C, up- 
on the HypothenuTe A C being 
S' ven ; thence to find the Hypo- 
enuleAC 



Solution. 

i = AE = i5. 
/ = BD = 3tf. 
tf=AC=? 

^ ^=: EB. 

J + <AB) ../ (BD) : : a(^AQ .. e = EB. 

dd+ide + ee + ee^zzzABq-^-BCq} 

=aaszdd+zde + i€eA 
ide + iee^= */^r 
ddzzzaa — if a. QaSkz. 
dd ^ff = aa-^zfa^ff. 
Vi dd-^fp : = a — /. 
Vidd+ppi^p — a = 75 or— 3* 



ConfiruElicn. 

Make B M =r /, and e- 
fcft the ± BC, which 
make z= d. On M, as a 
Center, with the Radius 
MC defcribe a Semi-cir- 
cle N C L interfefting the 
flraight Line BM, pro- 
duc'd both Ways in the 
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Points N and L. I fay, that the firaight Line L B is the 
fif&rmative, and NB the negative Root of the Equation 
a a — %fa^=^dd. 

For feeing BM is half the Difference of the ftraight Line$ 
LB and BN, if L B be put for ^, then BN will be ^ — 2/5 
And (by 13. 6 Eucl. Ekm.) L B x BN = BC? 5 that is, 
iia %f a r=i d dy as above. 

In like Manner, if N B be r= — /«, then LB — 2/ — ^, 
and NBxLB = BC^ is — a/^ +^^~^^5 whcre^ 
fore the Conftruftion is right. 

P R O B. 

The Hypothcnufe AC of any 
Ld A A BC, and the Perpendicu- 
lar BD, let fall from the L A BC 
upon the Hypothenufe A C, being 
given 5 to fand AD, the greater 
Segment of the Hypothenulc. 




*• 



Let^ 

Suppofe 
6 Eucl. 0. 





,. 


f ' 


— a. 


5 


= 6. 


7 


X a. 




,^' 


' 


hh 


9 + 






4 


10 IW. 2. 





I 

2 

3 
4 

5 
6 

7 

8 
9 

10 

II 
12 



Solution. B 


i 


h — AC— 75. 


f — BD — ^6, 


AD = a ^-} 


^ •• ^ : : / •• D C. 


'^=DC 


a 


b—.a — DO. 





tt 



a 
ffz=:ha — cia^ Cafe 3 ♦ 

a — ih = ±V'ibk—ffi 

/? = « J? + y : I * * — // : = 48, or 2 7 ; 
jbut, becaufe of the Limitation in the Vro- 



Conpru^im^ 



A 



$^% ^tCitilxm PartIL 

Conftruffion. 

^ Dcfcribc a Semi - circle , 

:rnnr:r::-rX ^ whofc Diameter A C let be 

>v equal to *. Draw F B paral* 

\ lei to AC, at the Diftance 

\ D B =/ J which Parallel, if 

\ the Equation be poffible, will 

* ri interfeft the Circle in the 

^ Points B and F 5 from the 
Point of Interfefiion B let fall 
the X B D to the Diameter AC. I fay» that both AD and 
D C are affirmative Roots of the Equation aa-^haz^i — pp. 
For A C or * being their Sum ( See ^ag, ], if A D 

be put = /I, D C will be ;?: * — a^ or if D C be : a^ AD 
will he h -^ a t whence, in both Cafes, ha — aa^ or die 
ReSangle of AP X DC, will be equal to//, or the Square 
of D B (^fer j 3. d JEticI. Ekm. ), which was to be done. 

This Equation fometjmes becomes impoffible, viz. when/ 
}s fo great, as that the || B F does neither cut nor touch the 
Circle ABC $ that is, when / i« greater than ♦* ; For/ 
ought to be a Geometrical Mean Proportional between the 
Parts (AD and D C ) of ib, and confequently not greater than 
an Arithmetical Mean, or^* ^ ; Nor arc they equal, except in 
the Cafe of Contad: 5 where Ukewife a and/ become equal. 

All Ample Equations may be conftru£led by firaight Lines 
only. [ See the fmr firfi Problems of this Part IL] 

But Plane, or Quadratick Equations require, belldes firaight 
Lines, the Circle, or fome other Curve of the Conick-Seflions 
to conftruft them. [ See the four lafi Problems.] 

In the three laft 'Frobkms you have Methods of conftruSing 
all original adfeEled ^ladratick Equations. And as for thofc 
of higher Degrees, I will not infcrt here the Methods of con- 
flrufting them $ for, whenever 'tis requii;ed that any Thing 
in Geometry fhould be accurately detenninM, a Mathemati- 
cian muft not undertake to do it "by R,ule and Compafs, be- 
caufe of the Defeil of Inftruments, and of our Senfes, where- 
by the Interfeftions of Lines imperfeftly drawn are yet more 
imperfeft : But he will give a Solution as near the Truth as 
you pleafe by an Arithmetical Calculation, according to an 
Equation determining the Nature of the problem. . More- 
over, Cubick and Biquadratick Equations are not to be con^ 
firufted by firaight Lines and Circles 3 'tis true, they may, 
by the additional Help of a ^arahola^ which, indeed, from 

the 
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Nature of its Equation, is more fimple than the Circle ^ and 
higher Equations may be conftrufted by the Help of more 
compounded Curves j befides, a Geometricj^l ConftruSion, 
rightly managed, fhcws at once, as well the Number and, 
riwirly. Quantity of the real Roots, as their Signs, viz. whe- 
ther they be affirmative or negative : But feeing the Para- 
bola and more compounded Curves cannot be defcribed but 
by Points, and the uncertain Motion of the Hand, the An- 
ticnts hardly admitted them into their Geometry, and would 
fcarce allow that to be Geometrically efiefted, which could 
not be defcribed by the Help of the Rule and Compaffcs. 



CHAP. III. 
The Solution of 1^20Mett«l of feveral Sorts. 



PROS. L 

Tl 7Ithin a given Square A B C D, 
W to infcribe a long Square Up 
E F G H, whofe Sides FE (or GH) 
and FG (or E H ) fhall be parallel 
to the Diagonals A C and D B re- ^ 
fpeftively, and in Proportion to each 
other As m To n. 



m- 



fU^ 




Let 

Suppofe 

Then 

i^2* I End. £1. ^ 
By the Problem 



• ■ 



8 + ma,, 



Solution. /\ H I> 

I * = ABt= AD:=i2. 

2tf = BF=:BE = HD = DG. 

3 ^ — tf = FC = EA. 

4 i/2^/l(=\/:EB?-[-BF?:)=EF=/r/2. 

5 j : ^r _ tf : X ^2 (= /: FC^ +CG?:) C=:F&. 

6 m (5) •• n (6) I : a ^z •• ^ — ^ -/ a, 
lim*' n :i a'» b 



a. 



S\mb — > ma z=zna. 

9 mb r::=: na^ ma. 

mb 
10 — , = ^:=:4* 



PROB. 
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PloUeftQ) 



PartlL 




Let< 



Then 



\ 



47- I £• _ 
5x4 

4 — a. 

9 (^ 2. 
8 = 10. 



I 

2 

3 
4 

5 
<^ 

7 

8 

9 

10 

II 



PROBi II. 

The perimeter {inz. the Sum of the 
three Sides A B^ AC, B C) of any Ld 
A ABC, and its Area being given 5 
thence to find each Side. 



^=AG 
e = AB. 
j^ = BC. 

iey = the Area :=c:=z6. ^^y ^^e a>rok 

yy + ee:=:aa. 

iey:=i^c. 

yy + zey-h ee = aa + ^c. 
e •+yz=zl — a. 

ee + ley +yy :=bb'^iba + aa. 



li-r a^. 



d — 7. 
I5>i3- 



II, [12 2^^ = ^^ 4f. 

13^=1^^-^:^ 5. 

i 

, 2e? 
ee — 2ey+yy:=zaa 



l6uu.Z' 

14 + 17* 
18 %^ T. 

I4~i7 

20-J-"2t 



14 
16 



J^C, 



ee — 3,ey + yy z=z^bb — ^60-+ 



4.CC 
TF 



17 
18 

20 
21 



e—y = ±y^.^bb — 6c + -^^: 
ze^ib+^±S^,i.bb-6c + ^.. 

zy = ib + ^+V'.ihb^6cAr^z 



PROS 
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I>ROB. IIL 



n 




(Jpl Terg.) «- -«i 

Two Points A, B in a Plane 
being given 5 and, knowing it 
pof&ble to biq done 5 fo to dc- 
icribe in the fame Plane a Cir- 
cle D, D, that to every Point of 
its Circumference D, the ftraight A 
Lines AD, BD being drawn, 
fhall be in the given Katio of 
m the greater to n the lefier. 

Inquifition. 

Suppofe it done, and C the Center of the Circle : Them 
becaufe the Points A^ B are given, the Line A B ( which fup- 
pofe = 7 ) is given 5 and becaufe of ra to «, its Point E, this 
being one of the Points D 5 therefore A £ and B £ are 
given. 

Put AE =^(4) 5 then mi%) *'n(6)::l^ (4) *- — ^(3)=;BE. 

Suppofing then from D on AB produced, if need be, a ± D^ 
drawn, and taking (on oppofite Sides ofAB) AD5=A3', 
and B D = B /i, the As on oppofite Sides of A B will be fimi- 
lar and equal 5 and therefore D/ d one ftraight Line bifcft- 
ed in^, and at Ls to A B in which therefore is the Cen- 
ter C, and the Diameter E C F, which muft lie towards the 
Side B, not A, otherwife B F would be cr AF, that is here 
BDcr- AD. 
Now fuppofe EC = r = ? And E/ =s a? j then A/ =s 

& -f- ^, and Bp = — ^ co a? 5 then (by the Property of a 

Circle) zroC'-^oCx — pDq: And (by 47. i Eucl. Ekm.y 

zrx — XX -j^bb ^ ztx '\- XX =^ KTyq^=: zrx -^ zbx 

fin %^ 

-X-bbi As alfo zrx — xx ■+• bb — bxArXX'zzz 

' * mm m ' 

%n nn ~~ 

Now ( by Hyfothefis) m^^n : 2 A D •• BO 5 Confequenrfy^ 
«;«>••««:: AD ^••BD^ 5 that is:: zrx + zbx^bb'*zrx 

^^ + li^ ^^5 wherefore zmmroc -^ %nmbx ^ 

Bb nnbbssi 



m 



mm 



34^ 
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nnbbz=z%nnrx 4" ^nnbx '\- nnbh \'mmr — nnr = 
mnb 4- nnb '^ Confcquently , by dividing each Part by 

nb f 5X4 \ 

mm — ■ nn you 11 have >*= y^ v'^ g^L.x^ = 12. ) 

If w be = «, then r will be infinite 5 and (fince by how 
much the greater the Radius of a Circle is, by fo much the 
nearer its Circumference approaches to a ftraight Line} the 
Circumference /^ED will become an endlefs ftraight Line, 
perpendicular to AB, and bifeftirig it in E. 

PR OB. IV. 

The Angle ABE being 
Right, thte L CBE and 
Side CB being given, as al- 
fo C D = CB 5 It is requi- 
red to draw the ftraight Line 
A D E thro' the Extremity of 
the given Line BCD, fo as 
the Lines drawn from C to 
the Angles A and E, may be 
equal, viz. AC =CE. 

Jliialyfis. 

x. Suppofe it done, and through C draw CG /| EB, and 
C F II A B 

2. Thro' D likewife draw DL (| E 5, and DK || A B. 

3. In the A BCF you have the .Z.s B and F, and the Side 
CB given 5 And therefore the Sides BF and CF are eafily 
found by Trigonometrical Calculation 5 wherefore, fuppofe 
them known J And put CF =: ^ (=^5) and BF =^ 

(=^^75.) 
4.' Put B C = c (=: 10 ) and therefore B D = 2 1?. Then 




4. 6 E. B. 
Suppofe 



• • 



I . 



4. 6REI. 



47. iKEl. 



5 

6 

7 
8 



10 



II 



LD = BK = 2^, andDK = LB = 2^. 
KE = ^ = ? 

F E = i + ^. 

DCE = aFE+ DCF = dd-]^zda + 
aa + bb. 

a (KE) '•il> (KD) : : a i (LD) •• ^-j- =LA. 
* a a 

nAC = nAG + aGc = 

leddbb ^%dbba-^bb aa 

■■ '■'^' ■ ' : •+ dd. 



Now, 
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Now, by Suppofition, the Square-Root of the 8th Step 
is = the Square-Root of the nth •/ the 8th Step is = the 
nth. 



Viz. 12 



12, 



Ij -r-^ -|- xd 



dd -\- ida-^r aa-^l^i^=^ 



13 
14 



aa 



+ dd. 



a^ + zda^ ^idbba — j6ddbb=zo. 
^5 ~Sdbbz=io^con(<:ci.az=iViddbbQ=: 

V'loo '/75 = 12 • CO +.) 



PR OB. V. 

A Tree A F ^ ( 2CO ) Foot high, ftanding 
upon the Side of a Hill, was by a tempef- 
tuous Wind broke in a Point C The up- 
per Part of it C F fell fo as to become C D : 
And the Diflance from D its Top, to A its 
Root, was tound to be t; ( 95 ) Foot ; And 
a horizontal Line A B being drawn, till it 
cut the Part CD of the Tree in B, was 
found to be i ( 40 ) Foot. It is required to 
tell how many Foot long the ftanding Part 

In order to fglve this "Problem^ I fliall 
fuppofc the Tree A F to be perpendicular to 
the Horizon ; And then, in the A A C D, 
IhaveDC+ CA =^ AD= c. Angle 
CAB Right, and AB = ^ given j to find 

CA = ^ = ? 
Let fail AE ±DC, fo is DC divided 

into two Segments D E and EG. Q 



r 




*Bb s 
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Part 11. 



Ax.lY. of 

Plane 

Trigon. 



5Rcflucy 



3 
4 

5 



SoJution. 
b, — a ~ cc^aa ^ b — g cc aa 



or 



za 



b^^ za 



^^— T:Zr^ K putting zf:=:bb-^cc) 

\/ : aa -^ dd : '• a : : a '* —. -7-7— ' — F p 

V'aa'\'dd\ ~ ^ 

/ — baa^ aa 
b — a "^ 



aa 



V-aa-^ddi 

"-dd^ ^zbdd^^^':'i^f^^--^^^^f^+ 

-f-bbdd 
ddff :=o. ^ 

(The 6th Step cxprefs'd in Numbers, and then divided by i|, 

gives 5212^4 — 1093^00.1^ + 5^547(^25 ^^ — 15859200001? 
+ ^1404840000 = o. Now, ifg be fuppos'd = do, a wiU be 
found, by Br. Halkys Rational rheorera, ~ (^0.54214, apd, 
t)y his Irrational Tlbeorem^ ^ = (Jq. 5 42 1 7 . ) 

PROS. VI. 




Ji'^^^UM^^, 



J)\ 



iD In the annex-d A are given 

AB t=r 2:> o •». 

BC— 15 ' *atis, AC=3. 

CD ::=: 1.7320508 + 

jL ADB=3o^. 
^ Required to find AD, gfr. 



ConJlruElion, 
On AE — 2 make aft Ifofceks A A QJB, whofe, L O 
fhall be - 2 A ADB = 60^. On Q, as a Center witlT 
the Radius Q^B or Q^A, defcribe the Circle AB D. Produce 
the Line AB to C, making BC = i ; then on C, as a 
Center with the Radius Cp :=: 1.732 + defcribe the Circle 

Dij 
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D D cutting the former A B D in the two Points D, D. Now 

D draw the firaight Lines DC, DB and DA, and thp A 
is conftru3ed» 

Method of Calculation. 

Draw QP and Q^C. 

I. The L AQ^B being, by 20. 3 Etid.Bkm. = twice 
the given Z. ADB is therefore given, which fubtrafl from 
180^ 5 and half the Remainder is = Z, QA B :=: A QlB A, 
by 32. and 5. of i JSSr/c/. £km. 5 wherefore, in the A AQ^B 
you have all the Angles and the Side A B given, by which 
you may find, by Ax. 11. IP/. Trig, the Side Q^A — QB. 

a. From 180^ fubtf^ft the L QB A given, by the ilt Step, 
the Remainder is = L QJE C. Then, in the A Q3 C, 
you have the L B, the given Side BC and the Side QB 
given by the i/? Step 5 by which you may find, by Ax. HI. 
y/. I'rig. the Side QjC, and the As Qand C. 

3. In the A QJD C you have the given Side D C, and the 
Sides op (= QB, by the Definition of a Circle) and QC 
given, by the ift and 2d Steps 5 whence you may find, by 
Ax. IV. y/. Irig. the As Q^, C and D. 

4. The Sum of the As DQC and CQB given, by the 
3d and 2d Steps, is = A BQJO = 2 A DAB, by 20. 
3 Eucl El. 5 whence A DAB is given : So in the A DAC 

ou have the A A and the Sides A D and A C given, where- 
y you may find the Side required A D 5 ^c. 

5. Or, in the A AD C you have the given Sides A C and 
CD, and the Sum of the As Q^CB and QjCD given by 
the ad and 3d Steps ; whence, ^c. 



I 



An 



3 JO 



Piobietmt 



Part II. 



An 3lll0cBjaicdI Solution of P r o b. VI. 




"^ 



Given 



CD = ^C=i.73205o8 +$thatis,CD = ;/3) (^^ 
S L ADB = 5(=S 30^.= 5, the Radius being 10)) 
Required to find AD.* 

From D let fall DE J. AC produc'd if need be 5 then 



Suppoft 
JEkm. 



Jx.U.Tl. 

Trig. 



Ax. I. y /. 

I'rig. 



3 



4 
5 



EC=^ = ? then BE = e? 4.^, or=^ — 0^ 
and AE =/ 4- a. 

v/icc: 4-1(5/1 + ^^ + ^^ — ^tf: = BD = 
V"-// + ^^ + 21/^ : := A D, 



4^ + 2/^ : — S Z. ABD = S A DB C. 
r *' y^icc -^-dd^ zca: 't-jViff+dd 

That is, putting cc+dd= k, and ff+dd=z I. 



Confeq. 



zssfa 



8 



rr -fe 4" 2C^ :: 



ssl^ 



TF 



•• ^^ '-^ aa. 



10 



rrbbdd — kssl _ 2^55/4-2^:^5/ 

rri^^ + 4^:55/ -^^ + 77^^,-4.4^55^^- 
Now, for the firft Term of, or the known or abfolute 
Quantity in, the hft Step put m, and for the Co-efEcient of 
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ay in that Step put + 2 «, then the faid Step will become 



II Reduc'd 



II 
12 



m':=i aa-\' %na. 

-^ n -^ "^ : P9 -^ fin : T=: a. 



That is to fay, if the Perpendicular DE falls to thdjeft- 
hand of C, then a = «j-f- \/zm-{-'n72: Cafe i. 

If the Perpendicular DE falls to the Right-hand of C» 
then a:;=z — n + \/zm -{-nnz Cafe a. 

Sut if the faid Perpendicular coincides with DC, as it 
does according to the given Numbers between the forego- 
ing Parenthefes, then either of the above Theorems will give 
one of the Values of ^ = o. 



12 

"7 



= — , or s= o. 



6 , 6 

(Thus, in Cafe 1. a =— +/: + ^ 

TheReafbn of which is this 3 the given JL ADB being 
30^, a then will be = o, becaufe D£ then coincides with 
DC : Butif the faid Angle were 150°, as it may, (for 5, the 
Sine of 30^, isalfothe Sine of 150^.) then the ± DE would 
be on the Left-hand of C ; and therefore the other Value of ^ 
is-) 

The Value of a being thus had, the required Line AD 
may be found by the 401 Step (=:v^:9-|-3 — o: or = 

r-9+3 — '<^x— :, VIZ. = V12, or := -/ — .) 

Or E C rr: ii being found as before, the other Sides and 
Angles of the above A or As, and confequently the Side re- 
quired A D, ^c. may be found by Tlane trigonometry. 



/ 



,«.-"^" .'----**'^ y/ \ 



• C; 




PROS. VII. 
In the annex'd A 



2L BDC = i2o^5*^^'*'^^^^ = ^5^ _ 
Tis rcquir'd to find the other Sides and Angles^ 
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ConfiruElion. 

On B C = 2 make an Kofceks A B E C, whofc L E, or 
its Complement to 5^0** fnall bc:=r2Z.BDC= 240^. 
On £ as a Center, with the Radius £ B or £ C, defcribe 
the Circle B DC. 

On A B =1 make an Ifofceks A AFB, whofe L F fhall 
be = 2Z.ADB = 60^. On F as a Center, with the Ra- 
dius FA or F fi^ defcribe the Circle A B D intcrfefting the 
Cormer Circle in the Points B andD. Draw AD, BD and 
CD, and the A is conilru6led. 

Method of Cakulation. 

Draw DE and DF and FE interfering DB in G. 

I. EB = E C (by OmftruSian^) therefore, by 5. i JSucL 
Elm. Z.EBC = ^ECB will be given 5 for the Sum of 
them both is = the Complement of the given Z. B E C to 
I So*' : Wherefore, in the A BE C, you have all the Angles, 
and the Side B C given 5 confeauently you may, by Jlx. IL 
<Plam Trig, find BE = E G the fame Way L FAB = 
A FBA will be found, and AF = FB. 

a. If from Z. EBA (= here Sum of iSo'^, and of the 
2L E B C found by i.) you take the jL ABF (found by i.) 
the Remainder Z. F B £ will be givep. 

3. NoW in the A FEE you have the Sides FB and BE 
(per I.) and Z. FBE (per 2.) given, by which {per JxAlL 
^lane Trig.) you may find the Z. B F £• 

4. The AsEDFandEBF have the Side E F common 
to both of them, and the Sides DF and DE ecjual to BF 
and BE refpedively ; therefore (b^'* 8. 1 Euclid's Ekm.) 
Z- BFG = DFG. Then the AsGBF and GDF have 
the Side F G common to them both, as alfo the Side F B = 
F D, and the Z- BFG = DF G 5 wherefore, by 4. i Eucl. 
JEkm.the Z-BGFis:= ADGF5 viz.F G is ±BD ^ md 
GD = GB. 

5. Now Z. B F E being found Cfer 3O and Z. F GB = po®, 
the A GBF = Complement ot A BFE to po^ will be.^i- 
vcn : Confequently, in the A FGB you have all the As and 
Cfer 1.) the Side FB given; whence you may (by Jlx. I. 
Vlane Trig.) find GB = GD = J D B : And then you arc 
in a Way m finding the reft by Q^kfie Trigonometry. 



An 
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An awgefijaical Solution of the foregoing pjoWcm. 




"Let AB := B C= i) ^,^. . ._ , , , ■» 

And let Z. ADC beer L. 
Required to find AD nr ^ rz ? 



iven 



fZrig. 



I a, a-Er/^. 
£km. 



5 



3?^. I. y/. 

Trig. 



Sohpion. 
Let fall A E X CD poduc'd. 

^••/: :.^ •• ^ ^ S Z. ABD = S Z- DBC 



^ V C : : 



fa cfa 



= DG 



5. Reduced 



5 



^ bb^ibc-^-cc a a ccffaa cfa 

2 a iggbb * ' gb ^^ 

^j^l_^\g + ibbcg + ccbg — aabg cfa 

icja zbg 

b^g -f a ^'^(J^ 4. ^(;^^ _ ^^^^ e:/^? 



m 



a cjf ^ a ^^ 
^^'g+af^^(;^4"'*^^^5' — rbgaa 



maz=: 



cfa 



rcfa^ 

ibg * 

z b -U c : X bg 



^!«//+^^^« + 



a.mbg cf 



(=V^=/..o 



7(5'9a307(^p SS?^. =1.44115+). 



* N. B. Radius here is z=z 10, 

*Cc 
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PROS. VIIL 

A Trapezium, viz. its Sides 
and Angles ftverally being gi- 
ven 5 To make another Tra- 
pezium within the former in 
lucb Manner, that the Sides 
of the one may be every where 
feparated from the Sides of 
the other by an equal parallel 
X)iflance, and that the Area 
of the Space, lying between 
-j-*^ both Trapezia, may be equal 
to a given Space. 

Let A BCD be the given Trapezium 5 and let the Sum of 
its Sides, vtz. AB + BC + CD + DA = ^: 

As alfo E FG H the Trapezium to be infcribed 5 (b as that 
E F be II AB, FGjlBC, GH || CD, and HE || DA jand 
E I and FK being drawn J. s A B, FL and GM ± s BC, 
GNandHO ±s CD, and HP and ECL±s DA, thatthe 
laid ± s may be equal to each other, and that the Area of 
the Space lying between both Trapezia be =;= ^ a given Quan- 
tity. 

Then 'tis plain, that the Sum of the Areas of the Trape- 
zia I Q^, KL, MN and O P, and of the Ld C3s I F, LG, 
NHandPEis = e;,andthatEF(=IK)==AB— Ai — 
KB, FG(z=LM) = BC— BL — MC, GH(=NO) 
=?CD^CN — OD, andHE(=:PQJ — DA — DP 

Solution. 

Draw the Lines AE, BF, CG ^nd DH: and fuppofc 
EI:=:^ = FK^FL = £f?tf. — ? 

IntheLd AsAEIandAEQvouhaveAI? = AE^ — 
EI^, and AQ^ = AE^ ~^EQj {^lq\ fer i^l. i Euc. 
Elem. confequentlv A I = A Q.^ wherefore the A A E I is :=: 
A E 0^5 and the Angle E A I = i QA I is given 5 and there- 
fore the Z. A E I — Complement of Z. E A I to a L 
(= Z- AEQJ is given, and confequently its Tangent, for 
which put /. 

In like Manner the A BFK = BFL is alfo given, and 
let ght=z its Tangent. ' 

Alfo the Z. CGM = CGN is likewife given, and put 

b :=: \ts Tangent. 

An4 
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And the L DHO = A. DHP is given, whofe Tangent 
aefign hy k. 

Then, by Jx. I. fP/. Trigon. r (Radius) •• a (EI) ::/•• 
fa 
-r:=zAl = AQj 

Wherefore ^— - = Areaof A AEI = Area of A AEQj 

that is to lay, = Area of the Trapezium I Qj 

In like Manner will be found = Area of the Trapc- 

haa 
zium K L 5 alfo -— ■ = Area of the Trapezium M N 5 

kaa ^ 

And = Area of the Trapezium O P. 

^ _ , ifa iga zha %ka , 

And : b --2— _ —-_ — . iY,at=z ba 

T T T T 

— %taa (putting — =-2— ^ — ^^ — equal to r ) is = Sum of 
the Areas of the Ld c=3s IF, LG, NH and PE : 

Confequtotly, ta(i'\'ba — xtaa-^zc-^ which Equation, 

b bb c 

after due Reduflion, gives 4? = — - + v : -777 •— — i 

NotCy In fome Cafes c may be fo great in Refpeft of the 
given Trapezium, as to reduce the infcribed Trapezium to 
^ A or I : And in other Cafes the above Value of a may be 
Real 5 and notwithflanding neither a Trapezium A or \ in fucK 
Manner as is required can be infaibed in the given Trape* 
zium. 

Examples in Numt^ers. 

i 

LetABrr: 40..*. Z. EAI = EACL= 35 

BC= 24 Z.FBK = FBL =44- 

CD— 29..,. AGCM = GCN = 55 
DA= 3<^.... AHDO = HDP = 44 




Givcn# 



*;=i2^ 

* C c * Confcq, 



3f<J 
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Part II. 



Coa£.L A£I 
Z.BFK 
LCGM. 
Z.DHO 



L AEa= 
BFL = 
CGNr 
DHP = 



54 
45 
34 
45 




I03i9i.p9 = g 
100993.94 = k 



* N«/«. Radius = r 
is here r= 1 00000. 



4.1330294 ss=t 

2 



8.2^^0588 =2 f. 
And let c be =: 450.027 j then 

8.2ftf) 129= 15.^0 =ss z/) ^ V 4ff) ^^ = 243.3^ 

4.13303)450.27 =*)c=: 108.88 

134.48 

15.^0 — Vi 34.48 n=: ^j =: 15.^0 — . 11.59 ^= 4«00 + ^ 
That is, a is fomcwhat, but vciy little more, than 4. 

PR OB- IX. 

flA multiply or divide a ^tten SSiiglc by a ^itetl 

l^utn&crt 




E o c 



In the Given Angle FAG infcribe the Lines A B, B C, 
CD, DE, ^c. of any Convenient, and the fame Length, 
and ABC, BCD, CDE, DBF, 6?^?. will be Ifofceks As^ 
and therefore, by 32. i End. El. the Angle CBD will be =: 
iLsA +ACB= 2 X Z. A5 and L DCE = Z.sA + 
ADC:=3XZ.A5andZ.EDF:r=A + AED = 4xAAy 
and L FEG ^ 5 x Z. A; ^c. Putring now A B, BC, 
CD, ^c. the Radii of equal Circles, the Perpendiculars BK, 
CL, DM, efc. let fall on AC, BD, CE, ^c. will be the 
Sines of the Angles B AC, CBD, DCE, £5?^. and AK, 
B L, CM, i$c. the Sines of their Complements refpe£lively. 

Let therefore A B betzr r(io), AK = c(=: tV^ijo^ 
J/o = Sine of 7j^, the A A being ij^}} then, by 4- 
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6Eud.B. f(AB)"(!(AK)::ac(AC)" ■^=AL. 
And AL — AB = — r = BL the Co-fine of x x 

T 

Z. A(=V 7j). r (AB) -c (AK) :: i^ -.r(=s AD = 
aAIi— .AB)" -^^ c = AMt AndAM— AC = 

4.CCC 4,0* 

— , c —- 2 1: = — — — 2 c := C M, the Co-fine of 

3Z.A(=i/5o.) 

r •• c:: ' — 4c(=AE:=:aAM — AC)«~r- — 

ACC 

AN*-AD=^— ^-^ +r=-^- 

Sec 

|-r = DN, the S of 4 Z..A(=5)- 

V 

4 

f.. <,.:Iff Ii£i + »"(=AF = 2AN-.AD) 

r- ^+e=AO:AndAO-.AE = — 7- — 

I2c' , 8^' . i6c^ zoc^ , ^^ 

y^ n- rr »^^ ;.^ rr ^^^ • 

the S of 5 Z. A (ssj/iso — 1-/50): And fa on. 

Or, if you would have an Angle divided into any Num- 
ber of equal Parts 5 putting ^ = B L, CM, D N, ^c. fo- 
vcrally, and x:=c^ you*ll have ixx — rr =zrq an £qua.« 
tion, wherein x is equal to the Co-fine of half that Angle, 
whofe Co-fine isq. 

Alfo ^x — 3 r r A? := ^ r r, an Equation, wherein x is equal 
to the Corfine off that Angle, whofe Co-fine is q. 

Alfo 8^^ — 8 r^ x^ 4- ^'^ = ^' ^> an Equation, wherein x 
is the S of I that Angle, whofe § is ^. 

Alfo 




1 
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PiaWma 



l^artll 



Alfa i^ A?* -r 26 r' *' + y r^ ji? =^r^,anEq\iation, where- 
in ^ is the Co- fine of s of that Angle, whofe Co-fine is ;== q^ 

I'his Eioblem tnajjf be otherwife foh^d 5 a Specimen of the 
Method^ mil here infert in the TrifeElion of an Angle. 

^ To divide a Given An-* 

gle N O P into three equal 
Parts 5 /. e. Having given 
the Chord of the Arc N P, 
and the ^Radius N O ^ to 
find N Q, the Subtenfe of 
the Third Part of the Gi- 
]^ veil Arc. 

LetNOber=r,NP = 
h^ and N Q^= » — ? 

TheAsNOQjQNR. 
and iL OjV are fimilar ^ for 
the iLQplSris (bySup- 
pofition) = ROjF (QOT) 
= ?QPP, as alfo L QNR 
( by 20. 5 Eucl. Ekm.) is = i QjO P 5 Therefore the Angles 
QP N, QJN" R and R O jv are equal 5 alfo the vertical Z.s 
at R are equal in the two l^s R Oy and R N Q^ and the 
A Q^is common to both the As QP N and R N Q: Con- 
fcquently the three Triangles Q^O N, QN R and R OjK are 
fimilar 5 whence N Q^= N R, as alfo O R = O^ 5 and, 
by the like Reafon, P jk = P T. 
By 4. 6 EucL Bern. 



H 




r(ON)-A7(NQJ::a?CNQJ 



XX 



•• 



= CLR- 



XX 



= OR. 



r(OQJ.. f--^(OR):::^(aT)-^-^=Rj^. 



X 



NR 4- R^ + ^P = ^ + ^ h ^ = NP = ^= 



rr 



jji^ — 



X 



5 and, by multip ying each Part by f r, you have 

trr^=s irrx^x\ or a?' «-« 3^^^?=; ^hrr. 

la 
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In this Equation the Cube of one Third the Co-efficient of 
^, added to the Square of half the known Quantity, gives 

the Sum = — r * + , which is ra q, ^ being -n 2 r 5 

and therefore this Equation is of the fame Nature with them, 
whofe Roots, thp' included in Cardan^s Theorems, can't, not- 
withftanding, be eafily extrafted by, or out of them : But, 
fince the Value of x can be found by the Scheme itfclf and 
Trigonometrical Calculations, that Cafe in Cubick Equations, 
wherein Cardan's Method feems defeftive, is eafily folvablc 
by this : 

Thus, if ^' — ^JK? n: — q. By comparing both Equa- 
tions together, you will fee that/ = 3 r r and q:=:brr. 

Now fay, V^jp^ •• ^ ? •' : Radius •• S of an Angle. 

rrb b 

That is, r' •• : : (r •• — :: OP- Pv ::) Radius 



_ _ •• 

2 



SZ.PO^: Andf Z.PO^ = TOw5 wherefore, fince by 
I Ax. Ttane Trig. Radius- OT : : S Z. TQw -T w, fay, 

P 
of Confequence, Radius •• 2 -/-- C2OT) :: SZ.TO'K?- 

2T w = T Q.= Q^N :=: x fought. 

Example. 
. l(x^ — 12 ijp r=: ~ JO 5 Quere x. 

Log. i ^ = L 5 = .5p3p700 ^- ^- The Log. of 

° Radius, vitl. io. is 

, f - ft fuppos'd to be added 

T yr — =:ljliz=z .pojOpOO to this Number. 

9.7958800 = L - S 38^ 40'. yd". ;=z 
L^Ov.J of which = 12^. 5 3'. 38" j = /. T O w. 
L . S Z. TOw =: 9.3485 055 

L 2 i/f / r=: L 4 = .<^620<^oo 

9.P50<^555 
L Radius = 10 

T. 9506*5 5 5 := Logarithm of •892^0 5 that 
is to fay, .8926*9 =:x. ' ' 

Again, *tis plain that P N is not only the Chord of the 
Arc P Q^N, but alfo of the Arc P H N 3 wherefore, at or T Ci. 
being =: .892(^0, as before found, ^ or H I muft be equal to 

• 2 " foms 
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fome other Kumber, which» for to find, fubtra:£l the Z. P O N 
( or Arc P Q^N ) from jdo**, and f the Remainder £= 60^ — 
J^PON = tfo^ — ATOwis=Z.HOK$ wherefore 
Radius •• O H : : S Z. HOK •• H K 5 Confequently, Ra- 
diu6-2 0H::SZ.HOK-aHK = HIr=:j^. 



Operatim. 

60 00 00 

la 53 38I = LTOw. 

47 06 21 1 =:Z.HOK. 
LaOH:=La v^|/= L4= .6020(^00 
L-S 47*. o^'. arf. =9.8548747 

* o.4<^d9 347 =Logarithm 
of 2.95045 :=zx. . 

And PN may be the Chord of the * Arc PQNHPQN5 
Confcquently add the L TO w to do® 5 and then it will be 
Radius •• 2 y'f / : : S of the Sum of the Ls TO w and 
ffo* •• X required. 

Operation. 

O t 41 

60 00 00 

^^ 53 ?8f 

72 5? 38 f 

L-S72*. 53'. 38''f-= 9.9803500 

*o.5824ioo == Logarithm of 
3.82305 5 that is to fay 3.82305, with its proper Sign, is r= x. 

So that the three Values of ^, in the Equation x^ — i2af= 
— . 10, are .892^0, 2.93045, and — 3.82305 : But if it were 

X — jzx =10$ then x would be equal to 3.82305, — • 
2.93045, and — .9pz6o. 

The learned Dr. Halley has, in Part of .his Works, fhewn 
a Method of rcfblving Numerically all other Sorts of Cubick 
Equations wanting the fecond Term by Cardan^s Theorems, 
and by the Tables of Sines, Taneents and Logarithn[)s : But 
that being as eafily, iPnot eafier, done by Cardan*s Theorems, 
and the Logarithms only, I fhall,.at prefent, pafs by that 
Method. 

* See Sir If. Newton's Arithm. Univerfalis, Pa^. ii6. 

PROS. 



r 
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PR OR X. 

The Bafe of a Plane Triangle being given, as alfo the Per- 
pendicular, aod Angle dppofite to the £afe 5 ;to find the Tri« 
angle. 

c 




A H 




In the ann^x'd Triangles are given the BafeABr=:2^ 
(rz: zo), the Perpendicular HC =/ (:= 7 )5 as alfo the 
Sine of the L oppofite to the Bafe, viz>. of Z. ACB = »^ 
(=r 9.84807 7, the faid A. A C B being 80^, as in Fig.t. or 100*^^ 
^s in Ftg. 1. ) and confequently the Co-flne of Z. A C B = « 
(=r 1.75(^482 = Sine of 10^). Tis required to find the other 
Sides and Angles. 
From A let fall AI ± BC, produc'd if need be. 
Bifcft AB in Ej and fuppofe HE = x t=z J 

Then AK =: If — X. 
AndHB=:^ + :^. 
Suppofe alfo B C := ^, 



*Dd 
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Sohition. 
The AsBCH^ndBAI arefimilarj wherefore 

ibb -(- xbx 



4. 6E.Ek 



y '• lb :i 



b -\^ X 



y 

ibf 



•• 



= BL 



= AL 



xbb'\-ibx yycn:zbb-\-ibxt 

^ CO :: =CI~ 



3 
4 

5 

6 

7 
8 



m 



y y 

ibp inbp 



y . »^jv 

yy c/iizbb-^zbxz xnbp 

y ^y 

znbp 



Ax. I. y/. 

2 = 3. 

4Xjy. 

That is 
47.1-E.-Ei 

<^, 7- 

SRcduc'd 

That is to fay, if the given Z. A CB be -3 L, as in Fig. i. 



m 
znbp 

m 



yy ^ I lb b '\- % b X I z=i 
yy = ibb ^ ib x "f" - 



jyj; = ^^ -f. 2^j*? 4" j^jtf 4" //• 

inbp 
^ ^ ± — ^ — = ^^ +//. 

. t r . mbp 
9.Y:bb — pp -1 : = a?. 



then X =:\/ 1 bb-^pp + 



inbp 
m 



:(=:V^2 51 +24.(^857 



+ : = 8.(rpp7 +) 5 and, if the given Z- ACB be cr- L, as 



in JF/g. 2. then jt? == y^: ^ b — pp — 



inbp 



;(=V^:5i 



24.(^857 + :=: '5.1297 +). 

But if the given Z- ACB had been = L» then n would 
be = o 5 and confequiently {^per 9th Step ) a? :== >/: ^.^ — pp : 

X being thus found, you will have AH^b — x^ and 
HB=r&4-^5 and then the reft may be found by Vkne 
trigonometry. 
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PR OB, 

The Diflances A B = 
aoooo, AC = 15000, 
and BC 18000 between 
three Towers A, B and 
C (not (landing in a 
flraightLineJ being gi- 
ven ieverally ^ as alfo a 
fourth Tower being fup- 
pos'd to ftand within the 
Triangle AB C as at D ; 
and the Meafures of the 
Angles ADB = ia7^ 
BDC = 105^, and 
CD A = 128*^, being 
given feverally j to find 

3ie Diftances between the fourth Tower D and each of the 
other three 5 viz. the Meafure of the Lines D A, D B and D C. 

ConftruBion. 

On AB make an Ifofceks A A E B, whofe Z. AE B, or its 
Complement to 5<^o® fhall be = 2 A. A D B $ on E as a Center, 
with the Radius A E or BE, defcribe the Circle ADB. 

On BC make an Ifofceks A B GC, whofe L BGC, or its 
Complement to 3^0** /hall be=2Z.BDC: On G as a 
Center with the Radius BG or CG, defcribe the Circle 
BDC, cutting the former Circle in D (and B): Draw AD, 
BD and CD, and the Conftruftion is performed. 

Method of Calculation by K.erfey. 

On A B and B C let fall the Perpendiculars E F and G H 
and draw DE, D G and E G. 

I. Subtraft the given Angle ADB from two Right-angles 
(^viz. from 180 Degrees) the Remainder fhall be the Sum of 
the unknown Angles D A B and DBA, by 32. i End, Elem. 

z. Forafmuch as (by 20. 3 EucL Ekm.) Z. DEB :== 
2 L DAB, and L DE A = 2 L DBA $ it follows, that 
L AEB = 2 A DAB + 2 Z. DBA$ therefore in the 
A FEB right-angled atF, the L FEB (that is ] L AEB) 
:= L DAB + 2L DBA is given ^ and, by Suppofition FB 
r=r i A B is given 5 therefore the Semi-diameter E B :=r E D 
:= E A ftiall be given alfb. 

3. By arguing as before in ift and 2d Steps Z. HGB t=r 
Z. HGC is given 5 alfo GD = GG = GB the Semi-di- 
ameter of the Circle GBDC is given. 

♦ D d a 4. Bccaufc 
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4* Becaufe ]U? it ± A B, and Z. F £ B is given as before § 
therefore ABBA, the Complement of Z_ F E B to a L. is 
given : Likewifc Z. G B C, the Complement of Z. H G B to 
a L is given 5 and the Z. C B A is given j for it may be 
found out by the three given Sides AB, AC and BC; 
therefore Z. G B £, the Sum of thofe three Angles £ B A, 
CBAandGBC is given. 

5. In the A GBE the Sides GB and £B ( to wit, the 
Semi-diameters of the two Circles GBDC and £ADB} 
are given feverally, as alfb the L GB£ comprehended by 
thofe Sides j therefore the Z. G£B is given alfb. 

6. Becaufe the two As £ G B and £ G D have two Side9 
G B and E B equal to the two Sides G D, E D, viz. G B = 
GD, and EB =: ED, alfo the Bafe G£ common to both 
thofe As 9 the Z.s contained under equal Right Lines fhall 
be equal -y viz. /. GEB = Z. GED = J A DEB 5 but 
GED C= Y Z. DE B) is given in the 5th Step, and (per 

20. ^Eml.B.)L DABis = iADEBC= A GEB)5 
therefore A DAB is given. 

Now in the A ADB there is given A DAB, as alfo A ADB^ 
and the Side A B 5 therefore the Sides DB and D A ( to wit, 
two of the Diflances fought ) are given alfo. 

7. And lafHy, In the A D AC there is gfiven DA, as 
alfo AC, and A ADC j therefore the third Diflance fought 
is given. 

An %\fit\iiAm\ Solution of P r o b. XL 

^ AB = ^ (= 20000). 

\ BC=c(=i8ooo),CA=i 

X (=:i5ooo),SA ADB=/ 

X (= 7.98(^355 = S 127^0. 

) X S AADBr=:/Ct=:(^.oi8i5o 

^^^^v^^^X ^ S 37^), S A CDB=^ 

^_ -^jj S A ADd :=:>&(= 7.880108 

^ =Si28<'.) 

.S A CAB ^/ C= 8.(^50(^11 + =S 59 53 4 -)» 

2 A CAB =3 ft (= ^.01666^ --. = S 30 06 37 +), 

S A ABC = ;;«(= 7.208842 — nrzS 4(^ 07 39+), 

S A ABC = ;^C= (r.93055(^ — =S 43 52 21—), 

being given, and the A ADB being obtufe, and the Angles 

CAB and ABC acufe ; 'tis required to find A D =: ^ = ? 

DrawDZr±AB. 

Solution. 
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Solution *. 



3 



\/'.rr— 
ffa 



bb 
J? 



5 



—^4. i!-«=sSZ. ADZ. 

^v-^^<» = SZ.DAZ. 
if fa , Ip kf , If fa 



+ 



rr^ ~^ rr*^ 






iF+T7r=SiLDAa 



7 



8 



r 



fb 
my nfa cm en fa 

T — FT '•■iF^""'i^=^°- 

c»^ cnfa hem hcnfa 

SZ.CAD, 

i;(;;» If — kf hcnf 



Iff+kff 



rb 



: X ^ 



Now for —I— — put t, and for -jj^ + 

Iff^kpf 

U P"* "^^ ^^^ '^® ^^ Equation will become 



10 & 1. 
jiRcdujcVi 



JO 



II 



ty'x'waziz ^t/:rr — 



<vo*uoaa:;=ztt% : rr 

trb 



*^ 

ff±a^. 
bb * 



I" 






y^itt/f-i^bbivw : 



* Note, T^e Theorems mentioned in this Solution are inferted in the 
following Lemma. 
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(Viz. a is = 8285.5(^8 nearly, at may be computed from the 
laft Step by the Help of the Logarithms 5 thus, 



Tkh -=. .89<^53ai 
L^ =4.^552725 
l^m— -8578555 

5.1510351 



hd =4.1750915 
^g —^9849438 

Li^=?= 5.15J0351 



Jjidg)hcmir=i .8485350 Number 7.05724% 



L/ 
L/ 



.9370458 
•7794^^30 



L // == 1.7155098 Number 5 2.o5o5 7 

Life 

I-/ 
Lft/: 



.7004152 
.9023485 



= i-<^027538 Number 40.05488 



^/~*/= II-9P579 5 wherefore 



r) :// — */:= I. 



IP9575> 



5.857553 :=rr. 



Lj&(? 
L f? 



5.1518045 

.8407581 
.90^3485 



Jjhc 7if:=z 5.8949 213 
9.4520551 



Jj dg =5.1510351 
Jjb =4.3010300 

Ijdgb=:i 9.452055 1 



L idgb)hcnfi := 3.4328552 Number .002709294 



*» 



L/ 



.9370458 

1.8045972 



L///= 2.741 7440 Number 551.7522. 
Ijkf]^ := 2.3822258 Number 241.1154 



1.5027538 

.7794<^30 



W+/*/= 79^.8585} wheref. 



r^) 
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Lf= .7<^77243 

L& = 4.3010300 
L^r^:=: ^.0^87543 

L^rtzz 1.535448^ 
L//=i-8o4(^P7a 

L ^ ^//= 3-3401458 Number .2188.49^ 

L^^:=: 8.do20doo 
2L^r=Lww= 5.(^487252 

L^^ww = 4.2507852 Number 17814.97 

20003.455 := 
ttff-\-hb'X'Ui\ -— — — 

L^r^:=: 5.0587545 
tL: ttff + hbiioiJOi :=. 2.1505525 

L ^ = 3.9182017 Number 8283.358 =^ 
nearly, as before, Jnpmr.) 

LEMMA. 

Let AB and AD be 
two given Arcs of a 
Circle, the greater of 
whicb AD is lefs than 
a Quadrant 5 the Dif- 
ference of the faid 
Arcs is DB. LetAE 
be another given Arc 
greater than a Qua- 
drant 5 fo as the Dif- 
ferences of the given 
Arcs AE and AB, 
viz. BE, and of the 
given Arcs AE and 
AD, to wit DE be, 
the former DiflFerence 

greater, and the latter lefs than a Quadrant. Then^the Ra- 

du 
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Ail and Sines of the faid Axes being drawn as in the annexed 
Fig. I f ay» as in the following "Theorems. 

1^ = BF the Sine of the Are ABj its Co-fine CF= /. 

{; = D G (which cuts C B in ^) the Sine of the Arc AD j 
its Co-fine CG = w* 

tf = DH the Sine of the Arc BD (the Difierence of the 
(S given Arcs A D and AB) 5 its Confine CHzux. 
|4<fi = £I the Sine of the Arc A £ $ its Co-fine I C = ». 
? I e = BM the Sine of the Arc B £ (the Diflerence of the 
^ given Arcs A£ and AB) j its Co-fine M C r= j^. 

f = £ N the Sine of the Arc D E (the Difierence of the 
given Arcs A£ and AD)^ its Co-fine CN :=:j&. 

^ And r = Radius, 

Produce £ I *till it meets B C product in K, and &om K 
on C£ let fall the J. KL5 produce alfb DG 'till it meets 
EC produced in O, and from O let fall O/ JL DC pn>^ 
ducM. 

The As CBF, C^GandD^H are fiihilarj whereforei 
hy i^ 6 Eucl. Elem. 

J. I •• 6 ::m •• -— - — = ^G. 

/ 

hm cl — bm ^ 

2. (?— . — ' — == =D^, 

3. r •• / :: — ; — . *• =5 DH :1s: a. Theorem t. 

I > r 

4. / •• r : : «» •• — -— = C f . ^ 

c/ — hm bcl — bbm 

5. r •. J:s ^ — = ^H. 

rm bcl~bbm \rr — bbixm-^bcl 

^•~r+ vi = 7i 

Jim A- bcl Im + be 
— (becaufe rr — bbi$ equal to II) =: * 



rl 
r=GH=iX7. Theor.i. 

• The Theorems in the gd and 6th Steps are the f^-mp w'^h 
the R^vnccid Mr. ^icr^e GoUi's 2d and 3d Leumas re- 
lpc£iiv'c>y 5 ar4dinay be worded thus : 
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Two Arcs being given, the greater of which is left than ^ 
Quadrant 5 if from the Reftangle, or ProduS of the Sine ot 
thS Greater and Co-fine of the Lefs. the Reftangle of the 
Sine of the Leffer, and Co-fine of the Greater Arc be lub- 
trafted, and the Remainder divided by Radius, the Quotient 
will be the Sine of th^ Dififcrence of the two Arcs, And, 1^ 
the Sum of the Rcftanglcs of their Co-fines and Sines be di- 
vided by Radius, the C^otient will give the Co-fine of the 
Difference of the two Arcs. 

^ cl^bm I ^ Im+hc h/'^ ll+hbc \ 
7-But— ^:— X-+ — j: — x^y rT^V ' 

that is to fay ^^+^^ =:g=:DG. neoT. 3. 



viz. 



xl-^-ab 



\ =:m — CG. ^heor.i^ 



Again, the As CBF and CKI, as alfo the A« CE I ^d 
K E L, and the As C B M and C K L are fimilar 5 there- 
fore, by 4 (^ Eucl Ekm. 



9. h*n II 






rn 



KG 



10. ^-f.-y-= — -j- = EK; 



II. r •• 



I 



din + bnn -- - 
,,n •• ^ = K L. 



X%. T. 



ddl +bdn _ ^ nnl — bdn^ 

C Jln^bnn dl+bn _^_^^ ^,^^^ ^ 
rn J rl r 

C rl f ^ 
^ dl4-bn I nl-bd b/ ll-^-bb \^,^ 
l4.But —^ — X — — X — ( = " — dj-^^y 

*Ef tV«.t 
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tbat is to fay ii:=^— = </ = E I. Tbeor. 7. 

^ ,<//+S« h , nl — tJ I/' l>l' + ll\_„, 
15. And — -!- — X--1 -x-(= ■ — «)=«5 



TIZ. 



^^^±-^ -« = IC. r*^or.8. 



Again, the Ab CEI and COG, as alfo the As CDG 
and O D/, and the As C 0/ and C E N are fimilar 5 there- 
fore, by 4. 6 Eucl. Ekm. 



l5. n •• 999 : : 




rm 



n 
ipi 



1 =C0. 



n 



= GO. 

f7. c-\ s= = DO. 

n n 

cmn -^dmrn 

^ cn4-dm 
18. r ■ ■ s:, 



m 



c •• 



rn 
ccn + cdm 

rn 



= 0/. 



=:D/. 



cc« + (;i;^ cdm — : rr — cci x n 
19. ^— *— r := ^ zr: 



mmn 



rn 



rn 



^r^« -f- dmm 



40. 



»;r 



■«■ •• 



9t 



ft: 



•• 




c» -^ dm __ . 

(EN. 5r>b.9. 

cdm^-^^-mmn cd — mn ^__ ; 



•• 



r« 



(CN. i^b. 10. 

The Theorems in the 20th Step are the fame with the 
Reverend Mr. Goiild's 4th and ift Lemma\ and may be 
thus expreffed in Words : 

Two Arcs being given, the greater of which i« more than a 
Quadrant 5 and the other, as alfo the Difference of the two 
given Arcs, are each of theni lefs thtn a Quadrant : If the 
Sum of the Reftangles of the Sine of the one into the Co- 
fine of the other Arc be divided by tladius, the Quotient 
will be the Sine of the Difference of the two Arcs. And, if 
fitm the R^£langle of their Sines the R.e3angle of their Co^ 

. - '^ ■'" fines' 



it'. /■«• 



* t 
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idnes be fubtrafted, and the Remainder divided by Radius* 
the Quotient will be the Confine of the Difference of the two 
Arcs. 

m - cd — mn c 

r ^ r T 



(= 



I. But i 

T 



mm ^- cc 



djr=:a^ that IS to fay ■' ^=z a :==: 



rr 

EL jtheor. ii. 

td — mn m 

X — — ^ X — 

T r T r 

ic — zm 



A ^ en A- dm c 
And -^ 



/^cc^mm\ 

^ rr y 



that is 



:=:«:=: I G I'heorem. 12. 



PROB. XIL 

^j&/Vi^ /j the Reverend Mr. P.GouldV Problem, 





AH = AE, GH=:GfiandEC = AC. 

%c 
AG= (Jisgl^nj AD= -^ 



— •/ G D = — 

» 3 

Sine of Z, F A H = 5, and its Co-fine =/ are given ; 

It is required to fi&d FG by an Equation not exceeding a 
Biquadratick. 

Thift Problem admits of three Cafes; for the given L FAH 
is either lefs or greater than a Right-angle^ or^ife h is equal 
to 2L R!|;Iit-aQglc« 



*Ec 
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SoUttim <f the Firji and Second Cafes. 
Note, As to the Signs + and — one over the other In this 



Cafe and ift 



Solution, th\it the upper Sign relates and belongs to the ill 
d ift Fig. and the Lo^er to thfc 2d Cafe and 2d Fig. 
Note alfo^ That the Theorems mention'd in this Solution 
MXC inferted in the preceding Lemma. 



Suppofc 
Ax. L y/. 



^heo. 



10 



Tbeof. I. 



, ^beor.^. 



Tbeor. i. 



AF = X, and FG :=y = ? 

ry 



•• 



X •* f :: 



X 

cr 



=zS L FAG- 



c = S Z. AFG. 

X 



5 






7 



rx ' rx 
S L GAE. 

i!Z±iir = -L2i£i == S i. GH A = 

rx X 

sc^ty cr rv sy^pc 
X xr X rx 

sccT^cfy-syy ^^LCAh^ 

XX 

S L CEA. 
sy:jrfc cr scl^fy J\y _, 

X — — -j- ' X • T ^^^ 



X 



xr 



X 



xr 



^csy + ccp+fyy ^ ^^ ^^^^ 



XX 
iy + tC " ^ fyy^iCSy 

X xxr 



-]- ccp 



St 4- fy sec + xcfy — syy _ 



ji? 



S L DEG = ^ ^^ ^^ — :^ — : 



rx' 



3 c^/j^* i 6ccsfy + -^l^V^ilfl 



■•i»P«— • 
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XX 3 * 

zccsx -^ zcpyx 



iics-^ecpy — ssyy 



— = DE. 



xccsx 4- ^cfyx 



" r \i — •• 

3 



lO 



3 cc i + tf c/ jv — 3 ^JFJ* 

+ 2Sfy^-\-iCssjyy-^icffyy + 6ccsfy 



47. ii«r. 

£km. 
16, II. 



aCfi + */J^ 



— rrsyy XX 



cc -{-yy^xx. 
i2\ + zsfy' + ic$syy — 3cfpyy±6ccs^y 

+ ^\?/ — ^ ^^= — ^ ^= — ^ ' 



%cs + xfy 



-\'%rrcfy^ -^rrsy 



12 Rc- 

duc'd. 



13 






+y X 



(fCC5S — 18^*^/ 




5 .1 









C# 3« 
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Cafii.mienLFAn 
is = L^ 

Then S L FAH==5 

will become =r f , and its 

Co-fine = f will become 

:=r o : And then an E- 

a quation expreffing the 

Value of F G :=: JK. de- 
4 €ccrr 

ducible from the Thirteenth Step, hy + ^JV x — — — =5 

rrc^ '\^ zc^ rr 
~ 5 which Equation, when reduc'd^ gives 

^ Numerical JSxamfk cf Cafe j. 
Let AG (= c) be = 3, GD Qzs — ) t=i,and Z. FAH 

Then J? =:5 v^xy^ii — 3:= 3V^; 3.4^4101(^151, 5^<?. 
-^ 5 : = 2.043750 4- = FG. 

Vrtxf. 

AHrrAE, GH = GE. 

AG = 3,GD = i, and V AD:=r 
and L FAH = 90*. 

" Required to fljew that A E A C = Z. A E C } v/2;. that 
ECis = AC- 



[ 45?^ the laft Fig.] 
a, FG = 2.043750 +, 



X. In A FAG. A8GA3 - - . 

Is to Radius - - - 
So is FG 2.0437 - 

ToTofZLA34'' 16-- 



0.4771212 

10. 

0.3 1 041 7 X 

9.853^959 



90 00 = Z. FAH. 
34 i5- =Z. FAG. 

55 44+ = Z.GAH = 
34 16- = L FAG = 

SI a8+=:Z.EAF. 



Z.AFG = AGAE. 
iLGHA = Z.GEA 



a. la 



Chap. HI. 



of feve«il Sorts. 



378 



». In the A BAG. AsS LB 34^ i<i'- - - 9-7505434 

Is to AG 3 -------- o.4.77izia 

SoisS Z. A 55*. 44'. - - - - 9.9171046 



To E G 44030 + 



;o.394325t 
0.^457818 



fl. In the A DB G. As E G 4.4030 + o.(J4?78i8 

Is to Radius - - - lo. 

SoisDGi------- o. 



o 

•34 



To T of Z- E iz^ 47V + - - 5).35<^2.i8a 

j6 - — L AEG. 
47 + = /.DE"G. 



XI z8 ^ = Z. AED, or Z. AE C, which is t=t 
4.EAF, or/.EAC above found, as was required to be 
(hewn. 

PROB. XIII. 

Three Points A, 
B and C being gi- 
ven 5 to ^d another 
iPoint D in the fame 
i^lane, from which 
three ftraight Lines 
being drawn to the ^ 
given Points, thofe ^ 
uraight Lines may 
be to one another 
19 any given Ra- 
tio's : Suppofe D A 
toDB to DC, as»^ (5.4} to«C5)to ^(2). 

Suppole it done, and D, in the annexM Fig. the Point required. 

The Lines DA, D B and D C being drawn, join any two 
of the three given Points, fuppofe A and C, by drawing the 
ftraight Line AC; on which, fiom the third given Poin^B, 
^d troxa the fought one D, let fall the ± s BE and D F. 

Now let the Given Lines ACber=:^(=ai) 
' ' AE = r(= tf) 

^B = /^(= 4) 

And 




rrf 



mm 



|7« 



ploUemsi 



Part IL 



And fuppofe the unknown Lines A P r=r j^ 

zndFD nzzy 
Then will F C be = * — a? 
And F E = ^ ~ c 



47- iJ^- 

Bern. 



r AD-7=ri^^4-^>'* 

i CD?(= FC? + FD^) ^bb — aJj^ + 

3 BD?(=:*DF + EB|*+ 'EVq) = yy -*- 

By Hyfothefis^ m •• DA :: « •• DB : :/ •? DC5 Confe- 

^nently, 

DBq:=yy'^idy^dd+xx — %ex + cc^ 

PP 
mm**xx'\' yyiipf^- — x: xx'^yy^:=z 

DCq ^=zbb — ibx 4- ^^ '^yy* 

ibx^- bb ' 
ccx + yy:=mmx-—rz 



5 



5 



XX + yy:=zmm x 



mm ^^pp 

icx — idy-^cc — 



mm *— nn 



Now if, in order to /horten the Operation, you write for 
'mm — ppC^== l'5^)fy and for mm — nn (= 2.^6) g, 
you'll have from the <^th and 7 th Steps. 

zgb X — g bb 
81 := icx-^cC'^dd — zdy. 



f 



gi 



Again, for Brevity's fake, for — -^ + ^ ( = — ' 'D P^t 

gbb 
•— ' Z? 5 and for — -^ cc—:dd put 2 /^fe (=r j>7 f 5 confe-» 

quently, fen: 12^) and the 8th Step will become 



* Tor producing 'OT: to G, making FG z=: EB5 DF+ fG W^ 
^e=:DG, 4WEF = BG. ^ 



/ 
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lo®- a. 

d, II. 



12. 



9 

lO 

II 

12 



13 



ocx-^—i — x-+kk:=:!yy. 



dd "^^ d 

^ ^ ^ --_--. XX —^ — J — X -^ kk'z=L mm y. 



dd 
%bx — hb 



f 

fhh 



'.y.xx 






fjok ■ 



zntmb 



Lafily, For the Coefficient of a: a? in the i sth Step put, / 
(j= -^-\ for that of x^\A — iltQ= — 55<f-«J^ i 

confequently t = -^^-^\ and for the abfolute Quantity 
therein put — /w ^= — 6iiT .05 ; confecjuently w s= 

then that Step will become 






443 



li^ Rc- 

duc'd. 



14 
15 



Ixx — ' iltx :=: — l**^' 
x:=r^\/:tt — IV: T = 



80493 , I 



2443 -^ 2445 



/: (^475)12 3049 — 455^47 55?45 •' = 50*44i 



or 15 



\ 



x being thus foijncj, jy will be had by the loth Step =: 

if 
^ — x + k(^:=z — I I^Jt', or 8 ) : And by the Quantities 

titie? Jk? and jv, viz. AF and FD thus known, the Point D 
ibu2:ht will be determin'd. 



Ff 
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PR OB. XIV. 







Part 11. 

Given the An- 
gles, Perimeter and 
Area feverally of a 
Trapezium 5 it is 
required to deter- 
mine its Sides. 

Suppofe it vdone, 
and reprefented by 



G B 

the annex'd Trapezium A BCD. 
Let S Z. A=c(=S 53°. 08; — :=:8), S LB=d 

Q=z S ii8^. 04'. + = -^J, S Z. C =/ (= S 5?o^ oc/. 

= 10), and S Z. D =g Qzz S p8^. 48'. — r^-y^) 5 alfo 

the Perimeter AB + BC-{-Cn + DA = ^ (=3<^o)5 
and Area of the Trapezium ABCD:=-^?(= d'900). 

Produce any two of the Trapezium's Sides which are oppo- 
fite to one another, as D C and A B. till they meet in the 
Point E. 

Then in the As A D E and B CE you have all the Angles 

given, and confcqucntly the Z. E (= 28^. 04'. +) for whofe 

, /^ 80N 
Sine put ^ C = — ). 

From the Points C and D on E A fproduc'd if need be) 
let fall the ±sCF andDG. 

Now fuppofe A D = A? and B C ^r^'. 

S'* -1?:- = AE. 



jfx. II. 



And 
»• 4i and 



<&•• A? : 



h 
ex 

J 



:=DE. 



b ••y :: 



dy 



gx—fy 



h 
ex — dy 



= AB. 



= CD. 



„^y^ilszfl:^il:zlL^y, 



Now. 
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■T— put k (—4.8) 5 alfo for I — ^ 

put — J^/ r= — 3, then i = -^^J 5 and for^^ put km, 
( then w = 7 5 ) 5 then you'll from the 5th Step have 

I 6\kx — kly = km. 
•.•' 'j\x'=: ly "h^^j confequcntly x x = II yj^ 
-|- 2/wj^ + mm. 

8 






And 



10, II. 



9 

10 

II 
12 



ex 



r '• X :: C •• rzz D G. 

r 



r ** y :: 



dy 



T 



-=CR 



cgxx. 



7,12. 13 



gx ex 

fy dy_ 

h ^ zr ~ zhr 
cgxx — dfyy ^ 



ihr 

dfyy 



= AreaofAADE. 



= Areaof ABCE. 



zJbr 



a. 



I 



cgllyy-^icglmy-^cgm m—dfyy 



2/7r 



rr^. 



For 



cgll — df 



%hr 



- put 



-.(= 



59 \ f icglm 



put z nf ^= 78 i. Aen / = -^ j, and for « — ~-^j^ 

put »^«(= ai7 J J then q = -^^^) i thcofwm the 13th 
Step y**"'!! have 



14 Rednc'd 



14 
15 






/'' 840 j f v^ ; 705^0.0 — tfojaoo t _^ 
8 J tI or = 40- J 



♦Ff » 



Henc« 



38o 



p^oWemjJ 



Part II. 



Heficc two Trapezia may be found, which anfwer the Con- 
ditions required by the '-Prdkm, (viz. j' being= SprN ^ 
or AD :=z ly -]- J// ^ fcr 7th Step, will be =: 130VJ j then 

gx' -'jy^^ j^y ^j^^ ^j^j^j g^^p^ _ g^^ and CD = 



AB 



b 



— ^^fer 4th Step, = 55 : And y being =40, then 

AD will ben: ico, AB = 125, and CD = ^5.) 

PR OB. XV, 

F The three Chords, or Sub- 

ten fes, of three Arches com- 
pleating a Semi circle being fe- 
verally given 5 thence to find the 
Diameter of that Circle. 

Given AB=^' (78), BC = (? 
{66\ and CD = /^ (50)5 
A Required to find A D = /^ = ? 
Draw the Diagonal BD, then from B let fall BE ± DC 
produc'd. 

Now the L BAD + Z. BCD = 2 L, by 22. 3 Eud. 
Ekm. confequcntly iLBAD = 2LBCE, Again, A. ABD 
= L, by 31. 3 JEitcL Ekm. and v it is = /. BE C: Con- 
ftquently the As ABD and CE B are fimilar , wherefore 

^(AD)..^CAB)::cCBC)-— ^ = CE. 




^.6E.El. 



• • 



47. T Euc, 
Ekwh 



4, J 



i Rcduc'd 



3 
4 



5 
6 

7 



a 

be 
d+ — = DE. 

aa — bb =: BD^. 

BDi? — DE? zizBEq^^aa-^ bb'^ 44 
idbc bbcc 

a at A 

bbcc ^ . 
cc — — r=BE^. 

aa — bb — dd'-^ — - — = rt:. 

a 

J ~bb 

d -^cc d z=zz bed C viz. a^ »--• 12040 a =te 

— dd • • 

514800, an adfe£led Cubick Equation, wherein 

the Value of ^ i« i jo =; AD.) 

PRO& 
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PR OB. XVI. 

In an Acute-angled Plane Triangle 
the Sum of the Sides, as alfo the Per- 
pendicular let fall upon the Bafe, like- 
wife the Sine of the Angle oppofite to 
the Bafe, and confequently its Co-fine 
being feverally given 5 thence to find 
the Triangle. A ^ 

Suppofe ABC to be the Triangle 
fought, AB its Bafe, and CD the ± 
let fall on the Bafe 5 then on C B let fall the ± A E. 

Now AC+CB=i^ (=178) 




Cai20 N 



Givcn# 



8 Z. ACB = w(=8 =SQf 53^ 07'+ the 
Radius r being = 10) 
2 L ACB = S L CAE=«C=d =S j6^ 52/+) 

A C = ^, and confequently B C = ^ — /jf, and A B = JJF 
= ? Required. 



Trig. 






4.6JS.EI* 



T •• A 



Sokmon, 
ma 

T 

na 



3 



1 



b — ^— • 

c •* b — a 

= AB. 

cry 




= EB = 



:= AE. 

=Ea 

br^—'fa 



na 



ma 



m 



•• 



cr 



X : ba^^aa ss=^ * 



m 



•:^ ba-^aa. 



By 47. i-Bic/. JEfew. A^fij + EB^rrABfj thatis, 



Ijl 



w 



^vootm 



n 



But 



m: 
4 = 9 

10. 

1 1 Reduced 



5 



^mmaa-^-lfhrr — ibrra — %brna^rra& 



6 

7 

8 

9 

10 

II 

12 



+ 2«rtf^-f-««^tf 



rr 



^yy- 



bbrr — ibrra — ibnra-^irraa-^a.fgraa 



rr 

—yy^ 

ibra -{-xbna-^traa— ^ naa = bbr — ryj* 

bbr — ryy 

b A — A A = . 

2r-f- i» 

fy bbr-^-ryy 

rr: , * 

%r -f- zn 



m 



bbm — myy := icry-^zcnyirzi cfy (put- 
ting r + « =/0 

ct cctP 

\y=—-~ + Vil>l>+ -rziZ- : ( = 82). 



The Value of j^ being thus known, the Values o£a or A C 
(=: 100 or 78) may be found by the latter Part of ihe 3d Step 5 
And then CB = ^ — a (u=: 78 or ico). 

The Methods of Iblving the two other Cafes, viz. whei«« 
in the given Z. A CB is cither right orr obtuft, are fo obvi- 
ous from the above Soiuticn^ that I need not farther infifl up- 
on them, 

PR OB. xvir. 

In a Plane Triangle tfa# 
three Perpendiculars being fe- 
verally given 5 *tis required to 
find its Sides. 

It not yet appearing from 
th« !Datci whether the Tri- 
xj ^Aigle be a L d, an acute or an 
obtufe-angled one : But it be- 
ng certain^ that the ftiorteft Perpendicular fells within any, 
or cither Sort of As : Let therefore the fbortefl given Perpen- 
dicular be AB (in the annex'd Bg.) =: b (8 ), the fhorteft 

but 




i ■ in H apajk • 
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but one given Perpendicular CD := c (9II), and the loi>. 
geft or greateft given Perpendicular EF = ^(i<^.8): And 
fuppofe CE = ^ r= ? 

' Then \i\iha:=: Area of the A A C E. 

AExc t^ 

= Area of the A ACE == — - 



In like 
Manner 

47. I JEuc. 

Ekm. 

I 

y 

A*. IV. 

' (Pkne 

'Xrig. 



4 
5 



7(^2 = 5. 
SKeduc'd 



7 



8 



b 
AE =: — <». 



AC = 



h 



a. 



hh 

4d 



aa*^bl> = CBq. 



V 



B hh 

d CO 



^'— 



b b b 

a*^ — a '{•' -^r a It — a 

C Uf C 

hh 
•"jrj* tf n= BE — CB. 

a hba , bb 

bb hh 

/equal to i 7;7 + 



2,CC 



^i 



hb 



(= tO 



ffaa=z-jj- aa^bb. 
hi 



^ibh-^ffddi 



- = tf (= ai.) 



The Value of « = CE being thus fi>uiicl, the Values of 
AE and AC ( the two other Sides required of the A ) will 
be given by the jd and 4th Steps. C Viz. A E = I7> ^ 
AC =10.) 



PROB, 



" 
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P R O B. XVIIL 



Part 11. 





*Ti8 required to find two fuch Ifofceks Triangles, that the 
Area of each Triangle being =r 5, Aiall be to its Perimeter 
in a given Ratio, viz. As n to m. 




Perpendicular n=^ = ? 

a. Then b will be =— [ for ^^^ =j>b=5 v ^= ^ ) 



•i 



• 3. ^er 47. 1 E.JSl.b=:V:f£+jj- ■ = 
4. V, y^rProb. 5 '^ ^ 4- — (=zi&4-a/') 



5. Confequently 5»« = 

d. Which Equation, whpn reduc'd, gives/ 

/ mss 



mmss 
4«« 



n 

mtns s 
Now when the Cube of one third Part of is no^ 



^nn 



mss 



Icfs tjiajj the Square of one half of •, this Equation will 

have two affirmative Roots, and confequently the Problem 
may be folv'd : As for 
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Examfk. 

If 5 be := 420, and m-^zn^ then the above Bquatioh will 
become/' — 44100/ -|- 17^400 :=:o, in which the two Roots 
or Values of/ are 4 -f* ('y/a. 4.00145289 + ) and ao8 — : 
Suppofing therefore / in ivg. !• to be = 4 + 5 thea ^;. 

(5 \ 420 

= -X ) will be = — --•= io5-:$alfoi&(=\/://-f-^^":) 

c= 105 + : Confequently xh-^xh = thcPcrimetcr = aIo — 
^- •i i o + = 420 : V/hence 420 ( = the Area ) •• 420 ( = the 
Perimeter) : : » = »^ •• «? = «. 
Again, the other Value of/ being 208-- (viz*/ inF/^. 2. 

C5 \ 420 

(r=r -/:// + ^^ :) = 2c8— 5 confequently 2^ + ^'^ == 
Perimeter = 4-+ -f- 4i(J— =420 : Wherefore the Area and 
Perimeter of Fig. 1. too are to each other in a Ratio of B~ 
quality, as was required by this Example. 

Zemmay 

if fe>m half the Sum of the 
three Sides of any Plane Tiiaa- 
gle you fubtrad each of the three 
Sides feverallVi and then mul- 
tiply thofe three Remainders 
and the faid half Sum together 5 /^ 
I fay, the Square-Root of the 
Proaufl ^U be the A>ea of the Triangle. 
In thd annex'd Triangle let A B = b. 

BC — c. 

. ' -- CA = //. 

And the Area of the Triangle A BC = a. 

.^hA-c + d h-^tA-d 
I %, the Square-Root of 




,x 



^c-^d h + c+d , , ' , , ^, 

-J— X — ^ ^ =|V:2^^t;g ^%bhd^ 

.2 27 

-J- ixic4^ — ^ --- c'* ~ ^"^ : 1(8 — a. 

SDemonfiration. 
On the longefi Side AB of the A let fall the X CD 5 

*Gg |i| 



3U 



W^mma 



PaftM, 



4.J.tEitc 
£km. 



3^T 



3 



& ** a+eud—c^* j = AD— DB^ 

T + ~iF- - — rr — =A^- 

^ . J J ^bbdd -^ %bbce ^ iccdd-\^ 

^bb 

£l±£l±i!i»DC. 

~ ^b~ 

J\/: ibbdd-i-ibbcc^iccdd — ^♦— c* — 
a/* : =zr a. 

w, ^. D. 
PROB. XIX. 

To mate of the four given Littrc^j 

AB = ^(3o),BC=cC40.CD 

=r i(p), and D A =r/ (<o) thtf 

Trapezium A B C D, whofe Area 

C may be equal to a given Quanti- 

V ty — ^ (780) 5 but then ^ muft 

ij be fuch as the Thirtg required 

may be poffible to be done. 

Suppbfing it done, and truly delineated by the annexM Figi 

Draw the Diagonal B D, which fuppdfe = at = f'^ thbn, by 

the precedent JLemma^ 

I. The Aiea of the A ABDis=r Ji/^a^^// + *5-5 

s a. And the Area of the A BCD n tzz^ *)/ i%cc di 
+ ac<? ^c* 4 

Now for %^b + zf f (= dSoo) put ^?, and for b^ +/^ -, 
***//(=, *^co//|*=: 25^6000) put*5 asaIfoforaC(?4«^ 

a//i(=3524) put/, andfor£:*+^*^2C(;i^(=z7?S74T 
J== 25^0000) put «i 5 and then you'll have from the two fore- 
goiog Steps, ^nd the Nature of the Qa^ftion 




h\ 
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jMy. — a:* 4* *** — fes + ^v^« -'**+'* *"^ 



3. 
4®- a 



f 



4 

5 



Sg^i — X* + lxx — tilt 



is 



H 



h / k—m 

Again, for -g^ (= U) P«t «, and for a « + "TT" 
,^( =15^©) put/ 5 and then you'll have fipm the dth Sjep^ 

/y _«^^+/iz=v^« — «?:♦4•'*'^~^• 
Z/^^, for « f^ 4- I ( = fylJ ) p«t <?, for %nf + t 
(=: ft X 2581) put 2 r, And for /»+//(= 49P3<^oo) P^^ ^» 
^nd then the pth Step will become 



10 Reduc'd 



10 



II 



zfxxcs — 5. 



x:=zy/i—xr + y^rr — qsi 



(=1/ : i||f X 2581 ± v^ 6661^61 —6169961 : =4p. 454. 
er = i|.o ; viz^ two forts of Trapezia may be found, each of 
which will anfwer the Problem.) 

PR OB. XX. 

From 7)u WallisV Jlgebra. 
DA =^thc 
Verfed-Sine of 
the Arc BA of 
a Qrcle , and 
A K = ^ the 
Diameter being 
given : *Tis re- £j. 
ciuired to find 




DHA. 



yie Point G in the Diameter produced fufflciently, . from 
which the ftreight Line G B being drawn and product ta E, 
^at the Tangent A£ may be nearly equal to the Arc B A* 

Solution. 
T. Suppofe it done, and G B E and G C D A drawn, a« alfo 

♦Gg % «:By 



38^ . l^loUemO Part II. 

a. Bythc Property of a Circle V 8 AD x DK : =DB == 

^ idv-^vv i which is, by )Sir Ifaoc Ne-Ticton^s Theorem^ = 

^ ^"/i 8/^* i,6^i 

^. By the Method of Exhauflions (which will be treated 
of in Part III. of this Book) the Length of the Arc AB will 

bcfoundtobc=v'^«+j9!L+-ivlHL+_LviHl 

6Vd ' 401/^ \\%Vd 

-f. ^c. which 18 required to be nearly equal to the Tangen^ 
AE. 

4. The A« ELB and £ AG are fimilar 5 wherefore 
EL=:AE — DB-. LB = AD :: AE=: ArcAB.r 

5. Whence (Firft) A G is nearly =i^d — \v. 
.. Ipr fiippofing AXj = t '^ — ? V ; rhenDG =4i— f ». 
And the As I>GB and LB£ are fimilarj wherefore 

DG"DB::BL = DA-E1L=AE — PB=:^-^^ + 

5 V » 300 yd 

And AE.— DB + DB=:A^::=ydy-^Y^-^ 

40 V-^ I200V>^ 

j6 \^ v'^ 

V/hich is but by — ' s , CJ?^. lefs than the precedent 

525 y ^ , ■ •' 

acquired Value of AE., 

Wherefi)re taking A H = ? D A, and making K G = H C^ 

and then drawing the flraight Line GBE, it will cut the 

Tangent A E in the Point E, fo as the faid Tangent will be 

16 v^ 
nearly equal to the Arc B A, the Error bdng only ' .%" 

But (Secondly) if the Point G thus found be not exaft 
enough for your Purpofe, taking AH = * D A, make yd= 

7 AK -^ } ^ = 3 AH ;: ^ ^ ==DH .. "y-^, and you^l 
baveKQ=^CH--— ^3=---J^~— — ^^ an4 



» 
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la vv 



pnfequcntly, A G ?= | ^ - 1 « - '~;^ which wiU detei?. 
mine the Point G more accurately than as it has been done befoTRi 



li vv 



For A G being = ^ -^ - f « j^^, yo«'U have ftoin 

tjiefimilar AsDGBandl^BjB, 

" DG •• DB :: BL =5 I)A •• EL = AE — PB a?3 

And AE — DB + DB = AP = -///«+ 777 + 

;? \^, 4- -JXf_- 5jJc, which is fo far the fame wid| 

the required Value of AE, the Operation being not carry 4 
far enough to difcover the Error. 

Schoh I. 
Hence the Radius. C A = r, Vcrfed-Sine D A = «;, and 
confcquently the Sine BD =5 of any Arc AB being giyei^ 
the Length of the Arc AB = a = AE .may be nearly 

found : Thus 

The As GD B and G AE are jSmilats wherefore GD *• 
DB::GA •• AE:=a=AB. 

That is to fay (by the above ^robkm^ and becaufe i = a f ) 

■12 VV IZVV ' 

^ r Iv-— "5;: sr -^ f V — • — ••» neajrly* 

Cdnfequently, / = i5r~5«^— .— — o5::^=^ + 

5 ^ •• it =s — nearly^ 

ifqwy knowing that the Radius of a Circle being= f , itt 
Scmi'Circumference. will be ^.1^1^92.6 i^c. r, and that each 
Seini<iK:l:e U fuppos*d to contain i 80 Degrees, I procee^tp 

^nd how many Degrees in -y- ^ Thus 

The Length of the S^ni-ciitumfcrencc, £;fe. 5.14159^^^ 
f^c. X r •' Number of Degriees in the Semi-circumfercnce vi»,, 

i?o^ :: -I- •• yfumber of Degrees in the Acc A B nearly* . 
' -r ' sq 

Confcquently, Arc A B = a == ».^^ ^^^ cg»/» ^^ 

nearly, * ' * ^?7453%?>5 e?^,/r 

' y7?/5 /> tt^f^me mth Mr. Thomas WallisV "Theorm 'vchk^ 
- Jh^vejeen ; and his Method af finding it (irhich Jha'iA 
4wt i^etfiep) is^ I^refime^ the Cam wifh the foregoing, 

■' .-• •• ,•■ '. " » ■ ' '■ • ' '- ■ ■•■' ■*'• ' ■ ■' ' Scholium. 
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ScboUitm 1. 

Again, Suppofing AG = ^d— \ v=! jf-, \v'=% 
\ V, putting tne Radius r = i , as alfo the Number of Degi 
\xi the Ar^ AB to be given, and the SineBD =5 to w re- 
quired, it may be found nearly 5 Thus 

Multiply the Number oi ^nutes in the Arc A B by 

— 2— g ' , viz. by •0002908882 ^c. ( the Length 

of the Arc of i Minute), and call tho Produfl a 5 Then 
The As G D B and G A E are fimilar ^ wherefore, 
5 -^.f V (=GD) ",5 (DB) :: 5— !«; (=GA) - 

A£ = anearly ^ that is (becaufe v is = i — y 1 1 w^ssi^ 

o-f-<J>/:l — SS I lA+t/:! — .55: 
n 5 ::— •• a 

Confequcntly, 9a + ^iivsi— 552=14 5-f-5v:i -^SS s 
By Tranfpontion, 9a — 145 = :5 — tfatxi/:! — 55: 
By fouaring each Part, 81 aa — 252 a5 -f- 1^6 ss = iss^-^ 

12 a54- 3tf aa : x : i -^ 55 : =5 55 — i:^ a5 4* 3d aa -^ 

i* + 12 a 5' —* 35 a a 55. 
The laft Step being reduced, gives i|.j a a =r 240 a 5 -^ 

19555 — 3daa55-+-i2a5" — 5*j which iis a biquadratic^ 

Equation, in which one of the Values of 5 is = the Sine fbi^ht 

iiearly. 

Sr3&i5 is Mr. Ward*5 Theorem for fining nearly the Sine qf 
aiy given Angle kfs than 45* : Sut you have mudf 
better Methods for tbatTHirPofeiffthe Beginning ofPm i. 
Note, fFhat follows is from Mr. Thomas Wallis. 

Again, putting c ( = CD) =S Arc AB, then 5 :=:'/: 
I r— f c : , and v = i — (Jj wherefore we have, firom the fimi- 

larTnanglcsGDBandGAE,-^-^— i(GD) ••/:!-, 

cc: (DB) :: -• (GA) •• AE ;= a nearly. 

Cppfcqucntly, : 9 a -f- ^ ^a = : 14 H- c : x >/ : i — oa 
The laft Step, when reduc'd, gives c* + 28 c* 4- 195 cc-}^ 
^6 asL cc — 28c -1- 108 aa^ =;: 196 • — 81 aa, which is ^ 
biquadratick Equation, wherein one of the Values of c is := the 
Po-fine of A B fought nearly. 

This iSy in effeEi^ Mr.VIaxd^s Theorem for finding nearly 
the Co-fine of any given Aigk lefs than 45*, or (which 
^ jsthejantp thing) f^eSin^of apy^ngle greater than /^s^. 

PRQ9. 
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PROB. XXL 
FfOf» 2)r. KcillV Jfinmomical Lecture. 




K Jl A 




B «M H S 



iTo clivide a given Semi-circle, in a given RatiOi by ft 
Araight Line drawn from a given Point in the Diameter 
(near the Center) to its Grcum&rence. 

Let CAQB be a given Semi-circle, Cits Center, BA its 
piameter, S a Point therein, fi^m which to its Circumference 
drawing the Line S CLt the Area of B QS mufl be to that of 
A QS in the given Ratio. 

Suppofe the Point fought CL to be found : Then draw the 
£4ne QjC, which produce, if need be, to F, on whkh let fatl 
the Perpendicular SF. 

Divide the Semi-cireiunference B.QA m ^> according to 
die given Ratio, and, drawing the Line C N, the Areas of 
jAc Se£h)rf C N fi and C N A will be manifeftly to each other 
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in the 'given Ratio : And therefore the Area of B QS is = 
th^t ot the Seftor B N C ; conlcqucntly the Area of the 

SFx O C 
A SQ_C=: ^-=i- is = Area of the Seaor C N Q. := 

KQxQ.C 

— *^ j whcrefoie S F is s= Aich NQ^ 

Draw N/ J. C (i, and NM and Q^H J.S B A. 
Now let the known Quantities, vie: the Radius C O be 
t= I, Sine of the Arch AN =r NM=f, its Co-fine CM 
= I! j; and S C 3=* J And fuppofe the unknown Arch N Q_ 

Then (by the Metho4 of Exhauflions) the Sine of the A^ 
^ 0.= N/ wiU be found = <l ~ ~ + — , ^. and its 

6 ' I20 ' 

C6-fine/C =r 1 _« ~ +.1 _ 1- ^c. Now, in Bg. * 

by T^orem ^' in die Zmma to lPn>*ib» li. N M k 

/ C + N/ X M C [Radius being i J = Sine of the AicJQlA 

/ITT .1.-4.* - -|- sa* . csa* .so* csa^^^ 

= QHj thitiss-j~csa h— - — U— 4.-^ — ,^<;. 

* — 6 ' 24 f^ 120 
:= QH. The A s C QH and C S F are fimiiar jWhetefore 
I (CQJ.. *(CS) :: QH - SV = a = h s-^bcs a — 

-^ X -^ + — -f -^^, e?<;. Confequendy,' by 
Tranlpofition, Divifion, and putting ^ +c = «, we have 

xt=«^+.— + ___+_^5cf^. where Note,* 

being ftittch Itffi than any oF the other given Quantities, that 
n m\\ be mxth «iere dito any of them. Now in order to 
determine the Value of a, exprefs*d in arid by this Series, if 

we fuppofe itj viZi aiss j j:, — -!- — -4- -^^ Mi- 

i? ' 

^ + ^c. th^ A, by the following Method, will prefentlf 

be feen to be e= i, and B n^* o : Suppofe therefore a 
I C D E P 

-•^ * + ^ + -5? + ^ + ^. ^f. Their. 
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na =•! *-V~^ 



+ 



n 



D , E 



n 



+ — ;x^» ^^• 



a a 

' 2 

24 " 

I20 



= + 



Z7Z' 



J" 72* + 



72 



+ — 



+ 



n 
D 

cC 



xn 



24 a' 



H- 5 

— ISO «' 






>=I. 



Now by equating the refpeftive Terms, wc have 

1 = 1. 

C I 

AKo -^ + • — r = o ; therefore C = — i. 

Again— + ;^^=;0 5 confeq. D=± — 



Alfo — + 



6n^ 

— sr;:o 5 wherefore E xri.1 

— 5i(; 



n 



In like Manner F will be found z=: + -^— 

Conlequently^=— * — — I'^T^'l 5+""^ — Z^ 

55?(;. Sine fine. 

This Series cxprefles the Length of the Arch N Qj= ct i 
Butto haveit in Degrees, fay, asd.283i8*^c.theLengthof the 
Circumference, is to 350, the Number of Degrees in the Cir- 
cumference, fo is this Series, the Length of the Arch NCI=f, 
to the Number of Degrees in the faid Series : Confequently if 

g^ ^v = 57.^9578 be put = R, wefhall have the Arch 

a m Degrees := — - j^ ± 7^ + ^ + iT^^^ ^ • 

Now in all the Planets elliptical Orbits, the Eccentricity 
S C is very fmall, in refpe£l ofthe mean Diftance C Qj and 
therefore this Series is of good Ufe in determining their true 
Anomalies, their Eccentricities being given, ^c. For In- 
fiance, 

*Hh In 
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In the Earth's Orbit the Eccenrricity S C is .ciffjn, whenr 
the mean Diftancc CQ^is i. Suppofc wc are to find the true 
Anomaly, -J/a. the Arc A Qj when the mean Anomaly A N 
i* ;o Degrees. 

Here b = .oiiSpi, J^.5 {}^c Sine of 50'.) wherefore j- 

= 118.1732: Al[oCi=rv'.7j J wherefore —=:c=^\/'~ 

T=^ l =1.7520 + : confcquently «:=iio,coji -\- 
I-R,=:L57.zpJ78=: i.7i8[inf 
Ijn-'=:Liio. 0051 =^ 1.07511000 



L — ^r^£7892i* Number .477444,1 

LR = 1.7581216 
Li«*=:Li -f-5LM = «.y58£5oo 

L —-7 = 5.2194916' Number .oooonjy 

R R ~ 

go 

28iS45tfio 



38 



Thatistofay, the Arch Q_N = a is = .477427 Degrees 
or 00° 28' 58" 44'" + ; Confequently 10^ (A N) — 28' 38' 
44"+ (NQJ =2/ SI' 2i" ij^+^AQ, fought. 
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PART III. 

Of €jci)attftion5i. 

npHE Method of EXHAUSTIONS is founded upon 
■■" the following 

Lemma, 
If by adding or fubtrafling a Quantity, be it ever fo fmall, 
(viz. an indefinitely little Quantity) to or from any determi- 
nate Quantity, the Sum, or Remainder be accordingly great- 
er or lefs than another Quantity 5 I fay the two laft mention- 
ed Quantities muft be equal to each other. 

JEocpofition. 
Suppiofe^ to be an indefinitely fmall Quantity, and ^ = any 
determinate Quantity : Now if ^ -f- ^ '^^ ^^ ^ 

And ^ ~ ^ -a A? 5 I fay :v is r=^. 

Demonfiration. 
For, if you fuppofe that either of them, as ^, cou'd be ur 
the other x^ it muft be by fome Quantity, which fuppofe 
=a: ^ J then b wou'd be = iv + ^, and the Confequence wouM 
be, that ir^'^a. 

But altho' i had been left than h x TjT — .,. , - 

999999^ o^- till there 

are Oftillions of 9's writ one after another, or lefs than b x 
the Square of that Number, or lefs than ^ x its Cube, ^c. 
yet b X fome Power of the iaid Number muft be -3 i, by 
Poft. Lib. 10. £ficl. JEi. which Power x ^ let ^ (for *tis evi- 
dent that it may) be equal to or lefs than 5 then a will be 
•^ d^ which is contrary to the foregoing Confequence : And 
therefore, by fuppofing that ^ is cr x 2l Contradiftion enfues, 
which prove? that ^ is not ir^ jc* ; And for the fame Reafons 
X is not c^ b. Confequently ^ is === ^. ^ -E 2). 

Th*t Part of Exhauftions, which treats of Quadratures, is 
likewife founded upon the following Zemma 3 that is, upon 

its Scbolia and Corollarm. 



*Hh 



Zemma 
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Lemma II. 
Iff; be := an indefinite Number, and/ =: fuch a Number, 
that the Sum (5) of i^, i^* ^^ , 41^, eTr. continued to n 



Terms be = 



n 



jf-^i 



■© , fuppofe =: 



n 



i>-*-i 



+«x«'*$then 



I fay the Sum {%) of \^^\ ^f^\ ^^\ ^-^^ ^ fgc. conti- 



1 


f + x 


•^ % *fc •fe"^ 

+ + + + 




• • • • 

s <s <s <^ 

4- + + + 

tr\ tr\ cf\ 

+ + 
+ + 


&c. to « Ranks 
•* continued. 


\ -^ 


i 


II J 

^ J 


i 

V 


g^ 5 H M M 


L &c. to « Rants 
continued. 

- J 


- ( 

^- ■, ;.,«. ,„,/V 


"^ -^a -^a % 
i + + + + 

• • * . 

<^ <S ^ <S 

! + + + + 

(A« 4^ A. I&. 

«^ «^ fA rn 

+ + + + 
"i« *f. '•h % 

+ + + + 


-1 

&c. to « Ranks 
> Continued. 
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Now if 5 be = xi \-UY.n^ (b ^ then the Sum of the 






/ 



foregoing greater Series is = rTTr + ^ ^ » ^. 

Again, in cwrder to find the Sum of the leffcr Series 5 confider 
that fince o is the firft Rank thereof, i^ the 2d, i^ 4- 2.^ the 3d 
^c. that i^ -J- i^ + 3^ + 4^ + e?^. -^n—l f will be = the 
^th Rank, Alfo i^ + a*" + 3^ + 4'+£5?^-+ ^"^==^1^ = the 
n — i^ Rank, alfo 1^ + 2^ + 3^ + 4^ -hS?^- + «' — 3) ^ =:: 
the ;^— 2«^i Rank, ^c. of the leffer Series : Wherefore, if 5 be 



p-4«I 



n *^ 
r-] \-uxn^ * * the faid n^^ Rank will be =: 



^ » + ^ X «— i|^ ^ 5 Alfo the faid n — ifh Rank 

n il^"**^ 

will be = - J T- 4-^/ X ^^- 2!^ ^5 Alfo the faid « — 2th 

Rank = "T !_' ^ + o X «^.'*5 ^c Wheref. the Sum of 

the faid leflcr Series is =2: : / + ^ • ^ — -il ^"**' + ^^ — ^2;^"*** 
+ w~ 3P**'+ 55?c, to «-T-i Terms continued 2-f.» X '^^^f 
+«— .2!^ + « — 3I ^-r-5S?^. to ;^— I Terms continued : ^ : But 
:i^+iO: «=T| ^•*'+^I=r2; f -^^ +«— 3, ^"""-f Sf?(;: is manifeftly 

^zzr^p-^^ 

?== . , ^ ; And, if « x :» — il^+ « — 2|^4- wZT^? 

•4- fiifc : be = f/ x -— ^ ^ ; then the Diflferencc of the 

Greater and Lcifef foregoing Series is :=: + » x 

^'■'' ^~ TTi"" ~ ^ ^ T+ r^ *• ^'''^^* ^y suppofi. 

tion, i$z=:ip= ' — 



p+ I 
(for n — i;^-** is := «?"*■' 0J5 therefore «^t* + «?•*•* + /« 

X ^'^ .^9 — j&ss^jo + »j confcq,»=5— — i-'^;^-/ — — 
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Scholium I. 
If «; be = an indefinite Number, 4nd / = i ^ then 
l' 4- 1' + 3' + e?c. + «' i« (by what has been faid ia^) 

^/Ti "*" ^ * confcquently i' *' + a '•*' + 3' *' + iSc 
4- w^-^' w ill be, by our £m.z. := .^-f— + t w'' *' * (=:r-r— 
M-ynT^x «'"*'*). Again, if/be = 2, theni'+z' + 3' 
+ ^c.+n'(hy this SeM.) is = jr;;^ + 1 «' * 5 therefore 

«p-n 

Corollary I. 
Wbereforc if « be = an indefinite Number, and/ := any 
aflSrmative whole Number ir- i, i^ + 2^ + 3' + 55?^. -}- «^ 

will be :=r — r^ + « «^ « : And confeqently i^+ 2^ + t^^ 

Scholium II. 
J. Again, by Scholium to yro^. 2. C^^/. 3. of this Part III. 
It is further demonfiratcd, that n being = an indefinite Num- 

b^, and/ = any affirmative whole Number, i ^ -|- a ' 4, 

3 ' + o^- + « ' IS = « 5 therefore . i ' +2 

7 + 1 

+ 5' +€5f^. + « is, by our Z^;;^. 2.:= -7- -o 5 

€S?(;. 7-^2 

2. Likewife, by the faid Scholium to fPro^. 2. G&^/. 3. o? 

lit 

diis Part III, it i^ dcmonffrated th^t I'-h » ' + s ' 4- &c. 

continued; 



continued ton — -i Terms is = o- ; Let us fuppofe 

n' 
it = X X «' ^ } theh this Series continued to « 

^^ J. J.-i-i i-H-I 

Terms is =-^ +!• — ;e x «' <^ : Andi ' -j-a' 

7+1 

+ 3 + &c- continued to /^ Terms, will be (by oMtZej/u 

»' +""7"+ I X/i ^ 

;^^2.) =- 1 — J — t— 5 confequcntly 

this laft Series continued only to n — .1 Terms, is r=a 



-' -4-2, i^i 



:=:?! e. &C. 



From what hath been faid, it is manifeft that q being like*- 
wife = any affirmative whole Number, i '' + a' -h 

ed to 3„" I Terms is = -^-j: < ? : Wherefore it 

may be demonflrated, by the like Method with that us'd in 

^roH. 2. and its ScM. in Chaf.%. of this Part, that 

-'— -> ■ _ f e -^ 

I* "*"'* + 2* -*^*^l- 3 * ^'» + &c. continued to ^ ^ ^ ^ ^ 

Terms is = ^ 



Now tho* / and q be Hmitted fo as to be equal to whol^ 
Numbers, yet there is no Number, cither whole or frafted, but 

P I ~4^ P q 

— r-r- or — ~^— may be equal to : Therefore 
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Corcllary II. 
lim be := any affirmative determinate Number whatfoever 
and « = an indefinite Number, i '^ -f. 2"* + 3'" + 4*^ +&c! 

continued to », and : » — i : Terms will be equal to 



n 



and 



n 



m-¥i 



^+ I 



m^i 



refpeftively. 



CHAP. I. 

How to draw Canffcitts to CutftMTiffurejf. 

PROP. I. 
To draw a tangent to d Circle. 

H 




J E T the Diameter VB of the Circle = 2 r 
^^ VA :=: x^ then ^ Be given • 

ABrzrar — X 

'Tis required to find the Sub-Tangent A E = ^ =: ? 

Draw AD ± UB5 draw alfo thf Tangent ED, which 
produce to H, and imagine the Lines H GF and L K I, inter- 
lefting the Tangent produced in H and L, the Arc in G and K, 
and the Diameter in F and I, to be drawn Parallels to, and at 
an equal indefinitely fmall Diflance from DA, and fuppolb 
that Diftance to be = ^ = A F = A I. 



Schtimj. 

By the Property of a Circle B A x V A = 
x:xx :=: zrx — xx*y alfoBFxUF = 
UI=IK?5 that is. 



FG?, and BI x 



Z2 f 
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FGq "^ 



aa==: 



IKq 



^^^-{lu-Z' 



The As E D A, E H F and E L I are fimilar 5 wherefore 

EAq 

That is /£_•• 2rx^xx:itP j^^^^'h^^ •• *^^ — ^^ 
^/^rxta'^ixxta -^irxaa — xxaa FH^ 

But FH^isc-FG^, andlL^ c-IKf (let /i be ever fa 

fmall, unlefs it be equal to, or iefi than Nothing,_as it is not by 

+ /^rxta^2xxta^ 

Suppofition) 5 that is, irx — xx -= J L. 

tt 

%rxaa — xxaa 

—vrirx — ^A?+ 2r^«j.2a?tf — aa. ^ 

And, byAbbreviat. DiviC Multiplicat. and Tranfpofit. 
'\' ^rxt ^ ixxt + irxa*+'tta — xxa xr-^j^xTtt j^ 

ixtt. 

That is to fay, -^ ^rxt -^ zxxt '\- iirx ^tt^^xx 
ixazr '^ %rtt — ^xtu 

And — ^rxt'\'zxxt'\-'i zrx -^tt — xxixac '^ 
%rtt -^zxtt ^ 

Confequently, (from the laft Step) ^rxt — zxxt-— % 
zrx^tt — XX ixa-:i'\-zrtt -- %xtt. 

From the laft, and laft but two Steps, it is manifefl that 
any (Quantity, be it erer fo finall, fb that it is aiore than No- 
thing, ( viz. 2 r ^ + r /• — xxixa) being taken from or added 
to /^rxt — %xxp gives the Remainder or Sum accordingly 
lefs or greater than im — zxtt^ confequently (by our 
^Zenma i.) /^rxt — %xxt=:irtt'^ . ^^ ,^ ,^ ^^ 

^^ irx — XX hMHjiim. 

xxtU Whence = t. 

T — 5^ 

PR O P. IL 

To draijoa'Tangent to a Parabola. 

LcttheAbfciffa7 
UA = x^ and the^Be given. 
Parameter z=zf ^ 

'TIS required to find the Sub- 
tangent AT = ^ = ? 

Draw AD an Ordinate to 
UA5 draw alfo the Tangent 
TD, which produc*d to H, rp 
and Imagine the Lines HGF 




_^ 1 
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andLKI, interfefling the Tangent produc'd in H atid I, 
the Curve in G and K, and the Anfcifle "produc'd in F and l' 
to be drawn |Is to, and at an equal indefinitely fmall Diftance 
from D A } and fuppofe that Diftance to be^i»=: A F = A L 

Solution. 
By the Property ofaParabola/* = AD^i aSalfo/^4- 

TheAsTAD, TFH and TIL arefimiJar; therefore 
TA,..AD,::^TP,..J.H, 

Thit i. ,(../»,:»+.,..+«. «,±i£i!l!l;if 

-IL? 
ButHFf isrGF?, iadJjl^trKlq ; fhitls 

^*"^- J^— ^ ="/*+/«} wherefore 

4-»**-|-*ac--{-f/ ; thatistofay, 
■4-a*»-(-«tf c- + ff. 

Now from the laft, and laft but two Steps," ixtis (by oitf 
lama i.y = nt Clinreqnently, 2 i = r. 

PROP. Ill 

To draie a Tajigm to tm misfit. 



Let the TVanfverfe-Diajneter A E = ^ ■) 

The Parameter = * I „ . 

AP=i f^'g'"™- 
„. ThenPB = «_*J 

•T«reqiiiredtofindtheSub-TangentPT = * = ? 
Braw PM an oniinate to AB 5 draw alfo the Tangent TM 
which produce to H, and imagine the Lines H G F and L K I 
jnterieajng the Tangent produc'd in H and L, the Curve in 
l» and K, and the Iranftetre Diameter i»FandJ,tobediawn 



^ 
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at an indefinitely - little pqual Diftanc^ fronij and parallel to 
M P 3 and fuppofc the indefinitely fliort Line I P = P F = 4r, 

Solution. 

By the Property of an Ellipfe x x : h-^x; ♦• PM? : ; ^"Z J 
,_. V tbx —fxx 
confequently P M 'J' = r 

In like manner will be found — — , 7^ =- 

IK^ — ^ —^ ' ; 

The As TPM, TFH, til are fimilar^ wherefore/* 
FH^ t^xtt -TT.px^tt r\- zpb xta ^ %f :$ xt a '\* 

•• : I L ^ - — ^ -iib 

fbxaa --^fxxdd, 

But'FH^iscr-FG^?, and ILf crIK?5 that is 
fhxtt — fxxtt'\- %f}?xta,^,ipxxtd'\'pbjcaa-^ 

ttb 

fxxaa fbx — pxx ^ %fxa +.^/^ — f^^ 

_^ C=- ^ g r-5 

which Step, after due Reduftion, gives Hha^Ji?-i-2jir4? + 
^—z azr'-^tb-\^ztx. 

That is tofay, -f-i^*' — xxx-^ sT'-^tb — %tx^ 
And — xbx-Yixx-^^c — /^+ %txv 

+ zbx 2 ATAr'^h— 3-^-/^ — . ztx. 

From the laft, and laft but two Steps, zbx — ^xx\s (by 

' % b X ■- ^ X X 

ovixLemma i.yr=:tb^%tx : Whence — t ^ =r» 

b — %x 
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PROP. IV. 

To draw a Tangent from the Jfymf totes of an Hyperhola to 

its Curve. 

Let A Q^and 
A T reprefent the 
Afymmotes of the 
Hyperbola L D H. 

Suppofc AU = 
»f and the Pro- 
perty of the Hyper- 
bola to be given 5 
*ti$ required to find 
^ ,, ^ T» ^^^ Sub - tangent 

Note, UD being drawn || A Q^ one of the Afymptotes. the 
Property of the Apollonian Hyperbola, in relation to its 
Afymptotcs, isff = AU x UD, where/ repitefents a deter- 
minate Quantity, and confequcntly may be exprefled by unity • 
fo that the fame Equation may l>ecome i = AU x UD- that 

is, i=^xUD,or^rzr.^j^=UDi^'. Whence all forts 
of Hyperbolas may be fet forth by this general Property AU:=: 
^ = UDl^^ Then 

Draw the Tangent TD, which produce toK, and imagbe 
the Lines L K I and H GF, interfefling the Curve in L^md 
H, the Tangent produced in K and G, and the Afymptotc 
A T in I and F, to be drawn at an a^ or indefinitely little 
equal Diflance fi»m and JJ D U. Then 

Solution. 



I — UP 



U A = A? being (by Suppofition) =: 015)^'", a? » is there- 
fcre = UD5 

Alfo AI = A?— .^ = IX} ""** (by theProperty of thei5^0 ; 
therefore^ — a^"^ =: IL: And, fer the like Reason , 



j^H-^ » = FH. 
The As TDU, TKI and TGP are fimilar j where&rt 
— - a — - TV 



FH 



IK 
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^^ithatis^^«l "c-Ji+y : X * "5 therefore (by 

raifing each Part to the «* Power) x^a] - ' Q= j=^ J 

=: (- — -4- *is c- J I -hi»x — + 

X — XX ^ XXX — X ' X 

X — i J X ■ — ; which Step, when reduc'd, gives ± ~ + 



mm 



aic- —- i that is to fay Tfince — — 

^ — d 4 is := -o , as it is manifeftly, by the preceding 

Slep) + -« =r+7-, and-- ' ,^_ --.•+- 

o. -3 -i- — . From the la^ and laft but two Step^ — is 

m 
(by our Zemma i.) = — ■." ' = t«x. 

N. B. /a tf^efi Operations, he fare to take Care that your 
Muhiplkator or !Divifor he ahways c- o ; otheritife 
the Majority ixiU not hold, as in the foregoing Step : 
THSt if h ^e c- k, and yoa mtthipiy each by !, if 1 
be CO, then 1 h mil fe c- 1 k j ir/f, if \be-n o, 
thenlhiJBillh'^W. 
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c H A p. ir: 

De Maximis & Mioious. 

PROP, I. 

TrO divide the given Quantity *, into two fuch Parts, that 
•*• their Prod\jft may be ^Maximnnh • . ^ 

Suppofe X r= one Part, tnen'^--- a: = to the other rart of 
^, and then :b — xixx =:b x — x x = Maximufn* 

Solution. 

Suppofe tfie Pstrt i to ^ejl^^m^d^y *^ indetinitelyfmall, 
or iefs than any^affignable Quantity d^ then the other Part of 
i will be^j-j-jc + ^j Arid : ;t4:tf:X:* — ;c -j-ai^^bx^ 

xxnzba-j-^.xa ^aa. 
But, becaufc tx—xx is (by Stippofifion) a MaximUfn 5" 

therefore it \^ ^r- b x —' x x ^b a -^ %'x a --^ a a i Whence 

onr¥_bd^% xa-^aa^ and + 2i^tfcr4"*5 that isWfky, 

and ~ 2 jc -f ^ c- — i V + * * "^ ^ "3 + *• 
Now it appears by the lafl; and the lafl but two Steps, that 
le( a be ever {o fmall a Quantity, provide^ it be moire than 
Kothing, if it be fubtraftci from 2 jf, the Remainder will be 
Iefs than ^, but jf it be added to 2 ;ir, the Sum will be greater 
than b^ confequently, by o\xr Zemma 1. %xr=^b*^ and 
x:=zib. 

PROP. 11. 

To divide the given Quantity b into three fuch Parts, as, 
they being multiplied together, mall produce a Maximum. 

Suppoft b — X to be one of the Parts required, then x will 
be = the Sum of the other two Parts : But the greateft Pro-r 
dufl that can be made of any two Parts of x is, by the fore- 

going (Prof ofincfi^ — x — .: The Queftion propose isthere- 

22^ '* ^ 

r 1 »j 1. • •* '"^ f bxx—x* 

tore rcduc d to this, viz. — x — X : b — xi =——*:=? 

22 4 

Maximum. Quere jc, it being = an affirmative Quantity^ 

Suppoft 
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Supppfe ^.toie jj^fjj.^by the indefinitely little Qsan- 

hxx=^xxx jg + <? x-ya 

tity a, then ■ will become — ^ X — ^ x : * 

*— ^ + «j : 5 But the former being a Maximum, is therefore 
greater t^ian ^the latter 5 that is— ^ — v"""^ ^ 

- r}- 1 If X a+ % X x'a -^ B a a-—jxaa-{-a^ , . , 
fore o cr =- ■'— ^- — — ~ -^ » 

by piultiplying each Part by. -y , and tranfpofing, + 3 ^■*^+ 

Hence 5 xa — ba^^-^ $ And 

and'-'zxx^ ^—zkx\'ixx e. cri^^j conftquent- 
ly (from the laft, and laft but two Steps) Axx=il?x,bv 
our Zemnia i. 5 Wherefore x^^bi therefore one and each 
of the Parts requii;pd = (^ - *? =) ^ - p = T^- 

PROP III. 
If n and m be known Quantities, and « cr W, and if x^ — 
x'*=Maximtm: It is required to find the V^lue of ^, i|; 
being affirmative, 
. Suppofe ;. to be ^3^ ^^ ^"^ indefinitely-little Qmx^ 

tity ^5 then ^'"-^a;* will become a? ± ^r — ^ ± 4* ? Bu^ 
the former being a Mtximtimy is therefore greater than the 
latter 5- that is (by Sir If. Neivton's Theorem) x^ —x"" cr 



x'^±,m'x^'^^a + mx -x"^^' a^ i — x'^'+f^x- 

j^ 

^!^^!L=::I!^x^-^a*4inx^-^a-^^^ 

(by dividing each Part by a, and traafpofiiig.); + » *"^ * -f* 

j^*""'^ : — ' x^ '^ci^cr'T^mx'^ . g 



4o8 



en^ttfftotier^ 



Part lit 



0§ #A - 4A# 

By this Step it is manifcft that x*'^^ iT 



jBf fif — w 



,m~ 2 



a ^1%:=: 



And V + « A? " - -e 



and — « jr *- » « cr—W**" ^v-H^"" ' «'"=>-H»^^~* 



Confequcntly (from the laft, and laft but two Steps) n x 



is Qyy ovix Lemma I.) ^izmx^" . Whence ^ = 



m 

n 



_»_ 




PROP. IV. 

Of all the Cones that can be 

infcribed in a given Sphere 5 'tis 

required to find that which has 

the greateft convex Surface* 

This ^rofofitim amounts to 

^ no more than this 5 

To determine the Point E in 
the Diameter A B, of the Cir- 
cle ABF, fo that the Reftan* 
gle, comprehended under A F 
and F E, oe the greateft of all 
the like Reftangles comprehended under A N and N /. 

For if we imagine the Semi-circle A F B to revolve about 
its Axis A B, it is evident that the Semi-circle defcribes a 
Sphere, and the Ld As AFE and A N/ dcfcribe Cones in- 
fcribed in the fame Sphere, whofe Surfaces are proportional 
to the refoeftive Reftangles A F x F E, and A N X N/. 

Suppofe the Diameter of the Sphere, wa. A B = z **, the 
unknown Quantity AE = jt?:i=? And the indefinitely fhort 
Line /E = B/ == ^ : 

Then (by the Property of a Circle) ^ izrx — jifa;: = EF, 
and Vx%rx — x X'\-xxi'='^ %rxz=zV K^ andi/zr^x 
V • aT^ *—* X X I :=V*^Trxx — zr x^ I = Maximum. 
Quere x^ it being = an affirmative Quantity. 

Suppofe ^ (AE) to be ^^SS*d ^"^ ^^^ indefinitely little 
Quantity^ C/E)^ thtnVii^rrxx — ar cv^_C=AFxFE) 
will becomey':4rr j^— ar^'+8 rr xa-^ 6r xxa-^- 
i^rr a a — 6 r x aa-\- 2 r ^* ; (— A N x /'N) 5 But the for- 
imer being a Maximum^ is therefori^ grater than the latter, 

/ and 
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and confequently (each of them being more than Nothing) 
the Square of the former, viz, /^rrxx — 2. r x^ \s cr the 
Square of the latter, viz. /^r r x x — z r x^ ^^ rrxa ^^ 
6r X X a-{- /^r ra* — '6r xa^^-z ra* : 

Wherefore ±6 r xx-^drx a'— ^rradinrdL ^rr x. 
Hence 6r xa — ^rr a<b=:^ 
As alfo \' -^6 r X* ^ cr + SrrA? 

and — 6rxx^ cr — ^rrx'.'-^-Crxx ^-n^-^^rrx^ 
And confequently, 

6rxx\s~%rrx^ by our Lemma 1% 
Whence jc = f r. 

PROP- V, 

Let C F be a Chord, whofe 
Ijcngth muft not exceed C B, 
and let one End of the Chord C 
be made faft at C, and to the o- 
ther End faflen the Pulley F, a- 
bout which fufpend the Weight 
D, bj' the Chord D F B, which 
muft be of a fufficient Length, 
fattening one End thereof at B, 
and let the Points B and C be 
in the fame horizontal Line 
B C : And fuppofe both the 
Chords and the Pulley to be 
without Weight 5 'tis required 
to find the loweft Defccnt of 
the Weight D. 

The Chords and the Pulley being without Weight, or the 
Weight D fufficiently heavy, it is evident that the Weight D 
will defcend below the horizontal Line C B, as low as the 
Chords C F and B F D will permit $ and therefore D F E will 
reprefent the greateft Defcent of the Weight D. 

Suppofe the known Quantities DFB =^, CB^rrc, and 
C F 33 i : And fuppofe the unknown and variable Quantity 
CE =:^; then isEF =/: dd-^xx:^ and FB =i/:^i 
-\-cc — zc xiy and DFE = ^ — \^ idd-^-cc-^ %cxi-\- 
y^ I d d — X X i-=2 Maocimum. Quere x. 

Suppofe X to be jj^inifhed ^^ ^^ indefinitely fmall Quan- 
tity^, then^ — \^ idd'\-cc — zCxi'\-\^ idd — ^xxi will 
become b — ^ id d-^^cc — -zc x-^- zcax-^V \ d d — x x 

'^ zxa — aaix But, fincc the former is a Maximum^ it is, 

*Kk of 
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ofConfcquence, greater than the latter; that is (by Evoluti- 
on) b — ■^ id d-\-cc — xex'.~{--^'. dd — XX : c-^ — . 

^•.dd-ifCC — s-CX', — ^y.dd-\-CC — iC3\'~^ X ■+- a Ctf 

.1 I ,' __• . 

_ix^ Xirf+cc— ac*l' ' X + » Ctfl i-\-y':dd 



^xxi-\~ixdd — xx^ X -+-a«a— a« + i x^ 

X dd — j?a?*~*x + 2*'* — a<i\ *. Which lafi Step, 
1. J .J ■ ±J'+T " I *«<* 

when rcduc'd, gives - . , ■ ; -\ ~, , _ ,- — 

* * ■^-.dd — xx: %%id~xs^^ 

: That is to 



- ^ f 



and - 



■^•,dd~xx: \/ ■.dd-{-CC-' 2 ex : '■ 
'/•.dd-Xx:^~^V:dd-{-lc^zCX:' ^H^^^^ 
, ,, IS (by our Lemma i.) = y jj\~~ ; 

Wherefore ccdd — ccxx:=. ddxx -\-cex x — ic^' v 
ac ar' — a c' ara; — ddxx-\-ccdd-=o; which Equation 
being divided by ar — c (=o) gives aCa?ar — ddx — c di 

„ r . dd , , d* dd 

= ; Conftquently «=—+/: -^^^ + — : 
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CHAP- III. 

Of £iuaiiiatttte04 

PROP. I. 

Given the Bafe A C, and Perpendicular A B of the Ld A 
A B C $ required to find its Area. 

B j!zf ^ Given. Area of 
L d A A B C .:r a, Required. 

preparation. 

Suppofe the ± A B to be 
divided into an indefinite Num- 
ber of equal Parts B D, D E, 
E F, ^c. and Z A 5 and fup- 
pofe each of thofe Parts = ^ 5 
then thro' the Points B, D, E, F, 
iSc and Z, draw the Lines B ^, ' 
D©D, E^ee, F/^, iSc. 
and Z 2>3 II 8 AO 5 and thro* C aE — " 
the Points, wherein the faid -^ 

Lines interfefl: the Xine B C, viz. 1&, <t, ^, ^c. » and Cf 
draw the Lines b ^e, titfy t jf, ^c. za^ and 3C || sBA: 
Then the Sum of the c=3s B * ^0 D, D D (CE, E e 5fF, i^c. 
and Z 5 C A is called the Sum of the « circumfcribing c=2s , 
♦ becaufe their Sum circumfcribestheA^ and the Sum of the 
as D ® ^ E, E <e/F, ^c. and Z » a A, is called the Sum 
of the infcribed ens. 

Now the firft (or Icaft), fecbnd, third, i^c. of the circum- 
fcribing cDs^ being equial to the firft, fecond, third, i^c, of 
the inftribed C3s refoeftively, and the Number of the circum- 
fcribing C3 s being (as manifeftly it is) := Number of equal 

AB 
Parts, into which AB is, bySuppofition, divided = 




a 



C=4-> 



and by one more than the Number of the in- 
fcribed C3s $ the Sum therefore of the Areas of the circum- 
fcribing C3s is, by the Area of the greateft of them, more 
than the Sum of the Areas of the infcribed c=3 $• 



♦Kk * 



Soluf 
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Part in. 



Sohttiott. 

Note. / f-pff' it humm thst th. The As B A C, B D IB, B E ^, 

i7,tU"''-°^'h'^'f^^ ?P Jf' ^' f *= ^'^^'^ 5 therefore, 

dicHiar Height. by 4. 6. Eucl, Elements^ 

^ ^ (B D) .. — = D B = B ^ 

/ (B A) •. ^ (A C) : : < 2 ^ (B E) .. ~= E « = D D 

f 

&c. 

ha 

Wherefore — - X ^ X : i + 2 + 3 + 4 + &c. continued to 

P *^ / I / • 

-— Terms 1'=-^ x^X-T + '-X"":. (byour Z^/?^w^«2. 

bp-\-ba 
or ly Part 1 3 or 14.) = — is = thq Sum of the Areas 



of the circumfcribing cus, and therefore nr fi : But 



bp'\-ba 



hf — ba . 

— b a'z=. is rz: Sum of the Areas of the infcribed 

2 

C3 s, and therefore "335 wherefore, by our Lemma i. — 

2 

Scholia. 
I, Hence the Area of any A B CD may be had thus, viz. 

B The Area of the Ld 

^^,. CAxBA 
ABCAis= 

2 

and of the Ld A B D A 

DAxBA , , 

IS = , by the 

i) ^ D~*A ^o^'cgoi'^g ^ropcfition 5 

wherefore the Area ot the 








i 



a. 'Ti« 



Ch$p. Ill* Quadratures. 41 j 

2. 'Tis plain, that if qps of equal Bafts be infcribed in, or 
circunifcribed about any plane Figure, terminating at one End 
in a Point, and thence towards the other End continually in- 
creafing, that the Number of the circumfcribing ens is == 
the Number of equal Parts into which the proper Line is fup- 
pos*d to be divided, and by one more than the Number of the 
infcribed ens. 

3. But, if CD s of equal Bafes be fuppos'd to be kifcrib'd in 
and circumfcribed about any Figure, neither of whofc Ends 
terminates in a Point (as C AF^, fee Fig. to ^Fro/. i.) or if 
As, or ftreight Lines be infcribed in, and circumfcribed about 
any Figure whatfoevcrj the Number of. the circumfcribing 
CD s. As or ftreight Lines is equal to the Number of equal 
Parts, into which the proper Line is fuppos'd to be divided, 
as alfo equal to the Number of the infcribed C3s, As or Is. 

4. [Obferve here,] But if, inftead of circumfcribing and 
infcribing the proposed Figure with indefinitely little Figures 
in the foregoing Manner, you only fuppofe the proper Line, 
fuppofe A B to be divided into an indefinite Number of equal 
Parts, each Part being = ^, and thro- any two of thofe Divi- 
fions next to one another, at the Diftances z a and :z — i :xa 
from (what you make to be) the Beginning of the Line 
A B, you draw two Lines in fuch Manner as the Nature of 
the Tropojition requires, and then compleat one of the cir- 
cumfcribing, along with its infcribed indefinitely little Fi- 
gure: Then, having drawn other Lines, fuch as are (if any 
be) needful, you will, by the Property of the propos'd Figure, 
difcover the Values {i.e. the Lengths, Areas or Solidities) of 
^he circumfcribing and infcribed indefinitely little Figures fe- 

A B 
verally 5 then by placing 1,2, 3, 4, &c. to Terms conti- 

nued inftead of 2>, and univerfally i**, a**, 5", 4", &c. in- 
ftead of ® ^ in each of the feid Values, you will have the Value* 
of all the circumfcribing, and infcribed indefinitely little Fi- 
gures federally in two, or mord Series, whofe Sums will be 
had exaftly, otproocme by our Lemma 2. (or by Part 19, or 
14.) 5 whence, by our Lemma i. the Value of the propos*d 
Figure will be found. 



By 
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By the Help of this Scholium 4. 7ro/. i. may be folv'd thus* 

BA=/|Given. 

Area ofLdAABC = n, required. 

Suppofe the X BA to be divided into 
an indefinite Number of equal Parts, each 
Part beings a (= P Q^) ; then at the inde- 
tcrmined Diftances B Qj=:i&tf and B P = 
: 2» — I : X ^ from B, draw the Lines Qjy SI 
and P 4&/ ±8 B A, and interfeaing B C 
in £0* And )d, and draw the Lines id ?» 
C /flailsBA. ThenthcAsBAC,BQjli, 
and B P id are fimilar 5 wherefore, 

bza 
jZ a (BQ) •• —r- =0^31;=: P/. 

^(AB)..^(AC)::< ^ ^^^^^^ 

: 15- I : X ^(BP) T =P|d=Q? 




"Whence 



hza 



X ^ is = Area of the c=3 P/ © Q^, and 



X ^ is = Area of 1=3 P id ^ Qj wherefore, by 

r 

baa p 

Scholium 4. — r- X:i4"* + 3 + 44" &c* continued to •— 

bp-X-ba , 
Terms ; = -^ — = — • (by our Lemma 2. or * by * ^••* ^ 

Part i; or 14.) is =r Sum of the Areas of the ciicumfcribing 

baa 
pis, and therefore cr J : And —r- x:o+i+*+3 + 

f hp — in 
&c. continued to — Terms : r= «- (by our Lem. 2, 

pr by Part 13 or 14.) = the Sum of the Areas of the infcrib- 
ed a s, and therefore "385 confequently, by our Lemma i. 



PRO P. 



Chap. in. 



Quadratures. 



4^^ 




J) £ 



PROP. 11. 

Given the Abfciffe CA = a(? 
of the parabolick Figure CAB, 
and confequently, from the given 
Property of the Figure, the Or- 
dinate AB=y. Required to 
find the Area of the faid Figure. 

Let the Property of the Figure 
A B C be fuch, that drawing any 
ordinateDlS(±CA and || AB), 
the fn^^ Power thereof may be 
equal to its refpeftive Abfciffe, 
viz. D ^'^ —CD,m being == ^ 
any given affirmative whole Quantity. 

Suppofc the Ordinate A B to be divided into an indefinite 
Numoer of equal Parts, each Part being = a (= P QJ, and 
thro' any two, next to one another, oi thofe Divifions, as Q, 
and P, at the Diftances z a=A Qjind iz, — i : x ^ =. A P 
from A, draw the Lines Qj&q and P ^p ±s A B, and inter- 
fering the Curve in © and p 5 and draw the Lines qp and 

St|^T|sBA. 

Solution. 

Then, *tis manifeft, by the Property of the Figure, that 
AC — Q.© = A"QJ 5 confequently x --* ^a\ (= A C 
— AQJ'*)=^Q.5 and^— :» — i ixa^ ( =AC — 
Xp1'')=/P. Whence^ X:JP—a^ *" : is = Ar ea of the in- 
fcribed cia P |& © Q^j and ^ X : ^ — »^ix^ ; is = Ar ea 

of the c=i QjlP P s V/herefore, by ScM. 4. ^ x : ^ — ^'^ + 

— y 

tinucd : (the two Terms under each Line of Connexion being 
what is here call'd a Place) =tfx«X — — ^'""'"x ^qrf 



!T 



or by I ft Corollary of our 



Lemma a, = * j. _^__-,-L_ * „. —^-^ 



^ X a ^t 
fince 
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fincc y'^is equal to jut, is =: Sum of the Areas of the infcribed 
r-Sf which is therefore "3 Area of the Figure ABC. 

And axix — o-f-JK? — a*^ -^ x — lal'* ^x — 3^* 
4- &c. to - - Places continued : is manifcftly = Suni of the 

infcribed CDs + ^''"^' x^^'rr ^-^—+J^^* (fincc 

y ^ is equal to x) is = the Sum of theAreas of the circumfcribing 
r-ns> which is therefore cr Area of the Figure A B C 5 con- 

fequcntly (by our Lemma i.) — ZlT V -^ '^ := Area of the 

Figure ABC. 

Scholium. 

If the Abfciffe C A had been fuppos'd to be divided into 
an^ indefinite Number of equal Parts, each Part being = ^, 
and thro* any two Points D and E of thofe Divifions, at the 
t)iftanccs : a — i : X ^ and z a from C, the Lines DTdd and 
£ (C ^ were drawn ±s C A 5 and the Lines T^(£^ de\\sCAi 

then the Area of the CD D E f ^ being = ^ "• X^5 and the 



Area of the CD D E (p JT) being = : z—Tixar X ^ 5 the 

1 

Sum of the Areas of the circumfcribing CDs = tf * x a x 

i- -^- JL i_ 

: I** +2!^ + 9** + 4** + &c. continued to — Terms : 

I 
— — i-i 

muft be := T-r^ « r: — T- Jtf -— ^ — 









*** (by the preceding Tfof.^ : And the 






m ' 



Sum of the Areas of the infcribed CDs rzr^"* x^X:o + 
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i JL 1 

i"* + 2* + 5* +&C. continued to — Tcnns: muft be ^ 



^ ^ ^ 1 V ®^5 Whence it is manifcft that i ^ + 1 ' 

— "T" ^ 

H- 3 ^ + &c* continued to ^ ^ ♦ I TJrlns (« being indefi- 
nite^ and --r- equal to any affirmative Praftion, whofe Ntt- 



inerator is i^ is = r 



i-4.1 
«' 



# ' 



Scholium It. 
I'he Sum of 1 '^ , 1', 3^, 41*^ £^(:. continued tb^V^.j 
I'erms (n being equal to an indefinite Number) being r=: 

. I ? ©. S wJ^cn/ is equal to any affirmative integer Num- 
ber (by Part 13 or 14)5 as alfo that Canon being = Sum of 
that Series, when / is equal to any affirmative Fradion 
whofe Numerator is i ("by the above SchoP. t.) $ it is manifeft 
that the faid Canon is = the Sum of the faid Series, when 
f is equal to any intermediate Number between the faid inte- 
ger and framed Value thereof: But this intermediate Number 
is capable of being equal to any other numerical Fra3ion 
whatever, which demonflrates, without any more ado, that 
the above Canon exprefies the Sum of the above Series, when 
/ is equal to any amrmative Number whatfoever. [See oui^ 
Lemma 2.} 
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PROP. III. 

Given the Sine AB of the Arc 
B D of a Circle, as alfb the Ra- 
dius D C : Required to find the 
Length of the Arc D B. 

DB = fl. Required. 

Solution L 

Suppofe the Line (or Sine) A B 
to be divided into an indefinite 
Number of equal Parts, and each Part (= P QJ = /^ 5 thro' 
any two Points Q^and P of which Divifions, at the Diftances 
za:=zA CLand :z — i :x^ = AP from A, draw the Lines 
S QJSl q, and R P K N »/ ±8 A B : Draw the Line flft/ 
fo as to touch the Arc in Sly and interfeft R/ in / ; Draw 
alfo the Line )d ^ fo as to touch the Arc in |^ 5 and draw 
NfiHliid?: Draw the Lines CRSF and Kfll|| s A B5 
and laftly draw the Lines fli C and |&C Then *tis plain that 
the indennitely /hort circumfcribing Line SS/ is greater ^an 
the Tangent of its refpcflive Arc, and confequently greater or 
longer than i^ )d 5 and that their refpeflive indefinitely fhort 
infcribed Line £[l N is lefs than the Sine of the Arc ^ ^, 
and confequently lefs or (horter than iSi 1^* 

The Ld AsCflSlS and /fllR are fimilar; for the 
A./fllK = Complement ofiL CflttK to a Lis =Ca>S; 
confequently v^:rr— »*^*: (fiSlS) -rCCflft): : tf (21 3R) 

Again, the Ld As N fll K and R ]& C are fimilar 5 for 
the Z.aiN35l = Z.??Ba = Complementof AR^C to 

a L IS = A l&CR 5 wherefore /: rr — £t=l]'/j*:(}&R) 

>^f(|&C):;/l(fllg)- ^._ ^^..._ = fllNj 






rr — z~ i| * ^J* ; 
wherefore, (by Scholium^ yr ax :rr— ^^|"*^ ^rr — z*a^\ 

+ r r — 3*^*1 ' + £^t:. to -- Places continued : is = the 

Sum of the circunftabing Lincs^ and therefore cr Q : And 

tar. 



■■ IHi'l ■ 
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to — Place® continued : is = the Sum of the infcribcd Lines, 
a 

and is therefore -3 3. Whence the Sum of the circumfcribing 
Lines exceeds that of the infcribed Lines only by the i^nde- 

finitely fmail Quantity raxi rr — ssC^ - rr — ol"" * - 5 
Wherefore the Sum of either Series is indefinitely near == 8* 

But the Sum of either Series cannot be had in infinite Terms 5 
Wherefore we muft have recou rfc to Appr oximations by an 

infinite Series: thusSl^ = r^ xrr -»• ^'|" is (by Sir Jj: 
NewPon's Theorem) = r ^ x : Frl * \y J "^ 



A y»4 ^ 0,6 ^6 



^^ f 4. l^L^ ^ fgc. continued in infinitum : 5 wherefore 

(by Sclbolium 4.) 

r ^ X . i-j- -^5 1 — tAt^A"-^—^ — I-&C. in infinif.t 

+ &c. to •- Series continued 

^ — s * + &c. in infinitum (by adding the firft Members of 

each Series into one Sum, alfo the fecond Members into an- 
other, alfo the third Members into another, igc by ^^I^etn- 
ma a.) is = the Sum of the circumfcribing Lines, and there- 
fore c- a. And the Sum of the circumfcribing Lines— r a x t 

iflf ^ . JiL -. lil? ^, &c. m infinitum is (by what 
idr* ^ liar* 3a r* • •' 

has been before faid) = Sum of the infcribed Lines, and 

♦ (^ 1 ^ there- 
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tfaereSore "^ 8 j Confequently (by our Lemma i.) ^ + TTi + 

That 18 to fay, If you rediice rr — is|~T to an infinite 
Series, and multiply each Member of that Series by s r, and 
then divide each Member of the Produd: by the Index of 5 in 
that Member, you will have the Value of a required. 

Or putting A, B, C, D, ^c. for the firft, fecond, third, 
fourth and following Terms 

oxjrr * 

Scholium I. 

a = a being given and s fought 5 *tis required to find s by 
the Help of the above Series* 

If 5 be fupposM = i a-|-^a* + ia*-f.^a^ + 5?^5 then 
h will (by the following Method) be found =1, and (;:=o 
c= e :=zg z=i i, &c 5 and therefore fuppofe 

5:=a +//a*+ya* + *a^ + fta%&Ct 

V^- iST^ +-87^^' + — 875 — ^>^' 

liar* iiir^ ' ii»r* 

&c. 

ITow by equating the refpeflive Terms, we have 

a==:a. 
a» , 

Alfo y^ a' + r— =: o 5 confequently // r=: — r— 



k=a. 



In like Manner/ will be found = . 

120 r* 



AlfQ 
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Alfo ^' = - 5-3^* 
likcwife k = ^^gg^ ,. 

Confequcntly^rra- ^+~^,--. j^^^ + 
a' aa aa a a 



3<fa88or** ' z^^rr ,^x^rr 6xTrr 

C— ^^ " D — g^c;. putting A, B,C,D,g^a forthefirfl, 

fccond, third, fourth, ?£?(;, Terms, 

*^ By this Series the natural Sine of any Arc to any aflumed 
Radius may be computed immediatly from having only the 
Length pf the Arc given. 

Scholium II. 

* Likewife the S, or Co-fine being rr: -/ • r r _ 5 s • , it ia 

, a* a a* a* 

therefore =i/:rr-a* + —~-7r+^7y7r - 

ia*** a* , a* a* a* 



I4i75r*' a^ '04^" 7^0 '^ 40320 r^ 

a'" ^ a* ^ a* 

3<ri88oo r» * ^ .* ixarr 3X4rr 

Jl^C-^^^D --^-;^^E--&c. puttingA,B, 

C, D, E, &c, for the firft, fccond, third, fourth, fifth, ^e^ 

Terms. 

Scholium IIL 

S •• S:: R ♦• T5 confequently, Radius being :=ri, the 
Tangent is = the Series exprejQfing its Value in Page 324. 

Scholium IV. 

The Sine of an Arc being given $ 'tis required to find the 
Sine of another Arc that fhall be to the firft, as » to i. 

f n^«i>^fii3$> 324* 

Let 
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Let s be the Sine given, and z the Sine t^uirad 5 then the 

Arc belonging to the Sine 5, is 5 4- 1- -^i- 4. ^ ^^ 

+ &c. And the Arc belonging to the Sine », is j& 4. 
j&» I 111 I _5»! 
tfTr"^ ^of^^lTTP ^^^* ^^^ the fitflof thefc Arcs is 

to tbe-ftcond, as i to ft $ corifcquently ns+ L-L^£_ 

6 rr 40 r* 

Now fijppofc » = ^j -\.ds* -\-fs^ + * J' 4-&C. then 
1^ = ^>+-^.' +&C }>='*^+^-^r^'+ 






112 r^ 

Now by equating the refpcdive Terms with each other, we 
have 

hs-zzins^ confequently b=xn 

Alfoi5»+ — l«rr -^5»v^-^-=^* 

^ 6rr 6rr ~ 6rr 

In like Mannier /is found = ^ — "^ , ■ 

i2or^ 

Alfo i&:= ^^?»~^5P«' + 35^^^ — ^^ 

5040 r* 

5040 r * zy.irr ^ 

3*--«* , 5'— «* 

4X J f r ^' ^+ tf^TTrr^' C+^ftf. putting A, B, Q €^ft 
for the fiift, fecond, third, ^e, T«nn« 5 where it is obferva- 

ble 
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ble that if ^ to an odd Number, the Series will be finite* 
Vide ^robh 9. Chap. 3. Vart IL 

Solution II. 

Suppofe the Line (or Sine) A B 
to be divided into an indefinite 
Number of equal Parts, and each 
Part -a (^ P QJ : and thro* any 
two Points Qand P of thofe Divi- 
fions, at theDiftances a ^ = A Q^ 
and iz — I :X^ = AP from A, 
draw the Lines C QJSi q and 
C P i& /, interfefting A B in CL 
and P, and the Arc B D in fll and q 
f : Draw the Lines ^ A flH& and 
(^S JLs C/, and P R ± C^: And fuppofe A C Q=Virr 

The As C AQ, and PQ^R are fimilarj wherefore 

And the As CPR and CSl^ are fimilar^ wherefore 

— i which rbecaufe C Qis greater than CP) is-a in- 

fcribed Line (or Sine) fll |&. ^ 

Again, the As C P A and QP S are fimilar j wherefore 

Vicc + ^^=l\"a^z (CP) .. c(AC) ::^ (PQ) « 
ca 

^:cc-\-si — 1| ^ a^ ^ 

And the As CS Ci,and C/<? are fimilar j wherefore /:<?<?Tf 

r:T(Sa)::r(C^)- 



ca 



. ^'^^ „ , which (bccaufe CS is greater than CP) i« 
ec-\-z^—i\* a ^ 

cr the circumfcribing Lme (or Tangent) / q i Wherefore (bjr 



Sctfof.A'^rcax: 



tfc4-*«~f'-f 



+«»4-»'»*"*" 



- . ; i +Scc. 

tm 
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to — ^ Places continued : is -za Sum of the inicribed Line^ and 



I 



confequently -3 a : An<lrc4x :— +— p^+ ^^_|_^,^. 

s 
4" ?^c. continued to — Places : is c- Sum of the eircumfbrit^ 

ing Lines, and confequently cr- 9L 

Hence *tis manifeft that the Sum of the laft (or grtater) Se- 
ries exceeds that of the firft (or lefler) Series only by the in- 
definitely fmall (Quantity rcaxi — — ^JTZJ} • 5 Whcrre- 

fore the Sum of either Series is indefinitely near =r fl : £ut 
the Sum of either Series cannot be had in finite Terms 5 
wherefore we mufl have recourfe to Approximations 5 thus 

^^ ■ . 18 (by Divifion) z=:rcay, : — -** — r- + --7-^ 

z^ a"" 
' ^ j ^c. in infinitum : j Wherefore (by Soholiim 4.) 

t a^ a* tf* 
rcaxt — ^H — ^ -"TT, 8cc. in infinimm i 

+ rcax:-^ ^—"^^ + ^ — ^ , Sec. in injlnimmt 
cc ^ c c 

C C C C Q 

s 
4- &c. to "T Series continued 

&c. / « infinitum (by our Lemma 2.) is -3 Sum of the inicrib- 
ed Lines (or Sines) and confequently -3 S. 

But the Sum of the foregoing Series, and of the indefinitely 
little Quantity rc^ x : ^ ~J7^^ •• = 

35 cr Sum of the dicuinicribing Lines (or Tangents)^ and 

therefore cr ft» * 

Now, 
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rs^a rs a 
Now, fincc the ktter Sutn is c^ fdnher 5 — --~ 

-I *. &ci /« ifjfinitum is aflSrmative (but withal indefr 

faitely little) j for it is rr— ^^ + -— - 7^ * &c. /** 
infinimm whicH is therefort negative : Corifequently (by our 

That is to fay^ If you reduce ^ ^ i ^ ^ to an infinite Serici^ 

fwhich is done byDivifion), arid then divide each Member Ot 
that Series by the Index of s in that Member, you will have 

the Value of 9 required. .^,, i«. i-i. 

By either of the two foregoing Solutions the Ratio ot the 
Diameter of a Circle to its Circumference may be expeditioufly 
found and expfefs'd near the Truth in Numbers : Thus by 

the laft Solution, ^ ^ , j ' ^ n J. n ^^ 

Suppofe the Arc B D = ^o^ oo , and/C= Radius) = i) 

then JwiU be = .5, and c = -/.^ 5 and (^ x BD will be =5 

t8o'>oo'=tfx:^- 5:^.-^77 + ^.-^,, &C: = <fX 

< I.I* I* o 

y'.fj t-^"^^ 3X?^5X3' 7x3" 

=l/ia-3 X 3)\/i*+ 5 X sO/ii — 7 X 3')/"-f-9X 3') 
y'ii.&t 1 Wherefore i -Via- 3 x 3) J|/i.*-h5 '^ 9 ) /"» 
&c : : Radius •• 180* J s Dktritfter - Owumferencc of any 

dirtle; 



*TAtk tOftrarim 
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10 



II 



21 



ta 






2 = 
2:= 
2 = 

2 = 

2=: 
2:^ 
2r: 

2 = 

;2=: 
2^: 

:2 = 

2? 
2 = 
2 = 
2:= 

;2 = 
2=: 
2:= 
2=: 
:2r 
2 = 
2 = 
:2 s 

:2 = 
:2t= 

2 = 
2 — 

:2:± 

:2=: 

2:= 

:2 = 
2::^ 
2 = 

■ 2 S 

2=: 

:2 = 
:i = 
:2 = 
:2 ~" 
^2 



Ofera$im. 

3.4(^4101^15137754587054 

I.i54700538375>a5i5*90i8 

.5849001 794597 50509^7* 
.12830005981991583(^557 

4276 W8kr(^o<f(r38945 5 19 

242555(^2202212981839 

47518540(^74043*7179 

= i58395i5558oi4424i<^ 

= 527983785i<^7i47475 

= 175994595089049158 

== 58^(^48^5029(^83052 

= 19554955009894350 

= (551831833^(^31450 

= 217277*778877^50 

= 7*4*5759*959050 

== 24i4l9i97<^530i^ 

=r 804730^5884338 

= 2(^824355294779 

= 894145 n<^49*^ 
n: ^980483921^42 

== 993494<^40547 

=: 3311^4880182 

zsz 110388293394 

z= 3<^79<^097798 

!z= 122^534^593* 

= 4088455310 

rrr 136^281843^ 

rr 45427281A 

-s I 5 1424270 

= 504747 5f 

:= 1(^824918 

nz: 5^0830^ 

=2 18(^9435 

:^ ^23145 

= 207715 

ss (^92 38 

== 43079 

= 7^95 

= 2564 

= 854 

= A84 

S2 3^0/1* -5-3)= 94 
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5X3^ 
9X34 
13X3* 
17X3^* 
21X5* 
25X3' 
29X3 
33X3** 

37X5" 
41X3** 

45X5*' 
49X3*^ 
53X3*' 
57X3'* 

<^iX3^' 
65x6'* 
<^9X3''^ 

73x3^* 
77x3'* 

8:ix3^* 

f 

3x3 

7x3* 
11x3* 

15x3^ 

19x3' 

23x3" 

27X3'» 

3iX3'5 

35x3'^ 
39x3'* 

43x3*' 

47x3*' 
51X3M 

55x3*7 

59X3*» 
<^3X3** 

^7x3'; 
71x3*' 

75X?*' 

79x3*' 
8jX3*' 



yx2=s3 

V^I2 r= 

/ll = 

V/l2 = 
V^12=2 

y^i2 = 

/l2 = 

v/i2 = 
\/l2=: 
v/l2 = 
v/l2 = 
\/l2=: 
v/i2 = 

^^12 ^ 
\/l2 = 

y^i2 = 

y'i2 = 

V^I2=i 
\/l2=: 

V/I2=3 
V^I2 = 
/l2 = 
V/I2 = 
/l2 = 

y'i2:= 

v/l2 = 
\/l2 = 
\/l2 = 
>/l2 = 
V/I2 = 
\/l2 = 
V/I2 = 
\/l2 = 
>/l2 = 

V'f2=: 
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2.4<r4ioi^i5i37754587054 

7d98oo3589i950io*5>34 . 

475i8540<^74043^7*7> 

3<J5527235954i790^i 

3io578^97^i59<^?io 

27P35^5O0i4i347» 

249743997 5 7^o» 

2438577754070 
241^6^0858511 

2423157^598 

2453073i8<^ 

250313590 

25713555 

275018 

287^^0 
3010 

3itf 

3J 

3 

fSurn = y.S4.<^2^qi72l82I2l(^82l58 

.5849001 794597 505^9<^72. 

18328579974273833793 
12959602002011801(^7 

I0559<^7570534a949$ 

92^2873425739419 

8502i54352'i»797 

8o4730<^5884338 

77877i<^0533a? 
76(^410151279 

7(^4226^4^57 

« 7 701 508841 

782895(^97 

801^5790 

825950s 

855504 

S9020 

9300 
975 

102 
. 10 

I 



Sum =r .404^4Qn8$9i^8443^g Li. L 
Dlff.ofthctwoforcg.Siuiw=3.i4i59a<^535897«*3«4^ I 3 > 



4^^ 



etWHSimfi* 



Part III. 



Cifclc 


not be ' ' 


in the 


; them 


lich it 


Circle 


Num- 



That is the Diameter of any Circle is to its Circumferenc^i 
as I to 3.i4i5p2tf5358p7p52354d4-- 

Sci/olium. 

Having thus found the Ratio pf the Diatnetej* of a 
to its Circumterercc to be As i to ^.14159 Sec. at will 
improper to /hew how to find the Ratio's neareil to it 
leai^ integer Terms ; and then to choofe from amonfi 
that which i^ fittell for PmSikc. In the doing of m 
will appear, that the exaft Ratio of the Diameter of a 
to its jCircumterence can n^ver be exprefs'd in rational 
hers. 

Trofojition. 

Let it be required to find the neareft Ratio in Integer Terms 
confiiting ot not above ten Figures of i to 3.1415926535898 — ; 
vizu of the Ratio of the Diameter of a Circle to its Circum- 
fer<»nce. 

The adjoining Ratio's in the leaft Integers to the given one^ 
are manifeitiy x •• 4 and i •• 3, which being truly compleated 
-•arc . . • ■ . . ^ . . . 

1 I 1-4 — .85840 &c. 

2 I 1-3 -^.141^9 Sic. 

Kow the Fraftion in the 2d Step being (fecluding their 
Signs) Icfs than that in the ifi, and the firli: Tetm of each being 
the fame, viz. i ^ the Ratio therefore of the Integers in the 
id, is nearer the Truth than that of the Integers in the ill : 
Whence the 2d Step is called the I continual increthent ^ for 
its re rpe£live Terms are to be continually added to them'of the 
ill, till a Step be thus had in which the Fraftion fhall be left 
than that in the I cont. Inc., which Step, when found, will be 
the II cont. Inc. And the Qjher Steps found by the faid Ad^ 
ditions may be called the intermediate Steps : thus. 



1+^ 

4 + i 
5-4-2 

d--2 

7— i 



7 — .yi68i 
.. 10 — .57522 

4 .. 1 3 ~ .43 362 1 n ^ intermediate Steps. 

5 .. 16 — 29203 
•• 19 — .15044 
•• 22 — .C0885 

Again, adding the refpeflive Terms of the f I. cont. Inc. con- 
tinually to thcfe of the |. till a Step be thus found, whofe Fra- 
£ijon (hall be lefs than that ^n (h^ jt ^ont. Inc.^ this Step will 
be the III com. Inc. &c, 



4 
5 

6 

7 
8 



? 

A 
) 



6 

7 



J cont. Inc. 
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This Method, duly confidcr'd, carries its own Demonftra- 
tion with it : But, on the other Hand, it is verj' tedious, at 
alfo fuperfluous : For the Ratio of the integer Parts in any 
cont. Inc.- is nearer the Truth than the Ratio exhibited by the 
integer P^rts in any pf the one half almoit of the next fucceed* 
ing intermediate Steps 5 and in the cont. Inc. the Fraftions are 
leaft at which Junftures the Ratios of the integer Parts muft 
be beft : the better Way therefore is to deduce from theTaid 
M^thpd a Rule for finding all the cont. Inc. exdufive of the 
intermediate Steps 5 and then &c. 

RULE. 

Firft take the adjoining (or next lefs and next greater) Ra«r 
tio's in the leaft Integers to the given one ^ viii>, fo as the leaft 
Term of each Ratio be i, and the other Term an Integer: 
then truly compleat the faid Ratio's, by annexing to their 
greater Terms ibeir proper Signs and Fraftions : And that 
Step which hath the greater (Eluding their Signs) Frafiion 
thus annex'd to it, miift be the ift, and the other or 2d Step 
i$ the Icqnt. Inc. 

Then divide, the Fraftion in the firft Step by that in the 

I cont. Inc. continuing the Quotient to all the integer Figures 
thereof, (but here Note, if the Quotient be only i -j-, then 
this Divifion may be omitted, I'he iifce is to be underflood 
of the following Divifions) by which Figure or Figures multi* 
ply the Terms of the I cont. Inc., and to the Produfts add the 
r^fpe^ive Terms of th^ ift S(ep,. and the Sums thus had are 
the Terms of the II cont. Inc. 

Again, divide the Fradion in the I cont. Inc. by that in the 

II cont. Inc. continuing, as aforefaid, the Quotient to all the * 
integer Figures thereof, by which (Fig.) multiply the Terms 
of the II cont. Inc*> 4nd to the Products add the refpedive 
Terms of the t cont. Inc., and the Sums thus had, are the 
Terms of the III cont. Inc. 

Again, divide the Fra^ion in the II cont. Inc. by that in the 
Jll&c. ' 

And the integer Parts pf the cont. Inc. thus found, are the 
K^tio^s, which, with the leaft whole Numbers, are neareft 
thpTriith 5 and by whi<?h any intermediate Ratio may be found 
in fu^h Manner, af will be hereafter fh^wn. So, in relation 
to this Tropojition^ the adjoining Ratio's in the leaft Integers 
to the given one are i ••4 and i •• 3, which being truly con^r 
pleated, arc i •• 4 — .8J840 &c. and i •• 3 -4-*i4i55> &c, 

i 

. p^eratim. 



430 



tfjcjNtttflfottf. 



Part m. 



AX6 

jxTJ 
7 4-a 



4 
5 

6 

7 

8 



10 

1% 



4 —•85840734^41024- 



I •• 



% 4*'*i4i5P^^595S5^8'^Jxo0tJnc* 



.141 5P &c.) -85840 8cc, (d + 
^ •• x8 4- -84^5 5 55^2.15588 



7 - 



%i — .0088514248714. Ilcont. loc- 



.Q0885 &c.) -14159 &c. (15 4" 

105 •• 330— '.I5277I57J07IO 



10^ •• 333+-oo88aia8o5i8« .HI.cont.Inc. 



* IX J •• 355 — .0000301443525 .|v. cont. Inc. 



•oooo3oi44&c.).oo882i28&c.(2924' 
32996 •• 103550 — .0088021509592 



33102 M io39934-,ooooi9i295 595. V cent. Inc. 

whofe integer Terms coniift of eleven Figures^ and therefore 
exceed the Limits prefcrlb*d by the ^ofcfition. 

That is to fay the Diameter of any Circle 

Is to its CfKiHnfercfice nearly As i to 4 ^ or nearer as i to 35 

Or nearer as 7 to 22, which is j^bimdes'^Katio y 

Or nearer as io5 to 3 3^5 ^ 

Or nearer as i r 3 to 35 5, i^bick is Aktiufs Ratio ; 

Or nearer as 33x02 to 103993, which is nearer the Truth, 
and better than the Ratio required. 

Now there being ^her imennediate Steps, in each of the 
one half of which rbe Ratio of the intc^r Parts approaches 
nearer the Truch than that of the integer Parts in the next pre- 
ceding coat. Inc. (806** 19, 5 •• i^, or 4*- 13 is neater the 
Troth than f - 3I 5 &c.)*»s very probable tba« feme Ratk>,con- 
fifting only often Figures, approaches nfearer the TfUih than 
that €fMerim% wHkh other wife wou'd be the Ratio, or An- 
fwer required. And for as much as (See the 8th and 5^b 
Steps) 10^ contiMaNyincr^a^M with 113, will atooulvt to five 
Figories befote 3354-^16 fameNumbei'of'fimes incieas'd with 
355 — will ainotim to ffat Figures 5 *iAs certmnr that the Terms 
of the Ratio required confift of A^e j^igufetf each : Tbe next 



* Here t dm*t dhndt the fraShnan tb* il t9nt, Jtu, kj that in th$ Ul, tk^ i^9$itta 
$ciris 9nly f -4-, swi s X ^ ^ Sth Sup. " • 



Thing 



y 
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Thing to be done therefore is to find how many whole Num- 
ber ofTimcs 355 — 'mufl beaddfidto;;; -f-i*** Order to give 
a Number the neareft, but not exceeding the greatefl one ex- 
preffible by five Figures, vh. 99999$ which will be found to 
be 280 times (thu« 99999 — 335 -• =r 99666-^^ and 9966S 
— -=-355 — = 280 -(-J $ wheremre multiplying the 9th Step 
by 280 we have 31(^40 •• 99400 — ^ whicn added to the rc- 
fpeftivc Terms of the 8th Step, give 3174^ •• 99733 +f 
which 3i74<^ •' 9973? confiding only of ten Figures, and I 
fay, nearer the Truth than Jliems% is therefore the Ratio 
fought. 
For the laft Term thereof divided by the firft, quotes 

5.i4i592<r4 +» and 355-^ "3 =c: 3.1415^^9 + - But the 
former Quotient is nearer the Truth than the latter 5 there- 
fore &: w. w. 2>. 

But the mofl convenient for Practice, in Cafes not requirbg 
great Exadfaiefs, is Metius^s Ratio, the next fubfequent Di- 
vifion, giving 292 -f- for the Qjiptieut,. which is more than 
any other Quotient in the whole Operation. 

PROP. IL 

Let it be required to find the Ratio's which, with the leafl 
integer Terms, are nearefl to that of 2^847(^9 to 85 7^5 7 1. 

The adjoining Ratio's to the given one in the leaft Integers 
are i - 4 and 1-3 (for 837(^571 -^ ^6%^^69= SsHlylf)^ 
both which being truly compleated are i •• 4 — Hlllll> ^^ 

Now I pfoceed with the Operation, ^ * ^^. ^" -WerM 1 hdd 
♦ omitting to write the comi^n De- S^i^tX^/fhii^ 
nominator 2(^847^9, but inferting G«mm. 
the Numerators in fmall Figures, to 
diflinguifh them Bxan the piS^ing Integetf. 



OferaHm^ 
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Pire itt. 



*X7 
♦ +» 

.5X3 

7 + 2 

8x4? 

*o + 5 
XI + 8 

12 + 11 

15X17 
I5+" 

xtfxf 

18+13 

ipxf 

41 + ltf 

22X2 

24+ IP 

The fe^ 
Af 5» 8, IJ 
required ^ 
the moft < 
next rucc< 
any other 


i 

a 

5 
4 

5 

i 

7 

8 

9 

10 

II 

12 

13 

«4 
»5 

itf 

17 
18 

»9 

ao 
21 

22 

23 

24 

25 

irera 
t, 1. 
, of 
:om 
^1 
int 


Operation: 
. I •• 4- 


ssi25«i 


» '■• .3- + 


122264 


321 &c.) i^6i &c. (7 - - 

7 •• 21 4- 


a25J«4t J 


8 •*' 15 — 


i9^6s7 


idtf&c) 322 &c. (3 + 
24 •• 75 — 


9 


25 •• 78 + 


22fl 


2293) i6*tf^7 C4<f.-- 
1150 •• 3j88 + 


tosiji 


iij8 •• jtfij -^ 


»«7# ^ 


* 1183 •• h,S^i + 


iiU 


2341 •• 7304 — . 


is 


<?5) 1114 (17 + 
39797 " 1241^8 — 

40980 " 127859 + 


Iff 
9^ 


9) <J5 (7 + 
%o6i6o •• 895013 -^ 


<s 


289201 •• 902317 — . 


ft 


9 (4 + 
115^804 •• 3^092(^8 — 

119^7784 - 5737127 + 


t 

it 


1)2(2 
2395568 .. 7474254 + 


4 


2(^847(^9 " 857(^571 — 
1 Ratio's exhibited by the integer Numbeit in tli# 
1, 13, 16, 19, 22 and 25 Steps, are the Ratio*< 
all which, that in the 8th Step, viz. 25 to 78, lA 
renient, in Cafes not requiring great Nicety, thd 
ng Divifion producing more for the Quotient than 
:he whole Operation* 


1 * Here Idi 


m'td 


hide the Fram^H m the M Stef *; thst m the 
diiX TzsuthSt^. 


Mith, tht Sftimt 
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PROP. IV. 

Given the Diameter = z AC 
= ^.of a Circle, as alfo the 
Verfed-Sine AB :^vof the Arc 
AD. Required to find the 
Length of the Arc AD. 

Suppofe the Verfed-Sine AB 
to be divided into an indefinite 
Number of equal P^rts, and 
each Part :=rPQ=<f: thro* 
any twp^oints Q^an4 P of which 
Diivifions, at the Diftaiices z^ ^ 
= A CLand :z^iixa=zAV 
from A, draw the Lines Q^H X 
NSi? aitd P^/ ±sAB. 
Draw Jd q.€o as to touch the Circle in )^ and interfefl Qjj in g» . 
Draw 31/ fo as to touch the Circle in ;© and cut P/ in / 5 
and draw i|B N J|/ fll and cutting Q^ in N : Draw ?& H i| 
A C and cutting Qj^ in H ; and laftly draw C <3 and C ^. 
Then it is plain that the indefinitely fliort circumfcrihing \jx^% 
?d H^ '^ greater than the Tangent of its refpedive Arc, and 
confequentl V greater or longer than the faid Arc )d €1 5 and 
that the inaefinitely fhort infcribed Line )d N is leis than the 
Sine of the faid Arc ^b Sk% and confequently lefs or /horter 
than tfae aforefaid Ar«i 

. Solutm. 

The L d As C flU Q^ and* N ?6 H are fimilar ; for the L 
CfllQ.= Complment o( L QjHf^ and confequently. of 

AHN?0'toaLis=Z.H?&N3therefore/:i&^x^— 2>«j 

(0.®)- -(Cgl)::.(?&H):> ^^^^^^^^^^^^ =l&N; 

As alfo the Ld As C ?B P and /? i© H are fimilar 5 fer L 
^ J& H = Complement of t. Hid C to a L iszrZ^CjbPj 

d 



Confcq. -/i^Xis — ix^— » — 1| ^*:(P3&) •* "OCj;:!! 



i\/idxz — I Xtf 
da 



t 



*Nn rh 






A 
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41 

+ 3 4tf— 3*4i*|-'» + &c. to— Places continued 2 w = Sua 
of the Inftribed Lines, and tfaettfere -la Arc A D. 

But — JC : "^"^ + JTITPI^* + rZr^FS^*^*^ 

X 

kc. to -7 Places continued : = Sum of cicciimiipribiiig Lines 



* Not^ 2ftb$smwUBi' mr$ §4^ it infinite * becaufeof the firft 

Ttim A, 4/lr«r f&f JImnt frsOuU ht da .— «—£> « - 

^ht frf ?m ^ tkh CUf. if wmH mik0 —X ol ' :=: the LcDgtll 

fi««i«#, of the firft circumfcribing 

line or Taiigent at the Point A, ivliich ismanifpflly iidSuEute. 

V 

Now thr Number of Places tn each Series beiM s& — , and 

m - 

the ifi, ad^$d, 4th, Sec. Places of the former Series Oois^ of 
that eacpcdSng the Sum of the inlcribed Lines) htuat the fkme 
with the ^d, jd,4th, 5 th, &c. Places of the latter (t)iifl>. of the 



Series o^femng the Sum of the circumfcrihing Lines) $ This 
Series qteiefive, exclufive of the ift Place or Term thcKof^ is 
snanifeftly left than the formerSeries, by the laft, or le^ Place 
thereof: But if to the Series es^ielSi^the Sum of the ciicnm- 
jcribing Lines, exclufivo of the firft Term thereof, you odd 
any indefinitely finall Quandty greater than the firft or great- 
eft Arc {viz. the indefinitelv (mail Arc at A^, ' the Stim ucnce 
arifing will be cr Arc AD: Whence we toi^ eonclude that 
the above Series expreffing the Sam of the iniG»!bed Lines <# 
18 = Arc A D : But fimce we havenot any Way of findingdie 
Sum of the faid former Series in finite Tenns, ^^ muft hare 
iecouife to Approiqmations by an iid^te Series ; thus 

i&y-^x d Z a^z^a^ ^tif^^^^^l^-^ is 
(by Sir TjCJNirwr^V Theorem) ri: 1 x .gj-^^ ^ ^-^+ 

' "\^d4 H — 7J7r*+ ^* ?^ i^mum ? J WhercFote (tf 
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k— »+ 






Tdd 






V 



4- &c. to r Series continued. 

(by our I>«ww^ a. and putting — — X : i^ "T » -f 



V 



J -^i^- &c. to ~ Terms continued \ equal to w) 6 s= Sum 

of the infcribed Linesy^^d is therefore -a Ate AD# 

Now finc,e inch a Scries as the laft^ whofc Siun is fujf* 
PQS'd to l?e = w^ has not been hitherto confider^d m this 
Xrcatife I •tis to bewfumM that we know not yet how to 
find the Value of wi Xet us Acrcfore leave this Sohirion as xt 
is imwr&a, and find the Length of the Arc A V othdwile, 
&c. as in the two following ScMia. In Order to which wo 
will premife this 

PiLOK V. 

Gifen the Verfed-Sine ABc;:v 
of theArcAD of a Ciicle» as ^ 
d^eDi^netersspa AC=c^; Re-* 
q uired to find the Area of the 
^emi^^Q^Doieot AD B acs Si 

Suppofe the Verfed-Sine 
AB to DC divided into an inde- 
&iite Kumber of equal Parts^ < 
and each Part =PQj=:^. Thro* 
any two Points Q^and P of 
•which Ditifiont, at the Difian^ 
ces e if = A Qand : a — i : X _ 
uir=: ^ P from A » draw the ^ 

XinesQjf«andPifr>XsAB, , ^ 

and interfeaing the Arc A D in the Points 01 wd f9 3 and 

4iaw the JUnes i^ ^ and j^ 4> II 8 A B. 
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Solution. 
By the Piopcrty of a Circlt -/: « ^ x d*^za. r=r QjSi:=y^i 
dza — z^a* i^ and \^:dxz — i xa — z — i]' a* : :=zP|&: 
Confoqucntly av" -dza — .«« ^" ; is = Area of the circum- 

fcribing C3 P/ © Qj Mdav^idxz~i x4 — z — i]* a* i 
is = Area of the infcribcd cjV^qQj 

Wherefore (by ScM. 4.) ^ X s y^da—a^-^v'ida — z^a* 
4. V ^da~i*a* + &c. to — Places continued : is = Sum 

Of 

•f thecifcumfcribing c=3s, and is therefore cr-S. 
AxAaxx^ 0'\'V da~a^ J^>/ ^da-^z^ a* 4-&c. to 

•^ Places continued : is = Sum of the infcribcd dsj and is 

therefore -a 0. 

Whence the Sum of the circumfcribing t=k exceeds that of 
the infcribcd cas only by the Area of the grdateft of the for- 
met, v/«. by the indefinitely fmall Quantity d'/ \dv~vvi-^ 
wherefore the Sum. of either Series is indefinitely near = a : 
But fince we have not any Method of finding the Sum of either 
Series in finite Terms, we muft have recourfe to Approxima- 
tions by an infinite Series • thu^, 

The Area of the circumfcribi|ig t=i.P/ SI Q = a^/ xdza 
— »* ^* : is (by Sir If. 'Nemonh Theorem) r= ax\>/ dza--^ 

^d Sd' led^ 11^ d^ ^ 

jinefine : 3 Wherefore (by Scholium 4.) 

j^./A^,.. / ^^^' ^Vi' aWi^ 5^Vi^ « 

^d ' %dt led^ izSd^^^ 

j_>, /A^^ / ^^ ^Va' *Va^ • j^^/ii* \ 
, ^ / J / ^/S' ^Vs* aW^^ 5^**/?^ 

V 

4-&C, to — Series coiJtfejJcd 
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%^dv* V^^ V'o'^ v^'y' 

3 5-/^ . a8v^/^» 72 -/ i/^ . 

' y Vy ^ — S<c. pie fine (by oMtZemma 2.) is :=3 Sum Qt 

the circumfcribing cas, and therefore c- flf. 

And the Sum of the precedent Series, excepting the lafl 

Series ; i;/2i. the faid Sum to 1 Series continued, is (by 

a . * 

our Lemma 2.) = ®^ — tt'j ^ — q / v f^ '-^ 

— TTc '^ — • '^/^7 •« — ZLcfinefim. which is = Sum of 
the infcribed cas, and cdnfequently. is -u 9[ s Therefore, by 

•outZf/tf/^^i. .a=/^« X: — -^^-"-^-^^-.^^ 

-^-^^ — J ^ — -z >&a:. fine fine. 

. 704. i^ W4^'^ . " •. • , . r 

That is to fa^y^ if you reduce y. i.dv — 'OVi to aq infinite 

Series, and multiply each Member of that Series by«;, apd 

then divide e^h; Member of the Produfl by the Index of ^ 

in that Member, you will have the Value of fl required. ; , , 

Scholium I. 

Hence the Verfcd-Sine of any Arc of a Circle along with 
its Diameter being given, the Length of the Arc itfelf xifay 
be found ^ thus 

Firfi^ Drawing the Radius CD [See the precedent Fig.] 

' d n3 
the Area of the LdA BCDis = ; —ixv/iii; — wx 

(=icbxbd; ., \ 

This 
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Tbit added to the precedent AteA o^ the Senu-S^nwnt 

ADBgive.-;j-+-^-+,-^^^ + ,^8l?;^ ^' 
^^Y\, +&c./!iMfiw = Ateaofthe8eaor AOC$ and 

Ihto divided by J irield* v^i»+^;72+w5^+,-nv:? 
+ \/ X + 6(C.Jmefint = theLength <« the Arc ADs 

ScMium IL 

Nov the 2d» jd, 4th. (5^?. Terms of the Series in ^Pnf. Vf. 
expieffiw the 8«m of the in&ribed Lines in the Asc AJD, ex* 
dttfive <^the « Sp being the fame with the fefpcCliwe Toms 
in the fof^oing ScMium i. txfgcSng the Lmgfk of the-faid 
Arc A D, and, withal the former Series being only = the Sum 
of die fidd infitibed Lines $ the firft Ttfrm Aertof muft riieie- 
fere be^ by an indefinitdy finall Quantity exceeding the Sum 
€if all the fucceedii^ ^ s in that Sene^ lets than the firft Term 
dF the Series which e9q>refles the Loigth of the Aic A D : 
Ccmfequently w (in Vrof. I V, which fee) is = y' ^«; o^ 5 /. 




^x;i'^'^4,a'^4-3"*^+&c,tQ -^ Terms cootximed » 

t=wist=:^*o. = -^ X ;_« I ^ o.; Whcttefcre, put* 

ting 0:= an indefinite Number, and ^ r= » ^ the Sum of 

«'» a'f i^f 4^f 5'f &c, tp n Terms continued is =: 

Now this Canon, with the Difference only of annexing •• 
inflead of •• to it, being = the Sum of the next preceeoing 
Series , , when / is = any affirmative Number whatever x as 
mlfo the laid Canon without either -e or «> being = the ovm 
of the (aid Series, when /is :=: o, and the aforefaid Canon 
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being =:: the Sum of the faid Series, when / is =; «— • ^ j it is 

manifeft that the faid Canon, vie. ^ , e- mufl be tss the 

€vaa of the laid Series, when/ Is =: any intermediate Num- 
ber between o and — |. as — f, — |»~f,or~f,— ^,&c. 

. . Corollary, 

I add further,^ you may conclude from what hath been (aid 
here (there belnjg now no Pretence of Reafon why we Ihou'd 

doubt it) that the faid Canon jrr^ ^ ^s = Sum of the faid 
Series, when/ is = any negative Number greater than «-. i« 

Scholium IIL 

vzsiA u being e^ual to the Vei^-Sines of any two inde- 
finitely imall Arcs of the fame Circle, the Areas of die cor* 
lefpoodent Semi'^Segments aic^ by the ptteedent (Phjj^. and 

%v iti ^ 

our Method of Notation, equal to - — V^^ * aad -^rV^u 

3 ? 

^ refpe£lively $ and the Lengths of the A«cs thenifeltw are^ 

by Schol. I* equal to V" 4^1:; -9 and '/iu^ rel^dti?elys But 

}s to fay, ^ the Areas of the indefinitely little Segments, of the 
fame Circle ^, are in Proportion to one another, as the Cubes' 
i)f tlieir Indefi^tely fm^U Atc^ 
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PROP. VI. 

Given the Radius A D of the 
Quadrant A CD, as alfo Afi» 
and confeqiientLy BE being X 
A B : Required to find the Area 
of the Part ABED of the Qua- 
drant. 
AD(=AC) = ro . ^ 
AB=j^S^^^ 
Area of the Space ABED ;= 
3 required. 
Q Sup^fc the Line A B to be di- 
vided into an indefinite Number 
of equal Parts, and each Part ==tf = PQ^; thro* any two 
Points of thofe Divifions as Qand P at the Diftances oia zsz 
A Q^and : «> — i : x ^t = A PTrom A, draw the Lines QjSl ^, 
and P|b/ ±8 A B, and interf^ing the Arc DE in SI and/, 
and draw the Lines fSl and / ^ 1 1 s A B. 

Solution. 




By the Property of a Circle \/:r+*^xr — »^: = i/;rr 



And\/;r+2>*^iX^xr— r2J — ix^: = /:rr — »-r^*^*; 
Wherefore ay/ifr — »* ^* : is = Area of the infcribcd ca 

pQjaa?&5 

And aV :rr^ »— 1|* ^* : is = Area of the circtimfcribiBg 

Wherefore, by ScM. 4. 
a X i\^r*~a* + Vr'-^z^a'^ + /r*— 3*^^ + Sec, 

to — Places continued : is r= Sum of the Areas of the infcribed 

CDS, and therefore m 9. 

. f 

^ '*Ana^X:v^r* + Vr*— /J* + Vr*~2*/*» 4-&c.toJ 

Places continued : is =: Sum of the Areas of the ciccumicribing 
CHS, and therefore cr- Q. 



Hcnc^ 
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Hence 'dsmamfeft that the Sum of the dfcumfcrlbing tas 
exceeds that of the infcribed cas only by the indefinitdy httle 
Quantity ^ r—»/:r r~^ J': j ConfMueittly the &»m of 
ehher Scries is indefinitely near = 8 : But, fince the Sum of 
either Series cannot be had in finite Terms, we muft have te- 
courfe to Apptoximations : thus, 

4/:r» — »* «• s is (by Sir Jr.2«wt)Wo*»Thcot«n)=tf x:f 

_5l£*_?!fl-?^ -&c./foejfi»: J Wherefore (by 



our SdjoUum 4.) 



— &C. in infimtmt t 



—.Sfcin infimttwt. 



4^^x:r— ^-^— -4--; ' ^^ , ■■"- BxciniiOmtum^ 

4- Sic. to -7 Serief continued 

y* y* y^ 

'•^ dr 4or' iiir' 

by our Lemma i. is =.thc Sum of the Areas of the in- 
fcribed C38, and therefore -n S. 

And the Sum of the forgoing Series+<Jr~tf/:rr—J';^» 

c= Sum of the Areas of the circumfcribing as, and therefore 

y* y 

Omfequently (by oyucLmma i.) rj?— Tr ~4or» "^ 

iiif' 1152^ -^ -^ 

That is to fay. If you reduce /:ff — ^J': to an endiefs Sc- 
ries, and multiply each Member of that Series by j^, and then 
divide each Member of the Produft by the Index of ^ in th^t 
Member, you will have the Value of ft required. 

Note, Sy the Help of this Prop. VI. the Ratio if the Z)/iJ- 
meter (fa Circle to its Gramference may be found very 
mar the Tmb^ 

*Oo PROP, 
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PROP. VIL 

Given, the Semi-conjugate 

t Diameter AC, as alfo the 

j Part A B of the given Semi- 

I tranfverfe Diameter A E, and 

^ confwjuently BD being ( | AC : 

Required to find the Area of 

the Portion ABDC of tht 

Elllpfifi. 

AE = r5 

ACas c^ 

Area of the Part AC D 5 
'A of the EUipferrz a required. 
Sttppofe the Line A B to 



be divided into an indefinite Number of equal Parts, and 
each Part = tf a: P Qj smd at the indetermined Diftanccs 
*^=^QrV^2^ : a - I : X ^=: AP from A ercft the Lines 
CMBB^ and P»* ±6 AB, and interfeffing the CurveCDin 
flUand/ J and draw the Lines qf and Sl^ || s B A. 

By the Property of an ElHpfe r(EA} -^CAC) :: ^tT^^x 
f^^ax (=:/:AE+A(ix^BO •• y /fr* — a^iJ* « 



»— i|*/l*: = P/: 
Wherefore— v^:f^-»»4';is=:Ai«a of tie caPQjaa 1^3 

And — \/jfr.-j&~i|*tf*,isr2Areaoftheca,PQ^/r 
Wheielore it is plain from the next piteceeding 5Pf a^/. that 

S^y,xfs^?L^yl ?L^^jfL 7iH" 

T 6r 4orV iizr' U5*r*"" a8i<^r! ~ 

ou:* fine fine ais := a* 



€oroh 
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a c 



•• 



Corollary. 



f 



6r 



40 r« 



iizf 



&c.: 



•• 



rjf~ l^-^-^-;;!^ (by the two fore- 

going ^rofojitions) 

As the Omjugate-Diamcter Is to the Tranfvcrfe-Diamcter, 
So is the Area of the Portion A CD B of the Ellipfis to that of 
the refpeftive Portion A F G B of the Circle defcrib'd by 
the Scmi-Tranfverfe-Diameter A £ as a Radius 5 and confe- 
quently, fo is the Area of the whole EUipfis to that of the 
whole Circle. 

PROP. VIII. 
Given the Axis A B of the 
Cone A BCD fbrm*d by the 
Revolution of the Ld A ABC 
upon the faid Axis ^ as alfo the 
Radius B C of its Bafe, and * 
confequently the Circumference 
defcriVd by the Point C in that 
Revolution : Required to find 
the Solidity of the Cone. 

AB=*, 
CB=:BD=:fSgiven. 

Circumf. of theBafe=r* 

Solidity of] the Cone A B C D = 8 required. 

Suppofe the Axis A B to be divided into an indefinite Num- 
ber of equal Parts, and each of thofe Parts to be = tf = P Q j 
and thro' any two of thofe Divifions, as Q^and P, at the ind^- 
termined Diflances zaz:=:ii QU and : ^*^ i : x ^ z= AP from 
A, cbaw the Lines QjaC q anJ P^/ Xs AB, and intcrfeft- 
ing AC in ^ and ]^ 5 and draw the Lines ^jp and ISi^ 
JlsAB. 

Solution. 

The Ld As ABC, AQ^^ and A P |d are fimilar j whcret 

i(AB)..r(BC)::<; ,.-,:xr^ „^ 

:«— I : X i{l(AP) •• T =Pj9. 




B _,----^^ 



% Sn Prop, m. 

*0«* 
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*l.e. Their [Ansi. And Cnce * Circles are to one another in 
Proportion as the Squares of their Radii, r* (CB 9) •• ire 
(the Area of the Circle defcrib'd by the Radius G B in the 

©* ^* f • . fez* a* 

faid Revolution) : : —j^ — (Qj| ) •• — jy (Area of the 

Circle defcrjb'd by the Line Qj in the faid Revolution) s : 
EE|^' (P,^,) .. Ii2if^ =3 Area of the Qr- 
cle defcrib'd by the Line P ]& in the faid Revolution : Where- 
rNote,i/ijHiiri^iNwif*-t fcre 4 X - — 7-7- IS = * folidity of the 

th* Sdlhy •fM Cjlhukr is 3,1? if 

^ ^m •/ Us Bsff X it* Cylinder generated by the en QP/ q 
^^^' in the faid Revolution 5 And tf X 

rcxg-il a\ .3 _ ^XiAtty of the Cylinder generated by 

the c=3 QP )^ iSl in the aforef^id Revolution : Wherefbc^ 
(by our ScboUum 4.) 

r c A^ h 
— ^x:i*+a* + 3' + 4* + &c. to -j Terms continu- 
ed : = -7- H * (by our Lemma a,) is = the Sum of 

o ^ 

Solidities of the indefinitely little circumfcribing Cylinderst 
and therefore c- 9. 

rca^ b 

And -jjj' x : + !• 4- 2-* + 3* + &c, to -Terms cot- 

tinued 1 == --r-— -— ^ is rr: the Sum of the Solidities of the 

o 4 

infcribed indefinitely little Cylindws, and therefore -a Q ^ 
Confcquently (by our Lmma i.) — ^ is = fl^ 
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PROP, IX. 

Given the Vcrfed-Sine, or Alti- 
tude A B of the Segment C A C of 
of a Sphere, the faid Segment be- 
ing form'd by the Revolution of the 
Semi-Segment B AC of a Circle 
upon its Semi- Axis AD, as alio 
the Radius A D, and confequently 
the Circumference of a great Circle 
of that Sphere: Required to find A[ 
the Solidity of the faid Segment of 
the Sphere. 

AB = *^ 
AD=r/ . 
Circumf. of a great? _ .{^ivcn 

Circle of the Sphere S S 

Solidity of the Seg-^ 

2!i''i.^^:^5..?f j*!>= a fwght. 




i 

s 



♦.» 



•'*•., 



•^a 



Sphere (generated asl 



aforelaid) 



Preparation. 



Suppofe the Line A B to be divided into an indefinite Knm- 
ber of equal Parts, and each Part r=: ^ := P Q^j and thro' any 
two Points Q^and P of thofe Divifions, at the Diflances %a 
!= A Q^and : « — i : xaz=i A P from A, draw the Lines 
QJSl ^ and P i»/ ±8 A B, and interfeaing the Arc A C in 
9 and )d $ and draw the Lines/ j and )& ;Sl If s AB. 

Solutiim. 
By the Property of a Citcle ixr^zax y^zassirza--^ 
z*a* ^ Qj qj And : ar — »•— XX4:X;« — lsX4J = 
afX» — ix^»— .» — i|*^* z=:P^qz 

(Q^x Qj) " cza 
€z^ a* 
-^JT" ^ Area of the Circle defcrib'd by the Line Q^^ in re- 

Tplviqg as ^fcrefaid : : ^rx«— i x/l— ^—ijV^' (P !&?)•• 
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c X % — I X a — ^^""'' = Area of the Circle delcrib'd 

% T 

by P id in the faid Revoludoo 5 therefore aY.zcz,a — 
: is = Solidity of the iDdefinitely little Cylinder form'd 



bycaQP/^inthefaidRevolutionjAnd/ixz^xa — ixif — 
^2iiE3l£.; is = SoUdity of the indefinitely little Cylinder 
form'd by cd QP |> flCin the aforefaid Revolntions W here^ 

feic (by o^ *SfcM 4.) ac%ia — — + za — — — + 

^ * zr z T 

^ F^ . 4*tf* , ^ * 

ftii — — r"+4^ — ^ ^ + &C' to T Places cootinaed s 

(the two Members under each Line of Connexion being what 

ti«i ^^ X hhc , *t:tf ^* c 

is here calrd a Place) = : -1 • ; — • — - — 4. 

z z dr "^ 

Vca ^ ^ bbc b*c 

— -— * : (by our Z^»W!»^ a.) === -— " '-^"TT" ^ is = the 

ILT z or 

Sum of the Solidities of the drcumicribing indefinitely little 
Cylinders , and therefore cr 8 : And acX i o — .0 -j^ 

4-~+2^~^^+3^-^~j.+&c,to~ Places 

i^*<? *(;^ b*c bbca 

continued : := : •— :-»— : -- — — ^ • :^ 

a z 6r 4r 

bbc b* c 

"-TT- ©^ is = the Sum of the'Solidities of the indcfi- 

a o r 

nitdy little infiuibed Cviinders ; and therefore rs 0[ 3 Whence 

bh b* c 

(by our JLemma i.) 7~ is := fi. 

a or 



Scholia. 



\ 
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I.Kit were reauired to find the Sdtdity of the Figure ge- 
nerated by the Sedor D A Q in nevdvii^ upon the Semi- Axis 
D A^ it it may be briefly done from the two foregoing Propo- 
fitions, thus: BAbeing = *, DBis=i:f— *$ and, by the 
Property of a Circle, y^ i%rb'^bi^i'm = BCi Andr -.c::-/: 

c 
zrb — bbz .* — y'xaf* — ^^:j Wherefore (by Prop. VIII.) 

^ cf h h li • c l?^ 

Jl. Z! is — Solidity of the Cone formed by the Rc- 

6 f 

Tolution of Ld A I^CB upon DB as an Axis 5 confequendy^ 

bbc b*c , icrrb—^crbb-^cb* crb 

*— — T^A TZ = i8=Sohdity 

of the folid Figure generate by the Senior D A C in revolving 
uponD A as an Axis, 
•s. Pudie-s £/e.. ^^l Therefore, by ♦ Tardie^, Theoteni 

^^cEn^St". ~--- = c^is = Aiea of the Surface, 

ccn/e«. I- generated by the Arc A C, in revolving 

upon D A as an Axis. 

3. If ^ be =: 2 r, then z re will be x=z the whole Surface of 
the Sphere : Whence you have the Demonflration of one of 
the great Archimedes^s Theorems 5 namely, that the Surface of 
a Sphere is quadruple the Area of its greatcft Circle 5 for arc 
(the Area ot the Sur&ce of a Sphere) '\%'=:\rc (the Area of 
one of its greatefl Circles) X 4. 

NotCy In order to find the Value of any propos'd Figure, yott 
mufl take care that the indefinitely little Figures be infcriDed 
in, or circumfcribed about the proposed Figure, fb as fuf&cient- 
ly to exhauft, or be exhauft«d hy it. Then vou need only find 
tne Sum of the Values of either thefe inurribed^ or circuttiT 
{bribing indefinitely little Figures^ and then rejefling (or 
leaving out) the indefinitely fmall Quantities (or the Sigtis^, 
^ and ^) in either of thefe Sums, the Remaiad^ will exprefs 
the Value fought of the proposed Figure. 

PROP. 
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PROP. X. 

If the Abfcifle of tmr plane Figure he =x^ and the Ratio 
of each Part of that Abfcifle to iti refpefUoe 



rightly applied, as xtox-^t\^ : 

^TheD *tis mani6ft» that the Sum of the Areas of the cir- 
cumfcribing indefinitely little Paralellograms will be found := 



7 



n ~Pm 



^'"'''^'^"+*+r +5+3>*+jr+ ^^- 



I X 



X «. t __.ji «*r- r 

a 

I X 



to — Places continued :=tf »x:i*+2»+3» -f. 



4» J- {^^. to — — — Terms continued : — • tf » x : i» + 
ft* + 5* + ^^* to — - Terms continued : = a*^ n x 



i+i I . -^i*. 






If .-^^^ti H 



(by our Z«w»^^ O = i^^x " x^ + ^l » •— ^qn ^ 

71 I -e 5 Wherefore (fee the preceding Note) — — x 

ft "p 1 






^Ol^'ir- Z— X 71^^ i» = the Area of the Fig. 

mentioned in this Prop. X. 

PROP. XL 

If (he Ablcifle of any plane Figure be := jt, and the Ratio 

of eyeiy Part of the Abfcifle to its relpe£tive Semi-ordinatei 

i_ 

rightly applied, as ^ to ^ x^ + *|» $ 

^heh the Sum of the Areas ot the circumfcribing ind^bitely 
little C3S will be found s=; 

4*-H 
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a-*- 



X:ix I+J 



+ 2XZ+- 



t 



+ 3X3+j|-fr£?^^ 



^ 



X 
2*¥ — 



to ■- Places continued : = ^ » x : i -j- - 



in 



+ 



+1'' 



X 

-+ I 



+ 3 + -^ 



1+x 

n 



X 



+ 5^^. to ^ Places contlnu* 



ed: (=i>'"^» X : I + 



X I H 



+ ^ + -5- ^ 



^ 



X 



» 



+ 3+T^'+« 



X 



Jl? 



+ 5^(?. to — Places con*- 



tmued;)— « »X: — XI+-- +-rX4+-- 



+ 






+ £?^, to — Places contintiea : =s ( by 



211 H" X 



a»-Hr 



whicht after rejefling the Signs ^ and i», is =: Area of tht 
Plane Figure mentioned in this 7ro/. XL 



LCWM* 



\ 



Any indefinitely little Curve DHE B 
if, at moft, but by an indefinitely-inde- 
finite fmall Quantity greater than its 
Subtenfe D IE. 

Let the Curve, whofe indefinitely 
fmall Part is fuppofed to be D H E , be 
AB ( within, or Concave to, any Part 
of which, at any convenient finite Dif- ^ 
tance from it, afiume the Point C, fo as ^ 
drawing the flraight Lines CEG, COFandCIH} asalfo 

* P p th© 
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the Line GHF || BID, and fo as to touch the Conre in the 
Point H, that GHF may be cr the Curve EHD (which 
may be eafily done in any Curve, onlv by making the finite 
Lines C£ and CD fhort enough). Then it is evident, that 

ilnce £ D is indefinitely little, I H moft, 
. •l•?^!»f^*•^•ii^i''^ ♦atmoft, be fo too J wheieforc rfit)m 
i;^!^/ W ^'^ the fimilar As CI D and CHF, CIE 

and CHG) D F andEG mua be, each 
of them, at moft, but indefinitely little. Now the As C £ D 
and CGF are fimilar $ wherefore CD ••CD-f-DF :: t>I£ 
«.,^ :CD + DF:xDlE ^^„ . DFxDIE 

-I'HG^ ^^ =DI£ + — CD •• 

And DIE beins indefinitely fmall, and D P, at mofl, but fo 
too $ F H G muft therefore exceed D I £ but by an indefinitely- 
indefinite fmall Qtiantity at moft 5 But D HE is manifeflly 
greater than DIE, and by Pofition, lefs than F H G 5 where- 
fore D I £ is lefs, and F H G is greater than the indefinitely 
ihiall Curve DHE but by an indefinitely-indefinite finw 
Quantity at moO. ^ £ 2>. 

Corollary. 

Hence 'tis evi^eht, that the Curve H £ is but an indefinitely- 
indefinite fmall Quantity, at mofl, greater than H K :=: I £• 

■ 

Note, // woM he fuffUknt fir cttr preftnt Purpofe to fufpofe tki 
Truth of this Lemma, and then proceed accordifigly to the Solution of the 
following Propofaion, which, when done, we nuty then apply this Lemma 
to that particular Curve } and then, ifttfucceeds, [as certainly it wilf^ 
we may conclude the Propofition true, and the Lemma too in that 
Particular. 

PROP. XIL 

How to find the Nature of a Curve, in which a heavy Body 
(hall, by the Force of its Gravity, defcend only equal Spaces 
in equal Times. 



Let 



4^1 
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Let 33 A B be a flraight Line, 
perpendicular ta the Plane of 
the Horizon 5 and let the Curve 
AlBi&iUC be the Curve re- 
quired, whofe Axe is in the 
fame ftraight Line with I3B- 

The Body is now fuppofed 
to fall frpm B to A, and from 
thence to commence a Motion 
in thd Curve A?B?&fllC, in 
which Curve it muft ftill move 
with the Velocity acquired by 
the Deicent from }£> to A. 

Now fuppofe B A = ^, 
AB =jrand B C(bcing i. A B) 

Suppofe alfo the Line AB 
to be divided into an indefinite 
Number of equal Parts, and 
each Part = ^ = A D ; then 
through D, and any other two 
Points of thofe Divifions, at the 
Diftances /I=:AD, :i5 — x:X 
^=AP,andi5/^=AQfromA, 
draw the Lines D ® , P ^ and C 
QjlXi ±8ABand||sBC,and 

meeting the Curve in tl), ^ and fll. Draw alfb )5 ^ || AB $ 
and draw the Sut>tenfe Vb Jil. Then A D, being indefinitely 
finall, is therefore (by the precedent Corollary) but by an in- 
definitely-indefinite fmall Quantity lefs than A 1© 5 wherefore 
A © is (by our way of notation) = ^ o : Alfb -/ : ?& ?q -+* 
fll^q: being = lubtenfe |& Si = /t^^+^fllq:, the 
Curve |6 Si is therefore (by the foregoing Lemma^ and by 
our way of Notation) == -/r/i^-f-^jSqie. Now the 
Times of Defcription being univerfally as the Spaces direftly, 
and the Velocities reciprocally 5 and!^ the Velocities acquired 
in the Points A and P being thofe acquired by the Defcents 
thro* 3B A and 3P^ P, that is, beine in a fubduplicate Ratio of 
the Lines of Defcent 5 therefore the Time of defcribing A ® 

A© *a 

isss: 




/©D /*« 



and the Time of defcribing 



Note^ 



y^b 



-• is nr -7-r Q^becaufe -7-r — 

*Pp X 



^ is rather 
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'^^''-TBa v^i^'-pi^T""^ -And bccaufc, 
by Hyp. ttc Curve is fupposM to be fuch, that the Body, which 
defchbes it, makes equal Defcents in equal Times 3 theic&te 

we have this Equation -yj — ^ ^^F^^-^^^ 5 where- 



aaa 



ktehaa -f bxqtiq-^ ^iaa-^za* } whence/ -^ x 



aaa 



V^2» is =: f 41-0 : Confequently (by our ScMium^.) V 

X: •i + t/a+\/3+/4+&c- to — Terms continued^ 

, 4" TI* . - , XXX ^ 

' = vyx-| ^ ■^-i=?/ — ^^(byourZ«»«i^20 

is s=^ -e j wherefore f a?» is = *f *, which is the Nature or 
Property of the Curve iought 5 and mews that it is what is 
call d a Semi-cubical Paraboloid Convex towards the Axis 
and its Parameter is = | ^. ' 

Scholium L 
If the Relation between the Curve and Abfcifie were re- 

quired, it may be found thus 5 — r^ is (by what has been be- 

c^^c 2\ /^^ + ?fliq , . ^Curve»©q 
foiefound) = / -^:5:^.. , that is^/ -~-^^ 

a" b 

wherefore/ y x /;© + — ;^ is = Curv^ ib 41 •• 5 where- 

^rc (by our Scholium 4.) / -r— x : / 1 + — -j- /a -f.— 

^ — nr / — J X 

+V 3+-;j^ + V 4 + — + &c. to — Places continued : = 
V^X^''^^ + ^* + ^5+^4+&c.to-^4^Terms 
continued J — V-T-xi/x+/* + /j + 8ccto — Teims 

(by 
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(by oxtt Zetma %.) is = Carve AIDl&fllC*} Aat i« 

i2iZJ3i — i ^ is =: Curve A © 1ft fll C. 



3 

Saimiitm II. 



Or the Ratio of tl»«v Abfciffc AB to B C being fuch as wa» 
before found, and AB alfo riven j the Length of the Curve 
A IS ift fll C may be otherwue determined J thus 

AP being (by fuppofidon; s= : » — i;x<*, PJ^^ f t^***" 
fcrc (by the before found Ratio) = — " ' a^/b "^ 



z'a 



A dbdng alfo = » tf, QJSl i« likewffe = | / -y-J wh«e- 
fcre^flli8 = JV-j ^7^ T^ k 

' b ■ b z ^ 



za* — ia 



> ^1 



g=/;tftf+ ,7 ^'$ thatis(bccaufc-Jtf**liaving 

no e infcrtcd in it, is indefinitely little in rcfoeft of ^^, and 
therefore cannot affeft it only by ^ay oTe^) 1& fll — 

^ baa-hza* *5 wherefore (by Scboiim 4-) / J" ^ : 

continued:=(manifcftly)/-^^x:V^i+/*+V^3 + 
t/4-|-&c.to • — Terms continued : — V -^ x:v i 

4V^2 + V^5+&c. to —Terms continued :== yy ^ —J^ 

^, ^ i_^-T-j( - •-:- i (by our LemM a..) isjindefi- 

mtely 
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nitely near :=: Curve A^j^QC j thatit, die Lettgth <^die 
iaid Curve is = 7T7Y — •" f *5 *w befiirc. 

The Sum of i, |, f, ?, ?, t, &c, £f»^/0^ (upon which 
Series depends the Qiiadmufe of that Hyperbola whofe 
AbTcifle is to its Ordinate as ^ to ^iT* ^ indefinitely near := 
JN^fsr*s L^arithm of |. 

By ^art XV. Cbap. 3. Ruh t. the Logarithm of i — ir 

1 0000 e?^. indefinitely . . . 

in Infinitum ^ : 5 wherefore N^^'s Logarithm of x *'— * ^ is (be- 
caufe »» in this Cafe, is equal to xoooo ^c. indefinitely) = i x 
'-:^ + T^* + f^* + 6S?^- i" Infinitum d : 5 wherefore N'efer's 

Iipgarithmof is found, by fubtra^ing Neper's Loga- 

rithm of i •— ^ from his Logarithm of i, := ^ + 1 ,31? * + f 
** + 4 ^* + G^^' in Infinitum * 5 confequently, putting .r r= i, 
you have Neper^s Logarithm ofy=i4-y-ft+| + T + 
C^. in Infinitum^. ^£2>. 



PROP. 
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PROP. XIIL 



B 
c 




-if 



Given the Diftances A B and B C between the three infinite 

J>arallel flraight Lines AD, BE and CR bounded on the 
eft hand at A, B and C, and prodiK'd infinitely towards the 
Right : Required to find the Ratio of the Area of the infinite 
Space ABED to that of the infinite Space BCFE. 

On B as a Center with the Radius B A defcribe the Qua- 
drant B G H A, firom any Point H of whofe Circmnference leC 
&U HI X B E : Draw H K fo as to touch the Circun^ference 
in H, and interfeft fi E in K 5 and draw B H. Then the As 
B IH and H I K are fimilar 5 wherefore, fuppofing the Radius 

BG =f, GI = Jf, IH = V, and IK := r, we have -7— 
t= t. But when H I coincides with A B, x^ as alio y be- 

yy TT 

comes ss f, and •:= r = =BE 5 confequent^ 

• r — X r — r ' ^ 

ly the Area of the infinite Space ABED = ■ '•' . In like 

zbanner the Area of the infinite Space BCFE will be found = 

J37J-, putting B C =y. 

Now when any one tells me the Ratio whi«h once Nothing 
has to twice Nothing, I think I fhall be able to refolve whether 

•TZT ^ *® as ff is to i ^, and (ftridly fpeaking) not 

in any other Ratio 5 or whether ■- be = ; but till 

' f — 'T S — S ^ 

dies, I will not pretend to determine which of them is the 
Truth. 

/ Corollary. 
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Corollary. 

1. Hence it is manifeft, that any finite Quantity wliatfbever, 
added to or taken from an infinite one, does not Increafe or di- 

ninifli the faid infinite one : For is, by Divifion, found 

tobe = r* + r* 4-r* 4- f* + &c. + ^^ $ cmfequently 

f» ft 

Z — r + or •— any finite Number of f*'s is 3= . 

f — r * ^ r — r 

2. AsBI, by a continual Sub-divifion, will never be re- 
duced to a Point or a Line of no Length 3 (b by a continual 
Appofition of finite Spaces an infinite one will never be pro- 
duc d : But (fay you) does not an idfinite Number (if it be 
woper to call it fo) of finite Spaces produce an infinite one ? 
Tes, and, I fay, an infinite Number of Nothings may produce 
fomething ; fbox^is^:!. To account for which Paradoxes 
take this parallel Ca(e. 

If one fay fuch a thing will happen in an infinite Number of 
Days to be reckoned from hence ; 1 fay his Affirmation is only 
negative, that is, he, in effefl, fays that it will never happen : 
For it is plain that that thine is to happen when a Line ooun- 
ded, fuppofe, on the left Hand, and produc'd infinitely to* 
wards the Right, will be trac*d by any thing moving from the 
left to the rignt hand, in a finite equable Manner, or (fince 
there is no Manner of Poflibility ofcoming to an End of the 
faid flraieht Line towards the right hand 5 ror, by the Defini* 
tion of the Word Infinity, it has none that Way) when two 

Sarallel flraight Lines would meet by continually producing 
lem, or when an End would be found to the Circumference 
of a Circle by the continual Revolution of a jPoint thereon, or 
(which may teem more pof&ble) when the exaft Root of a 
furd Numoer would be found by a continual Extraction 5 that 
is to fay, never. 

So in affirming that an infinite Number of Finites produce 
Infinity, or that an infinite Number of Nothings produce fomc 
thing, thus much is meant, that any Number of Finites will 
not produce Infinity, or that any Number of Nothings willjiot 
produce any thing|. 

flbo 
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"the CONClUSION. 

Having demonfiiated, in "Part XIII. as alfo* in Tart XIV. 
that, / being :=: any affirmative whole Number, and » = 
an indefinite Number, the Sum of i', 2', 3', 4', 5^ ^c. 

to n Terms continued is = » -© , one may be apt thence 

to conclude that the fame Canon /hould hold for that Series, 
although/ were =s any Number whatfbever : But though fuch 
a Cbnclimon may feem very probable ; yet, confidering that 
Mathematicks ought to be founded on Certainty, I confider'd 
it further, in Tages ^pd, 397, 398, 399, and 400 ^ as alfo in 
fPages 416 and 417, where I have demonftrated that the faid 
Canon muft likewife hold for the faid Series when / is := any 
affirmative fra£lional Number : So I proved that it holds in any 
Cafe wherein / is -= any affirmative Number whatfoever. It 
remainM I fhould demonftrate that it would alfo hold in every 
Cafe wherein / is = a negative Number. But here fome Ob- 
je3ions occurred to me, which, for fome time, I thought in- 

fuperable, viz. when/ is = o, then the faid Sum is = ^ZL — 

:a= «, and not equal to ^-y; — ■« 5 alfo when/ is =s — i, then 

the Sum of the faid Series continued in Infinitum is, as found 
in the Theorem in fP^^e 454 only = Nefer's Logarithm of 4 5 
but, according to the above Canon, it is s= > 3 and when / 
iir=: any Number left than — i, as — a, — 3, —4, —4,55?^. 
then the (aid Sum, according to the above Canon, is negative. 

Now, in order to account, in fome meafure, for thefe Ob- 
jeftioiis, I fliall have recourfe to a Figure, to which any Series^ 
widi negadve numerical Indices, ate applicable 



Q^q Let 
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; BffC jD. 



fttch Ftgnre, jit which tke Lines A T, A W, C Z andCX aie 
foppoi'd to be cidi'of them infinite. And fuppofe ABss^t 




BC<±ABand||AT) =5,^«?3y=«^==^^"^*• (potting 
.^«?s=/^ fincc the-V#l«eof/mttft hencgittly^ji rfiis (}afe) 
Then, accordinj^ to our Method, ftppofe the Line A B to be 
divided intp an indefinite NumhcyoFcqijal P,art8,'^djp%A 
Pzrt^d^ and, at any ]E)rdpe? Diftane© A 3P ; #^ 
sszahom A^dr^wB* fl BC or AT: then, by Ac Fto- 

perty of the Figure, S^7?^= JB^$ therefore the Sum of the 
Attaa of tihe ciicuaiibibing can car #x loTiTirh^TTA' 

jrJi|"*'*+ 3^ + efr. cbntinucd to — Terms : it infinitfl^ 

i)«caiifeJof'thc firfi t^ tii«eot/t;/*; d'y-'h^^'^S^Seehe 
Sohttim ef Prop. 4. But the Sum^ ofxih); Ar^ of the inde- 
finitely finall c=38 inicribed in thp'Space X AB^Zh* «=^^ : 






4 



COO* 



,1^ to — Tcrma continued : = tf'-"* x ^^^ •^ (fuppofing 

Ae above Canon holds for this Scries, onh with the Difference 
;<4 annexing o^inftead of« to it, bccaufc the Index here is 
inJ^ative) : Confcqucntly the Area of the faid Space Y A B C Zi 



U:is = =~7 (becaufe J^ is equal to ^"^.^ 

\ I, When iw is -a I, then (by the CorcUary to "Prof. V. of 

xy 
ihis Cib4^.) the Area of the Space TAB CZ is = ~zZ^i 

. and confequently is finite. But the Area of its Complement 
SCXWisfaidto be more than infinite $ but it mgy more 
jliftly be iaid to be infinite : And any Part of it may be 

ilaeafur'd dius, 

- Vho. Suppofing A E = * Jif 5 then (E F being X A E ) 
tte Area oT the Space T A E F Z is (by what is be- 

^' , T*!'"** 

^ fiud) = • ^' ■ t Confequently, Ae Area of the Space 

' ifeEFC (= SpJIe TAEPZ — Space TABCZ) is =r 

^ '^w ■ • '■ ■ ■ rr— - — -; — ^y* 
Again, th^ Area of the Space TDCZ (being = Space T ABCL 

,_w ' I— w 




3 whflMface, «/being X AT, and putting */= -, 



4» ay»»»*w I I 



iheAie*</Ae8paceT*/«i««=— j^^fj; ,_^a» " ' 

;C9i>feqiiei«tlf,theAreaofthcSpace/DC«it= — j^::;5 

v^* * 1 1 , I 1 1 I T Jr I A 

'six 

♦ (J^q % Hence 
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Hence the Areas of the Spaces BEPC and Dfe C may be 
found in all Cafes wheitin mU^zii 3 and confequently, the 
Areas of the faid figures may be found in all Cafes wherein 
I9iiscri. 

%. tf nf be = t, then the Area of the Space TABCZ is^ 

xy 
aaording to the abofc Canon, = — - = J. Now, finer by 

honr JBud^ tibc^ greater any Number, exceeding ((ky> 4 is^ 
by ib much the greater is the Difprooorcion between it and 
ikfef% Logaritbn thereof} and wittial, if it be true that, 
I X o is to » X 0| as I to 2, sind, ftri Aly fpealing, not in axiy' 
other Hatio ^ then there muft be an immenfe Difpfoportion 
between I and Nefer^% Logarithm of |, or of ^3 and, in that 
Cafe, the above Canon will not extend to the finding of the 
Area of the faid Space. 

But, if any Number of Nothii^ be to any other Number 
of Nothings in a Ratio of Equality, then iinay be faid to be 
=: Nefer^s Logarithm of | $ and the Confequence then is, that 
any infinite Number may, in this Cafe, exprefs the Area of 
the afbrefaid Space Y A B C Z. 

9. When 99^ IS cr I, the Area, purfuant to the above Qmon, 
of the Space of TAfiCZ is negative, or, (as it is commonly 
exprefs'd) more than infinitei^ This may be partly accounted 

for thus, viz. I fay the above Canon ■ '^ '■' with a contrary 

Sign, ferves to find the Area of Its Oomplement, viz. of the 
Space B C X W, which, in this Cafe, 11^ finite^ as may be thus 
prov*d: 

Suppofe A P 3=:^ to be divided into an indefinite Number 
of equal Parts, and each Part =sa ^' and, at any Diftance z a 
= A»f^omAdraw»i||AW, 

Then^being(=FCI"'*>^=«"~'*l a? is therefore = 



y "*$ and, of Confequence, ^dis=:za\ •jwhercfbreCty 
the Corollary to Trof, V. fince m is here fuppos'd cr i, and, 

of confequence, --- -a i) the Area of the Space AD CX W 
zs:axa «x:i »+^ "+5 '^ •^^cto^Tetms 



COB* 



Cbnp. in. Qatitmaes. ^i 

. . . ,■-- a\ f fy . 

CMttiBaea-. « is=4 -x-J = ^ •— ^ — -S 

,_ii. ■T-j.. .m.-r-.i-- 

fiw&wbtcliftbflnaing xf tfi» Aiin^dMC3^BCI}).tl»e ■ 
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Jti9\i:im9 Sqwte AuraiP* Micio terti«> aiiAi ^ cmeiuht^ 4^4 

Opticki t O: a Trcatife of the Reflexions, 1lefradi9ii>» ImAfJUOS^i 
iMd Colouri of tight. TbtThM Edidon 40«fcAcd. Bf ^^fiu* 
Xf4Wtm» Kr« %V0, i7xi# >i 

Optiee* five de llefleinoiiibiis« RefriOkmibiifi. l«rfi0ti9iiilHM>4B 
Coloribus JLucii* Libritres, Amba^t Ifiiot^ N4Uiti^t>^»Jiqm9iMf»xo. 
iMnt itddidit Umud CUrh^ S. T. P. £dkto tecuada auftion-S^ 

1719. 

Uniterfal Arithmttick » 0r a Treatife of ArichmencalCoatfwfitaui 
imd JLeTolmloii s T* wbidi is addtd. Dh HMUi^^B Method otfindtlig 
the Roots of Equations arhbmerkally. Tranflated from the ZMHi 
py the lau Mr. Rafhftn^ aod revifed and correded by Mr. Cmm,4v9i 
. Epiftola ad amicum de Coiifij lavemis, Curvamm redone, qm c»ai 
Circulu U Hyperbola comparattoneoi admittunt % cm addiHw Appeiit 
4li^9 Au4tof»iy«i. Fnmhriin, M«D. R.&& 4i»k lyika.^ 

ElemtA&a Aritbaaenc?e NimM/o&i dc Sptaiora:>, m nfupa Juv^titurif 
Academical Audore Edv. mikm S» T. P. Edidoalttisa AnAior^ 8 W 

,, lntrodu£kio ad Veram Phyficamt Authore ^pmm» HsM, M;JX 
Aftr. Prof. ^. R, $. S. Edi tto quarta* %V9. tyi^. ^ • ^ 

(Saoaiatfia Qrganica> five Dcftriptio Lineatum ciitvarutn; uaiveiv 
•lalu. AnCtorf Cplm^ Ms€^Lsm» Mathefeos la 'Cdllegto*M»vo Mbfi- 
doneafi Profefibre^ & Reg. Soc. Socio, 4/0. 1710.. ^ > 

.., Philolbjritical Tranla^ions 1 giving aa* AveouM o4 the preftnt 
Undertakings, Studies and Labours c? the Ingeoioas inttiaAf ^a^ 
derable Paru of the World, from 1645 to 1717. In. 3) Vdaiiif4 
Conttiuied and pubUlhed by Dr, ^^nnsjunup Secretary to iheRaydi 
Society. M ^ There are 396 Naoibeffs, -mol^ of i^iiitb tiiay be 
had feparate. 

. A new Mathematical Ptdionary t Vhevetii is contaia'd, nor o^f 
the Explanation of the bare Termf, but likewile ai Htftoryof theJUfc 
jPr^ogrefi^. State, Properties, t^c, of things^ boah In pure Matfaema- 
ticks and Katural Pholofbpby, Tq far zt it comaa under a Madia* 
taatical CoAj(ideration,. Sv^. J726« 

Mathematical Elemente^of ^atnu) Phil^ophy coofirm'd by Exp* 
!|rimems) or« an Introdudio« to Sir Jfiutc Krwtort^s Pbiiofo^ 
Written in Is^m by WiWmnhJmm ^iGroMfimis, JkuBm of la» 
and Philofbphy, Profefibr of Mathematicks and Aftronotny at Leydtik 
and KR. S* at Undo». Tranflated info Xitglifo by ^' Tp Difagiiurst 
JSf. b F. ^ S. and Chaplaia to bia Grace &^ Duke of Ch^niis^ In 

Two Vok* lV9m IJX^ .' -♦ 
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BOOK S Printed fbr W. and J. Inmys. 

\ ICfeligidttf^l^miofbpbtri 6t Hi«'riglnUfc'br%omcmphtdhjf tfee 
Works of the Creator \ ifi^ In the wonderful Strudure of animal 
JkHlj<lll^ (anil m^afficjiUr Man^ ^^dh^ln^ik^noMs woitl^r>Kd[ 
wife Formation of^th^ Elen^nt^^.thei^ Ttnous EfFeds upoifi animal 
and veg«ta\>le BoAit i Afid, -pllf, ^n >he intoit amasin^g Strodure of 
the Heavens, with all its Furnitore, defignM for the ^onvidtoo of 
Athdfts'ind Infidels, by liiat learned Malt hcaiattcian, Br. KiettS>tntyt'. 
•Pi> Wlikh*'i«? "pi^iffiaf^l^^ Letter ti>' 41tc Tftittfl^bl', by the R^crc^Ai 
^. T. Di/k^uUirs, LL. D* F. R. S. The Third EditiOrtj, adorned with 

'^tft&^An^ticlc'^'IVeflPflfe (Of Conic "Seftions, tnd thefr Vfc, Torres 
folving of Equations in determinate and indeterminate JPrcfblem^t^ 
beil^^hv'Pomiiim^Vork of the hiMtqii\$ ie tHofphat, ^o, 1^23. 
<^AftM>itO«[<^lc^r'M)itif>les of Religion/ irratural and r^veal*d^ i4 
^iiie farts; "> V, LvnfikmM^ ox. The kmywn Laws tA Matter 'and M^ 
tion. IL A particular Account of the Sydem of the CJniverm 
iU.TheTrntliMlfrfkat Syftctn briefly 4emonfti^ated. ' IVt' Certain 
^fo^raHolii driirn frdm that Syftetn. ' Y. f robable Con^e^u^er 6f 
tbe^atMe andUfesof the federal Celeftial B(Mt% <ohtairf*^'iii Ih^ 
fteeS^fftclnit Vli Important Prind|^les of Katural Re)?g{of», dethon^ 
AmeKi'froin tbtfOMgoingObferiratiojis* ' Vll. Tmportiitt'Prfnciplei! 
ef^ piVivo 'Rev^latioif conflttnM from the fcrr^gbiiic; C6^je£l^ret. 
Vlli. Such InfaitBces fhewn to bethc'commoR y0\t€ 6f Katm^ 
Md lt>Mfbn^i"fvom the Ttftlmonies of thi; moft c<$to(rder#blef T^rlbnt 
Vt all Ages/ IXM'AecEpitulatfoitQiftHft Vhohs, vt^ith a" lafge and 
lerious Addrefs to all, efpecrally the Sceptfcks and (Jnbelievers of our 
A^c4^ Togeiiytriiirith-anPreface, of the Temper of Mind feeb^trary 
for the Dilcovery of!i>iviQ# Tmtb, atfd^of the begre^ briEvidehA 
charcngbete k«>ejrpeifted in divine l^atters. By WilSkf^ WB^0ffy 
Hk^A &m9tvx^c^^tiaietbr of tbtr Micbemati<1cs in the ifhiferfitv ^ 
Cambridge, 81/0. lya^*. ^jt-'fr-'i^ L 

t uThq Hlftory mkj'Uit0urpMe€f. knpwn by the Kime'of^4kMr^<m 
^AaOrspii ^Empeoasriof the J^uis mid Tartan \^ hiing MWt6t^i^ 
lomrnial 'ol hni Cooqeefts lit Afisr indeurape. V^fitren tin ¥ipfdn» 
hy Cberefkddit^ AH, H^U9e of ritd, his Cbatemporary^. * ^raillTated 
itko Fnmk bf the hiie ^M. F9M Oe 'U^rine, Jra6it Prqftffbr ip 'the 
Royal College^ and Secretary and Interpreter to the KThg 'W 'Ae 
Oramil Unguals 1 with biflbricaiCmr and Maps; Nbwfaf^liblle 
leriderM into^e|lry}i in two^ Vols, tv^, "tT^ij. " • 

The Hlftorf ofGtp^hkMmt^Gf^af, fifft Emperor of the indttlt 
MoplhwaA%mrmfi,bfM.P,d€UOr9kf;%tf9. lyzt. -''^ ' ^ - ^ 
Phyfico-Theology ; Or a Demonftration of ttie BeiogfamVl Attrf. 
hmi of Sod, finm bts WoA^of <he^i*Bt«Wn, ^Ifti Ilrge'^NiJtes, 
eed «a«y curiow Oblcrvations. Wf wmidm ' Dirhdttr; RiBhr df 
qNnbjfsr fn^ Sghc, Gmaon of^Tiiwr/irJ Jft R.S, • The Sfetettth'WlHcJb, 

. AI^Thdoldgy f^ Of » Benfoefthi^Mi 6f th^ ^frt^'and Amlbitt'^ 
tf Qod»^ fAonlatSufc^ey of the Hea^diit. lltufrrirtec) w^tli d;^pU; 
Plates* The Filch Edition, Sy the fame AutbOr, $*ffj' t^i ' '^ * 
■^^ Metbodui 



BOOKS Trintedfir W.aml JAhi^yj, 

J^hflaTophical Experioiciiit aad Obfervatioiit of die late eiuaeiir 
Br. Rdm HmIh, I. IL S. and tieoou Prof. Grelh. and other caoh- 
ntnt 1fltmo€o*$ in hit Hmt. Vith Copper Plates. Pablilhcd hj 
WiUUm Dithsm, F. Rt S. tv$. ijatf. 

The Vifdom of God .manifefted in the Vorkt of the Creation. 
In two Partf* To which are added Anfweri to Ibme Obiedrtons. 
By j}»b» SUiy, late FeUow ol the Hoyal Society. The £ighth £di- 
tion« t«#. i7ia« 

A TreatKe of Conrummioni, whether a Phthi(ick> an Aftropby^ 
or an Hedick. Bj CMft, Bmaui, M. D. tvp, 171a 

BMw^% Mechanical Account of Fevers^ %v§, i7%o. 

jMm^t Natural Hiftory ofEngUJh Infefts, with 100 Copper VUut, 
eolour'd by the Author 1 to which are added, lam Notes, and many 
curious Obferyations. By William Dirkdm, I.!Ls*^0. i7M- 

fidd$s*$ Ufe of Cardinal W^fiy. The Second Edition, Folia, 1726^ 

JItftt's Compleat Geographer. The Fourth Edition, F«2^, lyi/;^* 

The Laws of Ziibeny and Property, ixfM. 1724. 

J^4y*s PraAical Meafiirer*s Pocket Companion, tv0. 1724% 

A Voyage round the VTorld, by V^ay of the Great Sauth-StM, per* 
ferm*d in tne Years 1719^ 20, ai, aa, in the SfadwiU^ of Lfiiuhn, 
€i£ 04 Guns, and 100 Men (under his Mafefty's Commiflion, to 
cruize on the SpanUrds in the late Var with the Sfamfi Crown) till 
ihe was caft away on the liland of Juan Fernandis, ia Ma^f tjxo, 
and afterwards continued in the Rtcovery, the jF«/ma Maria, and 
Sacra JamiUa, dec. By Captain Genge ShAvwh, Conupander of the 
SfiiiwiU, Racavery, Uc. in this Expedition, Sw. 172^ 
. A Treatife of the fire Orders in Arcbitedure 1 to which is annex^ 
a Difcourfe concerning Filafters, and of feveral Abufes introduc'd 
ipto Arcbitedure. Written in Frtnch by ,Claudi PerranU, (rf* the 
Royal Academy of Paris, and made Engluh by Jcbn James of Crem^ 
m€k The Second Edition. To which it added an Alphabetical 
Bxplanaion of all the Terms in Architedure which occur in this 
.Work, FMa, ,1721. 

Rules and Examples of Perfpeftive, proper for Patntert and 
Arcbite&s,' with i$o Plates, by Andrea PexAo. £nglilh*d by Jekn 
James, Felie, 

Johannis Seldenni Juriiconfulti Opera omnia, tarn Edita quam ina* 
dha, in tribus Voluminibus, ^oUegit ac recenfuit, Vitam Au^oris, 
Prasfationes dc Indices adjecit I>4ttf^ IVUkms, S.T. P. Archidiaconus 
Sttffolcienfis, Canonicus Cantuartenfis, Reverendinimo. in Chrifto. 
Piritri ac Domino GulielinOt Divina'Providentia Arcbiepjrcopo Can- 
tuarienii, ca a Sacris Bomeflicis. In 6 Tom. F<^« Lend. 1726. 

lately fntUJh*d, fer March, 1727. (hsng theTumHy^feventk) 

New Memoirs of Literature 1 containing an Account of new Books 
printed both at home and abroad, with Diflertations upon fevesal 
Subjefts, mifcellaneoos Obfervations, vc^ 

^. B. Thefe Mf moirs will be publifh^d every Month, Price One 
Shilling each. 
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